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Introduction

Generic Algorithms

Abstract mathematical structures usually have a large number of models. Algorithms
based on operations and laws of such structures therefore have an identical form:
they are generic. This means that for each particular instance of the structure, only
the basic operations have to be adapted, whereas the overall algorithm remains the
same. The simplest and typical problem is the one of sorting. It applies to totally
ordered structures with an order relation <. Any sorting algorithm can be formulated
in terms of the order relation < and it can be adapted to any particular model of an
order relation by specifying this relation; for example for integers, real numbers or for
a lexicographical order relation of alphanumeric strings. In addition, many program-
ming languages allow for generic programming, i.e. in their syntax they provide the
means to formulate generic algorithms and to specialize them to particular instances.
In this book, an abstract algebraic structure called valuation algebra is proposed.
It provides the foundation to formulate an abstract inference problem, to construct
a graphical data structure and a generic inference algorithm to solve the inference
problem. Usually, one arrives at such general structures from concrete problems and
algorithms by lifting them to their most abstract form. This also holds for the present
case. In 1988, Lauritzen and Spiegelhalter (Lauritzen & Spiegelhalter, 1988) pro-
posed an algorithm for solving the inference problem for Bayesian networks based

xxiii
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xxiv INTRODUCTION

on a paradigm called local computation. Soon after, Shenoy and Shafer (Shafer &
Shenoy, 1988; Shenoy & Shafer, 1990) noted that the same algorithm could also be
applied to solve inference problems with belief functions. They proposed a small
but sufficient system of axioms for an algebraic framework that makes possible the
application of the generic inference algorithm. The algebraic theory of valuation
algebras was developed in (Kohlas, 2003), and it was shown that they permit, under
certain varying additional conditions, four different generic inference architectures.
In (Pouly, 2008) a computer implementation of these generic architectures together
with a number of concrete instances is described, see also (Pouly, 2010).

In the meantime, many different models of valuation algebras from very dis-
tant fields of Mathematics and Computer Science were identified. They range from
probabilistic and statistical systems, different uncertainty formalisms to constraint
systems, passing by various systems of logic, relational databases and systems of
linear equations over fields and semirings. Many of these instances are presented
in this book. Their computational interest can always be expressed in terms of the
general inference problem, which can be solved by the same generic algorithm or
inference architectures. This is first and foremost of great practical interest. Instead
of developing and programming inference algorithms for each instance separately,
it is possible to use a single generic system. Of course, in the past, individual so-
lution algorithms and computer programs have been proposed and written mostly
independent from each other, using the same basic concepts but often naming them
quite differently. This adds to a certain Babylonian confusion, especially for students
who should get an overall view of Computer Science. Further, it also represents a
dissipation of valuable human resources in research and problem solving.

Second, the process of abstraction is of great theoretical importance. It provides a
unifying view of seemingly different fields of Computer Science and allows to elab-
orate both similarities and differences between problem classes. In fact, valuation
algebras allow for a very appealing general view of information processing: infor-
mation comes in pieces, usually from different sources. Each piece of information
concerns a particular domain and answers, possibly only partially, specific questions.
Pieces of information can be aggregated or combined, which is one of the basic oper-
ations of a valuation algebra. So, the general inference problem essentially consists
of combining all available information. But usually one is only interested in some
particular facet or aspect of the total information. Therefore, the parts of the total
information, which are relevant to precise questions, must be extracted. Extraction
or projection of information is the second basic operation of a valuation algebra.
In relational databases for example, combination corresponds to the join operation,
whereas information extraction corresponds to the usual operation of projection in the
relational algebra. So, valuation algebras show that this scheme of relational algebra
is much more general. The form and nature of information elements may be very
different from model to model.
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INTRODUCTION XXV

Complexity Considerations

Combining pieces of information to solve the inference problem leads to what can
be called a race of dimensionality. It was said above that each piece of information is
associated with a certain domain. Combining information results in information on
larger domains. So, when many pieces of information are combined, the domains may
become very large. This often leads to serious problems of computational complexity,
as we are next going to illustrate with two simple examples (Aji & McEliece, 2000):

Example L1 Ler (X1, Xo), g( X5, X3) and h(Xs, X4, X5) be three real-valued
functions, where X1 to X5 are variables taking values from a finite set of n elements.
Such discrete functions can always be represented in tabular form. This leads to
tables with n? entries for f and g, and a table with n® entries for the function h. If
we identify combination with component-wise multiplication, and projection with the
summation of unrequested variables, we may define the following inference problem:

> F(X1, Xa) - (X2, X3) - h(X2, X4, Xs5). (1)
X3,X4,X5

Note that we combine all available information and project the result afterwards to
the domain of interest, represented by the variable set {X,, Xo}. This set is also
called the query of the inference problem, whereas the set of factors f, g and h is
called knowledgebase. Although each knowledgebase factor can be represented by
a small table of at most n? entries, the total product already needs a table of n®
entries. In our small example, this may still be tractable, but the reader will recognize
that with growing numbers of factors and variables, computing this product will fast
become intractable. In fact, if s denotes the total number of variables, the complete
table over all variables has n® entries. We can see that this exhibits an exponential
growth in the total number of variables. Thus, although the size of each factor in the
knowledgebase may be small, computing their combination may be intractable. The
next example points out a more realistic situation.

Example 1.2 For 1 <1 < 100 we consider 100 real-valued functions, where each
function f; is defined over exactly three binary variables X; to X;19. Again, each
of these functions is representable by a table of 2° = 8 entries. Similarly to the
foregoing example, we then choose the variable set {X101, X102} as query and
obtain the following inference problem:

Z (X1, X2, X3) - +.. - fio0(X100, X101, X102)- (1.2)
le--'1XIU()

Here, each factor is represented by a small table of 23 entries. The total product on
the other hand needs a table of 2'°? entries that requires 10'® terabytes of memory.
There is no computer with such a large memory capacity. If we further assume that
a computer performs one multiplication per nanosecond, then these computations
require at least 1012 years, which is 100 times longer than the estimated age of
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the universe. We therefore conclude that the above sum cannot be computed by
Jirst computing the total product and then summing out the hundred variables. This
example is quite representative for the inference problems considered in this book.

So, what is then the escape from this race of dimensionality? We sketch the basic
idea using the above examples. The secret lies in a clever use of the distributive law
of arithmetics, which can often be used to arrange sequences of summations and
multiplications such that all intermediate results stay manageable. This allows us to
write equation (I.1) as

F(X1,X5) - (Zg(xz,x3>> : ( > h(XQ,X4,X5>>.
X3

X4,X5

We immediately observe that the largest intermediate result produced during the
computation of this formula contains 2 variables and thus requires a tables of only
n? entries. This is a considerable increase of efficiency which becomes even more
apparent by applying the same idea to equation (1.2). We obtain

Z <Z <Z fl(Xth,Xs))'f2(X2,X3,X4)> +++ f100(X100, X101, X102)

X100 Xz \ Xh
(L.3)

Here, the largest intermediate result contains only 3 variables that requires a table of
8 entries. Thus, instead of this huge amount of memory and computational time, the
required resources remain proportional to the input size. Note also that besides the
distributive law, we used the associative laws of addition and multiplication.

We may change the operation that is associated with projection in the above
examples. Instead of addition, we now take the maximum value in Example 1.1 that
then leads to the following computational task:

max f(Xl,Xg) 'g(Xg,Xg) 'h(XQ,X4,X5). (14)
X3,X4,X5
Both expressions (I.1) and (I1.4) model inference problems over different valuation
algebras, whereas the second problem now takes the shape of an optimization task.
Obviously, the same complexity considerations with respect to the size of intermediate
tables apply in both cases, and because the distributive law still holds between
multiplication and maximization, we may also perform the same improvement:

f(Xl, X2) . <H}(&Xg(X2, X3)> . ( max h(XQ, X4, X5)) .
3 4,N5
We thus have two different problems with different semantics and perhaps different
application fields, but from the algebraic perspective they are both specializations of
the same generic problem and can be solved by the same generic algorithm. This
is exactly the idea of generic inference, and the secret of efficiency consists of a
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clever arrangement of the computations (combinations and projections) based on a
generalization of the distributive law. Essentially the same technique was applied in
the past for the processing of every specific inference formalism, which attests that
the developers of these algorithms did not only solve the same generic problem, but
they were also confronted with the same complexity concerns and finally hit upon
the same solution. This is once more a convincing argument for the necessity of a
generic inference theory, as it will be developed in the first part of this book.

The essence of valuation algebras consists in capturing these associative and
distributive laws with respect to abstract operations of combination and projection.
This will then be sufficient to rearrange the computations in the inference problem
such that they remain feasible at each stage. In fact, this technique tends to keep
storage proportional to the domain size of the input factors of the inference problem.
One speaks of local computation, i.e. local on the domains of individual factors. Local
computation is closely related to a well-known technique called tree-decomposition
of graphs. Suppose a graphical representation of an inference problem where each
node represents a variable. In addition, two nodes are linked by an edge, if their
variables occur in the domain of a common factor or in the query. Figure 1.1 shows
the graph associated with the inference problem of Exercise 1.1. If we again assume
that there are s variables, each with a domain of n values, then the total information
represented by the graph needs a table of n° entries.

Figure I.1 The graph associated with the inference problem of Exercise 1.1.

The key parameter, called treewidth w of the graph, represents an important
structural property. For the time being, we can imagine the treewidth as some measure
related to the sparsity of the graph. Then, instead of the intractable complexity of
n® associated with the total graph, the operations of the inference problem can be
rearranged in such a way that the complexity is reduced to g(s)-n*, where g is a linear
function. Observe that the complexity is still exponential, but now in the treewidth
w instead of the total number of variables s. Since in many cases w is much smaller
than s, it represents a big gain and often turns a intractable problem into a tractable
problem. This is a case of what has recently been called parametric or parameterized
complexity; see for example (Downey & Fellows, 1999). However, we should also
emphasize that the complexity of inference problems is not always exponential. There
are important cases where it may be polynomial, for instance s* with s still being
the number of variables. But we then still have the change in complexity from s3 to
g(s) - w. It may thus be said that the polynomial or exponential complexity of the

www.it-ebooks.info


http://www.it-ebooks.info/

xxviii INTRODUCTION

inference problem is a dimension somehow orthogonal to the framework of valuation
algebras; but it always allows to reduce the complexity to a product of a linear function
of problem size s and a polynomial or exponential function of treewidth w according
to the nature of the problem. That is essentially what valuation algebras achieve in
terms of complexity.

Generic Constructions

From a practical point of view, the relevance of a generic theory can best be measured
by the number of instances and applications covered by the theory. Here, a formalism
is called an instance of a valuation algebra, if it satisfies the properties or axioms of the
algebra. Besides the many concrete, individual instances presented in this book, we
also describe generic approaches to construct whole classes of valuation algebras. We
call this generic constructions. Essentially, these methods derive valuation algebras in
a constructive manner from other algebraic structures such as fields, vector spaces or
semirings. For example, we will see that matrices over particular semirings, systems
of linear equation over arbitrary fields or mappings from configurations to semiring
values always form a valuation algebra. Another generic construction identifies al-
gebras derived from structures of languages with models, as in logic and many other
fields. This adds to picture elements of valuation algebras as pieces of information,
since information is often expressed in terms of a language; i.e. a formal language
in our case. Generic constructions further allow to verify axioms and properties for
whole classes of formalisms on a more abstract level and thereby simplify the theory.
Finally, they also identify new formalisms that can be processed efficiently by the
generic inference aigorithms but which are yet unknown to the community.

The Content of this Book

This book is divided into three parts. The first part introduces the algebraic system
of a valuation algebra and defines generic inference algorithms for their processing.
The second part is entirely dedicated to generic constructions and the identification
of new valuation algebra instances. Finally, the third part studies some selected
applications of local computation. Some of these applications even go beyond the pure
computation of inference, but they are nevertheless based on the same computational
techniques. Typical examples are the construction of solutions for constraint and
equation systems and sparse matrix techniques. Let us consider the organisation of
the three parts in more detail:

Part I: Local Computation

Chapter 1 introduces the valuation algebra framework upon which all later chapters
are based. For simplicity, we do not stress the most general axiomatic system that
is based on arbitrary lattices with partial projection. Instead, we restrict ourselves to
valuation algebras with full projection over variable systems that cover most practical
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applications. The two generalizations will be discussed in the appendix of this chapter.
Also, we give first examples of well-known formalisms that satisfy the structure of a
valuation algebra, including crisp constraints, relations, probability mass functions,
belief functions or density functions.

Chapter 2 is dedicated to the definition of the generic inference problem that reflects
the fundamental computational interest in valuation algebras. It will be distinguished
between single-query and multi-query inference problems. We also introduce sev-
eral possibilities to represent the structure of knowledgebases and give important
applications that require the solution of inference problems with knowledgebases
from different valuation algebras. This includes reasoning in Bayesian networks and
Dempster-Shafer theory, satisfiability in logic and constraint systems, or discrete
Fourier and Hadamard transforms.

Chapter 3 provides generic algorithms for the solution of single-query inference
problems. In particular, it introduces the fusion algorithm, the bucket-elimination
scheme and two variations of the collect algorithm. We also provide a detailed com-
plexity analysis of these first local computation methods.

Chapter 4 extends the collect algorithm to take multiple queries into consideration,
leading to the Shenoy-Shafer architecture. We will see that its complexity can be
improved if the valuation algebra provides some concept of division. Based on this
additional operator, three further local computation architectures for the solution of
multi-query inference problems called Lauritzen-Spiegelhalter, Hugin and idempo-
tent architecture are derived. The study of the algebraic requirements of a valuation
algebra to provide a division operator is a more ambitious topic. Its comprehensive
discussion is therefore postponed to the appendix of this chapter.

Part ll: Generic Constructions

Chapter 5 presents the first generic construction that identifies valuation algebras by
means of a simple mapping from configurations to values of a commutative semiring.
This family of valuation algebras for example includes probability potentials, crisp
constraints, weighted constraints, probabilistic constraints, possibilistic constraints
and assumption-based constraints. A second family of valuation algebras is obtained
from mapping sets of configurations to semiring values and includes in particular the
formalisin of belief functions from Dempster-Shafer theory.

Chapter 6 introduces path problems and shows that their computation amounts to
the solution of a semiring fixpoint equation system. Based on this observation, two
generic constructions related to matrices with semiring values are identified. Typical
members and application fields of these families of valuation algebras are shortest
path problems, maximum capacity problems, connectivity problems, path reliability,
path counting, Markov chains or partial differentiation. Moreover, this chapter pro-
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vides the preliminary work for the discussion of sparse matrix techniques in Chapter 9.

Chapter 7 deals with the duality between information and its representation in terms
of a language. Typical examples of this generic construction are different kinds of
logic and systems of equations and inequalities.

Part lll: Applications

Chapter 8 points out that many valuation algebra have an associated notion of a
solution. This is typically the case for systems of equations and inequalities, but it
also holds in logic and constraint systems. The identification of solutions in arbitrary
valuation algebras is the main topic in this chapter. It will be shown that based on a
previous execution of a local computation architecture, solutions can be found without
increasing the complexity of the local computation scheme. This results in two further
generic algorithms to compute either a single solution or all solutions of a valuation
given as factorization. In the second part of Chapter 8, this theory is applied to semi-
ring constraint systems for the computation of solutions in optimization or constraints
problems. Further specializations for equation systems will be discussed in Chapter 9.

Chapter 9 deals with sparse matrix techniques. The first part of the chapter focuses
on sparse, linear systems over fields. It introduces Gaussian elimination and different
decomposition approaches and establishes the connection to the valuation algebra
of affine spaces introduced in Chapter 7. The famous least squares method provides
an interesting case study. In the second part, we consider path problems that induce
sparse fixpoint equation systems over semirings. This is based on the valuation alge-
bras from Chapter 6. We will further show how local computation is used to solve
the single-source, multiple-pairs or all-pairs version of different path problems.

Chapter 10 looks at linear systems with stochastic disturbances. In many important
applications, these disturbances may be assumed to have a Gaussian distribution.
Together with observations, such systems provide Gaussian information. It will be
shown that several valuation algebras including Gaussian potentials and Gaussian
hints hide behind Gaussian information. Also, this chapter investigates inference in
Gaussian systems with local computation and provides an in-depth study of statisti-
cal, assumption-based reasoning.

All chapters in this book are completed by a collection of exercises and open
problems. We distinguish three degrees of difficulty. One-star exercises are either
simple finger exercises to actively digest the theory of the chapter, straightforward
applications of the theory to concrete problems or omitted proofs with a reference to
another textbook or journal article that contains the complete proof. Two-star exercises
are small research projects that extend the theory of the chapter and establish links to
related research topics. Finally, three-star exercises label comprehensive and mainly
open research questions that could be included in a research program on valuation
algebras and local computation.
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Beyond the Content of this Book

This book is about generic local computation or tree-decomposition methods that
are derived from the general valuation algebra framework. Additionally, we discuss
several specializations and extensions of these algorithms for particular families of
valuation algebras in the third part. However, it should also be mentioned that other
techniques for the processing of inference problems exist. Depending on the concrete
application, these methods may be less or more efficient than the class of algorithms
presented in this book. But we also point out that it is in general not possible to
apply these techniques to arbitrary valuation algebras, because they usually require
more information about the concrete buildup of formalisms. A popular class of such
algorithms are search methods, see for example (Nilsson, 1982; Pearl, 1984; Kanal
& Kumar, 1988; Dechter, 2003). Search methods work through a search space that
is obtained from a knowledgebase by assigning different values to variables. It is
therefore clear that search methods are suitable only for formalisms that consist of
mappings from finite variable assignments to some values. In particular, this covers
the large family of semiring valuation algebras introduced in Chapter 5, but we
will also meet numerous formalisms in this book that do not provide this structure.
Search methods and local computation have also been combined to hybrid methods
{Larrosa & Dechter, 2003; Dechter, 2006). A closely related aspect concerns the
representation of valuations. This is again specific to each family of valuation algebras
and goes along with tailored inference methods. Important techniques are AND-OR
search (Dechter & Mateescu, 2007; Marinescu & Dechter, 2009a; Marinescu &
Dechter, 2009b), OR search with caching (Bacchus et al., 2003), methods based on
automata (Vempaty, 1992; Fargier & Vilarem, 2004), decision diagrams (Wilson,
2005; Nicholson et al., 2006) and various other techniques related to knowledge
compilation (Darwiche, 2001; Darwiche & Marquis, 2001; Darwiche & Marquis,
2002; Wachter & Haenni, 2006; Fargier & Marquis, 2007; Wachter et al., 2007;
Wachter, 2008). We further restrict ourselves to exact inference in this book. There
are several methods to perform approximated inference with local computation as for
example the mini-bucket scheme (Dechter & Rish, 2003). We further refer to (Haenni,
2004) for approximate inference with ordered valuation algebras and to (Kohlas &
Wilson, 2008) for semiring valuation algebras. It should also be mentioned that other
algebraic frameworks for generic inference exists, e.g. (Pralet et al., 2007), but these
systems generally include the valuation algebra framework. Finally, it has already
been mentioned in the first publications about local computation that these algorithms
qualify for an implementation on distributed and parallel computing environments. In
particular, local computation is successfully applied for inference in sensor networks
(Paskin et al., 2005). This raises many interesting questions that go beyond the scope
of this book. Examples are the management of computing resources, the minimization
of communication costs (Pouly, 2008) or the increase of parallelism. These questions
are discussed for probabilistic reasoning in (Kozlov & Singh, 1994; Kozlov & Singh,
1996; Namasivayam & Prasanna, 2006; Yinglong & Prasanna, 2008), and we also
refer to the comprehensive literature on parallel and distributed databases.
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LOCAL COMPUTATION

Generic Inference: A Unifying Theory for Automated Reasoning
First Edition. By Marc Pouly and Jiirg Kohlas
Copyright © 2011 John Wiley & Sons, Inc.
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CHAPTER 1

VALUATION ALGEBRAS

The valuation algebra framework provides the algebraic foundation for the application
of all generic inference mechanisms introduced in this book and therefore marks the
beginning of our studies. Comparable to the total order that is required for the
application of sorting procedures, all formalisms must satisfy the structure of a
valuation algebra in order to be processed by these generic inference tools. Further,
this framework mirrors all the essential properties we naturally associate with the
rather imprecise notions of knowledge and information. Let us engross ourselves
in this thought and put our daily perception of information into words: information
exists in pieces and comes from different sources. A piece of information refers to
some specific questions that we later call the domain of an information piece. Also,
there are two principal operations to manipulate information: we may combine or
aggregate pieces of information to a new information piece and we may project a
piece of information to some specific question which corresponds to information
extraction. Depending on the operation, we either get a broader or more focused
information. In the following section, we give a formal definition of the valuation
algebra framework consisting of its operations and axioms. Along the way, we further
bear on our idea of valuations as pieces of knowledge or information to clarify the
rather abstract and formal structures.

Generic Inference: A Unifying Theory for Automated Reasoning
First Edition. By Marc Pouly and Jiirg Kohlas
Copyright © 2011 John Wiley & Sons, Inc. 3
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4 VALUATION ALGEBRAS

1.1 OPERATIONS AND AXIOMS

The basic elements of a valuation algebra are so-called valuations that we subse-
quently denote by lower-case Greek letters ¢, v, . .. Intuitively, a valuation can be
regarded as a representation of information about the possible values of a finite set
of variables. We use Roman capitals X, Y, ... to refer to variables and lower-case
letters s, ¢, . .. for sets of variables. Thus, we assume that each valuation ¢ refers to a
finite set of variables d{¢), called its domain. For an arbitrary, finite set of variables
s, @ denotes the set of all valuations ¢ with d(¢) = s. With this notation, the set of
all possible valuations for a countable set of variables r can be defined as

® = U(I)S.

sCr

Let D = P(r) be the powerset (the set of all subsets) of r and ® the set of valnations
with their domains in D. We assume the following operations defined in (®, D):

1. Labeling: ® — D; ¢ — d(¢);
2. Combination: ® x ® — @; (¢, ¥) — ¢ Q Y,
3. Projection: ® x D — ®; (¢, z) — ¢** for x C d(¢).

These are the three basic operations of a valuation algebra. If we readopt our idea of
valuations as pieces of information, the labeling operation tells us to which questions
(variables) such a piece refers. Combination can be understood as aggregation of
information and projection as the extraction of the part we are interested in. Sometimes
this operation is also called focusing or marginalization. We now impose the following
set of axioms on ® and D:

(A1) Commutative Semigroup: ® is associative and commutative under ®.

(A2) Labeling: For ¢, € ¥,

do®y) = do)Ud(y) (L.1)

(A3) Projection: For ¢ € ®,z € D and x C d(¢),

d(¢**) = =z (1.2)

(A4) Transitivity: For ¢ € ® and x C y C d(¢),

(@)= = . (1.3)
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(AS5) Combination: For ¢,y € ® with d(¢) = z, d(vp) = y and z € D such that
rCz2CxUy,

PRV} = ¢y (1.4)

(A6) Domain: For ¢ € ® with d(¢) = =,
¢ = 4. (1.5)

These axioms require natural properties regarding knowledge or information.
The first axiom indicates that ¢ is a commutative semigroup under combination. If
information comes in pieces, the sequence of their aggregation does not influence
the overall result. The labeling axiom tells us that the combination of valuations
yields knowledge about the union of the involved domains. Variables do not vanish,
nor do new ones appear. The projection axiom expresses the natural functioning of
focusing. Transitivity says that projection can be performed in several steps. For the
combination axiom, let us assume that we have some information about a domain
in order to answer a certain question. Then, the combination axiom states how the
answer is affected if a new information piece arrives. We can either combine the new
piece to the given information and project afterwards to the specified domain, or first
remove the uninteresting parts of the new information and combine it afterwards.
Both approaches lead to the same result. In fact, we are going to see in Section 5.3
that this axiom correlates with some generalized distributive law. Finally, the domain
axiom ensures that information is not influenced by projection to its own domain,
which expresses some kind of stability with respect to trivial projection.

Definition 1.1 A system (&, D) together with the operations of labeling, projection
and combination satisfying these axioms is called a valuation algebra.

In the first appearance of the valuation algebra axioms (Shafer & Shenoy, 1988;
Shenoy & Shafer, 1990) only Axioms (A1), (A4) and a simpler version of (A5) were
listed. Axiom (A2) was simply assumed in the definition of combination. (Shafer,
1991) mentioned Property (A3) for the first time and also remarked that Axiom (A6)
cannot be derived from the others. (Kohlas, 2003) then assembled these early results
to a complete and sufficient axiomatic system for generic inference and local compu-
tation. But in addition to the above system, all former approaches contained so-called
neutral valuations that express vacuous information with respect to a certain domain.
Here, we will introduce valuation algebras with neutral elements in Section 3.3 as a
special case of the definition given here.

Before we turn towards the first concrete examples of valuation algebras, we list
a few elementary properties that are derived directly from the above set of axioms.
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Lemma 1.1

1. If o, ¥ € ® withd(¢) = x and d(v') = y, then

(p@Y)*MY = =V Ry, (1.6)

2. Ifo, Y € dwithd(p) = x, d(v)) = y and z C z, then

(p®Y)* = (pyr )i (1.7
Proof:

1. By the transitivity and combination axiom:

(@@ P = (p@Y)*) = (¢ )Y = gl @ yiev,
2. By the transitivity and combination axiom:

(@RY)* = (@) = (g™ V).

1.2 FIRST EXAMPLES

Our first encounter with the valuation algebra framework took place on a very abstract
level. To reward the reader for this formal effort, we now consider a first catalogue
of concrete formalisms that satisfy the valuation algebra structure. Such formalisms
are subsequently called valuation algebra instances. For the moment, we content
ourselves with the observation of how these formalisms fit in the valuation algebra
framework. Later sections then inform about their exact purpose and semantics.
However, these instances are all based on the important concepts of configurations,
tuples or vectors that shall first be introduced separately.

Frames, Tuples, Configurations and Vectors:

Consider a countable set r of variables where each variable X; € r isreferenced by its
index 7 € N, Conversely, every index i € N refers to a unique variable X; € r. This
one-to-one correspondence between variables and indexes allows us subsequently to
identify the two concepts. Further, we assume for every variable X € r a set Qx of
possible values, called its frame. Such variable frames are sometimes assumed to be
finite or countable, but this is not a general requirement. If a frame contains exactly
two elements, the corresponding variable is said to be binary. Moreover, if the two
elements represent the states true and false, the variable is called propositional or
Boolean. A tuple or configuration with finite domain s C r is a function

x:8 — Q, = HQX
Xes
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that associates a value x(X) € Qx with each variable X € s. By convention,
the single tuple with empty domain is identified by the diamond symbol o, and we
use bold-face, lower-case letters x, Yy, . .. to refer to tuples. Subsequently, we write
x € £ to mark x as a tuple with domain s, for which we also use the shorthand term
s-tuple or s-configuration.

It is often convenient to decompose tuples according to some variable partition.
This operation is also called projection, although it is not directly related to valuation
algebras. Given an s-tuple x and ¢ C s, the projection of x to ¢ is defined by a t-tuple
y such that y(X) = x(X) forall X € t. We subsequently write x** for the projection
of x to t. Note that ¢ denotes the projection of any tuple to the empty set. Further,
this notation allows us to write x = (x*¢, x*~*) for the decomposition of x with
respect to t and s — ¢. Observe also that (x,0) = (¢,x) = x. Similar to frames of
single variables, the set €2, represents all possible s-tuples and is therefore called the
frame of the variable or index set s. In particular, Qg = {¢}. Then, a tuple set with
domain s is simply a subset S' C €. If a tuple set consists of only one element, then
it is also called a singleton.

Example 1.1 To describe the attributes color, speed and prize of a car, we assume
the set of variables r = {C, S, P} with variable frames: }c = {red, blue, black},
Qg = {slow, fast} and Qp = N. Two possible r-tuples are x = (blue, fast, 30‘000)
and y = (black, slow, 10‘000). The tuple x can for example be decomposed into
xHCPY = (blue, 30:°000) and x5} = (fast). Further, the variable set {C, S} pos-
sesses the frame Q¢ sy = {(red,slow), (blue,slow), ..., (black, fast)}. Observe
also that the frame ), contains infinitely many tuples.

If X € r is a variable that takes real numbers, we have 2x = R, and for a set
s C r of real variables the linear space R® corresponds to the frame of all s-tuples.
In this case, s-tuples are also called s-vectors. It is possible to introduce an extension
operator that lifts an s-vector x to some larger domain ¢ C s by assigning zeros to
all variables in t — s. We thus have x™(X) = x(X) if X € s and x"(X) = 0
otherwise. Clearly, the introduction of this operation is not only possible for real
number but for all algebraic structures that contain a zero element. These definitions
of frames, tuples and tuple sets allow for a uniform notation in the following tour
through a first collection of valuation algebra instances.

B 1.1 Indicator Functions - Boolean Functions - Crisp Constraints

An indicator function with domain s C r identifies a subset S C € by
specifying for each tuple x € €2, whether x belongs to S or not. If we adopt
the usual interpretation of 0 for x not being an element of S and 1 for x being
in S, an indicator function i is defined by

{o ifx ¢S,

) = 31 ifxes
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Thus, an indicator ¢ with domain d(i) = s is a function that maps every
tuple x € Q, onto a value ¢(x) € {0,1}, i.e. ¢ : @, — {0,1}. These are
the valuations in the valuation algebra of indicator functions. As introduced
in Section 1.1, we usually write ®; for the set of all indicator functions with
domain s and P for the set of all possible indicator functions over subsets of r.
Combination of indicator functions is defined by multiplication. If 4 and ¢2 are
indicator functions with domain s and ¢ respectively, we define for x € Q,;

i ®ia(x) = 43 (x*) - da(xM).
Alternatively, we may also define combination in terms of minimization:
i1 ®ia(x) = min{i(x*),i2(x*)}.

Projection, on the other hand, corresponds to maximization. For an indicator i
with domain s and ¢t C s we define forall x € §;

(x) = max i(x,y)-
(x) Jmax (x,y)

If we consider only variables with finite frames, an indicator function with
domain s can be represented by an |s|-dimensional table with |2,] zero-one
entries. Below, we simply use a relational or tabular representation, but em-
phasize that indicator functions are not limited to this inefficient representation.
In order to prove that indicator functions form a valuation algebra, the reader
may verify that all axioms are satisfied. However, in Section 5.3 this proof
will be made for a whole family of formalisms that also includes indicator
functions. Otherwise, a direct proof can be found in (Kohlas, 2003). Depend-
ing on its application field, the formalism of indicator functions has different
names. In the context of constraint reasoning, they are usually called crisp
constraints. Otherwise, indicator functions for propositional variables are also
called Boolean functions.

For a concrete example of computing with indicator functions, consider a
set of variables r = {4, B, C} with frames Q4 = {a,a}, Q5 = {b,b} and
Q¢ = {c,¢}. Then, assume two indicator functions ¢; and i with domains
d(iy) = {A,B} and d(i2) = {B,C}:

Q& 2fp

~
[ )
Il
ol ol o> o |
ol o o ol

o o ool o | BT
oo = O
- O
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We combine i; and 5 and project the result to {A}:

A B C

a b c || O

a b c 0

a b c 1 A
is = i1®iy =|a b |1 AR I

a b c 0 al|jo

a b c 0

a b c 0

a b clo

B 1.2 Relational Algebra

The second instance we are going to study is closely related to the first one. It is
a subset of the relational algebra (Maier, 1983; Ullman, 1988), which tradition-
ally belongs to the most fundamental formalisms for representing knowledge
and information. In its usual extent, at least six operations are provided to ma-
nipulate knowledge represented as sets of tuples. Respecting the language of
relational database theory, variables are called artributes and sets of tuples are
called relations. A relation over s C r is therefore simply a tuple set R C €.
It is important to note that variable frames do not need to be finite and conse-
quently, relations can also be infinite sets. Combination is defined by natural
Join: If Ry and Ry are relations with domain s and ¢ respectively, we define

RiaRy = {x€Qu:x* € Ry, x*" € Ry} (1.8)
Projection is defined for a relation R with domain s and £ C s as
R" = {x":xeR}

Alternatively, the notation 7;(R) = R** is also used in the context of relational
algebras. If we consider only finite variables in 7, then the relational algebra
over r is isomorphic to the valuation algebra of indicator functions over r.
In fact, relations are just another representation of indicators. We obtain the
relation R, associated to the indicator function ¢ with domain d(¢) = s by

R, = {xeQ,:9¢(x)=1} (1.9)

Conversely, we derive the indicator function ¢ associated to a relation R with
domain s C r by ¢(x) = 1 if x € R, and ¢(x) = 0 otherwise, for all x € €2,.
Hence, we directly conclude that relations form a valuation algebra in the case
of finite variables. This statement also holds for the general case as is will be
shown in Chapter 7.3. Let us write the combination axiom for z = x in the
notation of relational algebra: For Ry, Ry € ® withd(R;) = zandd(R2) = v,

‘ﬂ'm(RllXIRQ) = R1 Nﬂxny(Rz).
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The right-hand side is called semi-join in database theory (Maier, 1983).

To give an example of computing in the relational algebra, we consider
two relations Ry and R with domain d(R;) = {continent,country} and
d(Rp) = {country, city}:

continent | country country city
Africa Kenya France Paris
Asia China France Lyon
Ry, = . Ry = .
Asia Japan Germany | Berlin
Europe Germany Italy Rome
Europe France Kenya Nairobi
Combining R; and R; gives
continent | country city
Africa Kenya Nairobi
R; = Ri<x Ry = Europe Germany | Berlin
Europe France Paris
Europe France Lyon
and we obtain for the projection of Rj3 to {continent}:
continent
T {continent} (R3) = Ré{cont'ment} = Africa
Europe

B 1.3 Arithmetic Potentials - Probability Potentials

Probability potentials are perhaps the most cited example of a valuation algebra,
and their common algebraic structure with belief functions was originally the
guiding theme for the abstraction process that lead to the valuation algebra
framework (Shafer & Shenoy, 1988). However, at this point we yet ignore
their usual interpretation as discrete probability mass functions and refer to this
formalisms as arithmetic potentials. These are simple mappings that associate
a non-negative real value with each tuple, i.e. p : 2, = R>(. Also, we consider
from the outset only variables with finite frames and identify d(p) = s C r to
be the domain of the potential p. The tabular representation can again be used
for arithmetic potentials. Combination of two potentials p; and p; with domain

s and t is defined by
P ®p(x) = pi(x*) - pa(x) (1.10)

for x € Q4. Projection consists in summing up all variables to be eliminated.
If arithmetic potentials are used to express discrete probability mass functions,
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then this corresponds to the operation of marginalization in probability theory.
For a potential p with domain s, t C s and x € ), we define

M) = ) pxy) (1.11)

yeﬂsft

Arithmetic potentials belong to the same family of instances as indicator func-
tions. Section 5.3 provides a generic proof that all formalisms of this family
satisfy the valuation algebra axioms. Moreover, we will also conclude from
this result that other sets (such as integers, rational or complex numbers) may
be used instead of real numbers to define arithmetic potentials.

We pointed out in the introduction of this book that the distributive law
from arithmetics is used to make the computational process of inference more
efficient. Also, we said that this property is contained in the valuation algebra
axioms. This becomes evident by writing the combination axiom in the notation
of arithmetic potentials: For p;,ps € ® with d(p;) = s,d(p2) = tandx € Q,

Y n®) pEy) = px)- Y pa(xMMy).

YEQ s yeEQ-s

For an example of how to compute with arithmetic potentials, consider a set
r = {A, B, C} of three variables with finite frames Q4 = {a,@}, Qp = {b,b}
and Q¢ = {c,¢}. We define two arithmetic potentials p; and p, with domain
d(p1) = {A, B} and d(pz) = {B,C}:

A B B C

a b 0.6 b c 0.2
Pt =|a b 04 pe =| b T | 08

a b 03 b ¢ || 09

a b |07 b e | 01

We combine p; and ps and project the result to { A, C}:

A B C

a b c 0.12
a b €| 048 A C
a b ¢ || 036 a ¢ | 048

ps=pi®pr=|a & zllooa|l p* =14 2| o052
a b ¢ | 0.06 a ¢ | 069
a b © | 024 @ ¢ | 031
@ b ¢ | 063
@ b | 007
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H 1.4 Set Potentials - Belief Functions

As we already mentioned, belief functions (Shafer, 1976; Kohlas & Monney,
1995) rank among the few instances that originally initiated the abstraction
process culminating in the valuation algebra framework (Shafer & Shenoy,
1988). Belief functions are special cases of set potentials. Therefore, we first
focus on this slightly more general formalism and refer to Instance D.9 and
D.6 for a discussion of belief functions and its alternative representations.
The theory is again restricted to variables with finite frames. A set potential
m : P(2s) — R>g with domain d(m) = s C r is a function that assigns non-
negative real numbers to all subsets of the variable set frame €2;. Combination
of two set potentials m; and mg with domains s and ¢ is defined for all tuple
sets A C Qg ¢ by

mi ®ma(A) = > my(B) - ma(C). (1.12)
B<C=A,BCN,,CCO,

This is a simplified version of Dempster’s rule of combination (Dempster, 1968;
Shafer, 1991). Projection of a set potential m with domain s to ¢t C s is given
for A C ,; by

m¥(4) = > m(B). (1.13)
w0 (B)=A,BCQ,

Observe that these definitions use the language from the relational algebra to
deal with tuple sets. This particular notation will later be helpful. Since re-
lations satisfy the valuation algebra axioms, we may call in its properties to
derive important results about set potentials. Note also that the formalism of set
potentials essentially differs from the other instances introduced beforehand
that map single tuples to some value. Indeed, it belongs to a second family of
valuation algebras that will be introduced in Section 5.7 where we also provide
a generic proof that all formalisms of this family satisfy the valuation algebra
axioms. Before presenting a concrete example, it is important to remark that
although all variable frames are finite, a simple enumeration of all assignments
as proposed for indicator functions or arithmetic potentials is beyond question
since set potentials assign values to all elements of the powerset of €2, Instead,
only those entries are listed whose values differ from zero. These tuple sets are
usually called focal sets.

Consider a set of two variables 7 = { A, B} with finite frames Q4 = {a, @}
and Qp = {b,b}. We define two set potentials m; and mg with domains
d(m1) = {A, B} and d(m2) = {A}:

{(a,b)} 0.7
ml = {(a,b),(aJ—))} O]. myg =
{(a,b),(a,b)} || 0.2

{@} || 06
{{a)} || 04
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The task of computing the combination of m; and my, is simplified by construct-
ing the following table as an intermediate step. The first column contains 1, and
the top row ma, both extended to the union domain d(m;) Ud(mz) = {4, B}.
Then, every internal cell contains the intersection between the two correspond-
ing tuple sets and the product of the corresponding values. This corresponds to
the natural join in equation (1.12).

{(@,b),(@,b)},0.6 | {(a,b),(a,b)}, 0.4
{(a,b)},0.7 @, 0.42 {(a,b)},0.28
{@@,b),{a,b)}, 0.1 {(@, b)}, 0.06 {(e,b)},0.04
{(a,b),(@,b)},0.2 {@@,b)},0.12 {(a,b)},0.08

13

To complete the combination, it is then sufficient to add the values of all internal
cells with equal tuple set. The result of the combination is projected afterwards
to { A} using equation (1.13)

0 0.42
{(a,b)} | 0.36 0 | 0.42
ms = m ®my = | {(a,b)} || 004 | mi =1 (@} | 0.18
(@)} || 0.06 {@} || 0.40

{@,b)} || 012

W 1.5 Density Functions

All instances discussed so far are based on variables with finite (or at least
countable) frames. Although such a setting is typical for a large number of
formalisms used in computer science, it is in no way mandatory. Thus, we next
introduce the valuation algebra of density functions which are defined over
variables taking values from the set of real numbers. For a set of variables
s C 1, a density function f : R® — R with domain s is a continuous,
non-negative valued function with finite Riemann integral,

/m f(x)dx < oo (1.14)

Note that x denotes a vector in the linear space {2, = R®. The combination
f ® g of two density functions f and g with domain s and ¢ is defined for
x € R*Y? by simple multiplication

= J(x) - g(xt).

The projection f¥* of a density f with d(f) = stot C sis given by the integral

fRgx) (1.15)

Mx) = /_oo f(x,y)dy (1.16)
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where x € R! and y € R®t. Density functions together with the above
definitions of combination and projection form a valuation algebra. The proof
of this statement even for the more general case of Lebesque measurable density
functions can be found in (Kohlas, 2003). The perhaps most interesting example
of a density function in the context of valuation algebras is the Gaussian
density. In fact, Instance 1.6 below shows that Gaussian densities are closed
under combination and projection and therefore establish a subalgebra of the
valuation algebra of density functions.

Labeled Matrices

These first examples were all based on tuples and tuple sets. Next, we are going
to introduce two further valuation algebra instances based on labeled matrices. For
finite sets s,¢ C r a labeled, real-valued matrix is a mapping M : s x { — R such
that for X € sand Y € t we have M(X,Y) € R. We write M(R, s x ¢) for the set
of matrices of this kind. The sum of M;, My € M(R, s x t) is defined by

(M1 +M2)(X,Y) = Mi(X,Y)+My(X,Y) (1.17)

forX €esandY € t. If M; € M(R,s xt)and My € M(R, ¢t x u) for s,t,u C r,
X € sand Y € u we define the product M; - My by

My -M)(X,Y) = > Mi(X,2) My(Z,Y). (1.18)
Zet

A special element of the set M(R, s x t) is the zero matrix defined for X € s and
Y € tby O(X,Y) = 0. The projection of a labeled matrix M € M(R, s X t) to
u C sand v C ¢t is defined by M¥*?(X,Y) = M(X,Y)if X €cuandY € v,
which simply corresponds to dropping the unrequested rows and columns. Similarly
to the extension of vectors, we extend a labeled matrices M € M(R,s xt)tou 2 s
andv Dtwith X €cuandY € v by

M(X,Y) ifX €sandY €t,

. (1.19)
0, otherwise.

M™¥(X,Y) = {

Of special interest are often square matrices M € M(R, s x s). We then say that
the domain of M is d(M) = s and use the abbreviation M(R, s) for the set of all
matrices with domain s. Also, the projection of a matrix M with domain sto ¢t C s
is abbreviated by M*® and accordingly, we write M for its extension to the larger
domain u O s. Finally, we define the identity matrix for the domain sby I( X, Y) = 1
if X = YandI{X,Y) = 0 otherwise. In later chapters, we will also consider labeled
matrices with values from other algebraic structures than real numbers. But for the
introduction of the following instances, the limitation to real numbers is sufficient.
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B 1.6 Gaussian Densities - Gaussian Potentials

An important family of density functions is provided by Gaussian distributions.
For a set of real variables s C r and x € R® a Gaussian density is defined by

det(K 1 T

where ;1 € R® denotes the mean vector and K : s x s — R the symmetric
and positive definite concentration matrix. The matrix K~ is the variance-
covariance matrix of the Gaussian density. Looking at this definition, we remark
that a Gaussian density is completely determined by its mean vector and con-
centration matrix. Such pairs (u, K) with 4 € R® and K € M(R, s) being
symmetric and positive definite are called Gaussian potentials. The square root
in front of the exponential function in equation (1.20) is merely a normalization
Jactor guaranteeing that the integral over the density function equals one.

Let f and g be two Gaussian densities with domain d(f) = s and d(g) = ¢,
represented by the Gaussian potentials (1, K ) and (u2, Ko). When combin-
ing these two densities by equation (1.15) we can neglect the normalization
constants and simply multiply the exponential functions. This in turn means
adding their exponents. Doing so, we may also neglect additive terms without
variables, since these terms simply go into the normalization factor. In the
following, equality must always be taken up to such terms. We then get for the
exponent of the combined density function and x € R*Y¢

(¥ — ) TRy (3% — ) + (M — o) TR (xM — o) =
(x = u]™) TR (x = ™) + (x = ) TRV (x — pd**)

xTKIsUtX _ XTKISUt}LISUt _ /JTTSUtKISUtX +
XTKgsUtX _ xTKgsUt'ugsUt _ ug’TsUtK;sUtx —

XT(KIsUt + K‘;sut)x _ xT(K‘{sUt’u‘IsUt + Kgsut#;sut)

(,U,;FTSUtKISUt + /LgTSUtK;SUt)X.
Define now
K = K‘{sut + Kgsut.

Note that K is still symmetric and positive definite. Then, we rewrite the
last expression using K, add a constant, additive term to the last expression
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completing it to a quadratic form:
<TKx — xT(K{sUtu‘{‘sUt n Kgsutugsut) _
(K‘{sut#{sut + K;sutugsut)Tx +
(KIsUtuIsUt 4 K‘zrsUtN;sUt)TK—l (KISUtHISUt 4 Kgsutu’;sut) _
(X _ K—l (KISUtu'{SUt + KgsUt‘ugsUt))TK
(X _ K—I(KIsUtuIsUt + Kgsutugsut))

This finally means that the multiplication of two Gaussian densities results
again in a Gaussian density with concentration matrix

K = K[! 4+ KI* (1.21)
and mean vector
o= K—l(K‘{sUtuIsUt n Kgsutugsut) (1.22)

Motivated by this result, we may define the combination of two Gaussian
potentials (11, K;) and (pe, K2) with d(u1, K1) = s and d(p2, K2) =t by

(11, K1) ® (12, K2) = (1, K),

where p is defined by (1.22) and K by (1.21). We found this combination rule
by a purely formal derivation. Its reason and meaning will be given in Section
10.1. The projection of a Gaussian density f with domain d(f) = s, mean
vector u and concentration matrix K to a subset ¢ C s is again a Gaussian
density, as it will be shown in Appendix J.2. Its mean vector is simply p** and
((K~1)*")~! is its concentration matrix. Consequently, Gaussian densities are
closed under combination and projection and form an important subalgebra of
the valuation algebra of density functions. The operations of combination and
projection can both be expressed in terms of the Gaussian potentials associated
with the densities. Gaussian densities and Gaussian potentials will be studied in
detail in Chapter 10, which will also clarify the interest in this valuation algebra.

Many further valuation algebra instances will be introduced throughout the subse-
quent chapters. At this point we interrupt the study of formalisms for the time being
and focus on the computational interest in valuation algebras. The following chapter
phrases an abstract computational task called inference problem using the language
of valuation algebras and also gives a first impression of the different semantics of
this problem under different valuation algebra instances. But first, we propose a more
far-reaching discussion of the valuation algebra axiomatics in the appendix of this
chapter. The valuation algebra framework presented in Section 1.1 is more general
than most of its antecessors. Nevertheless, there is still potential for further gener-
alizations. Two such systems will be presented in the following appendix: the first
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introduces valuation algebras that are no more necessarily based on variable systems.
Instead, valuations take their domains from a more general lattice structure. The sec-
ond framework focuses on a generalization of the projection operator. Here, it is no
longer the case that projections on arbitrary subsets are possible, but there is a fourth
operator that tells us to which domain a valuation is allowed to be projected. For the
understanding of the subsequent chapters, these systems are of minor importance.
But it is nevertheless interesting to see that further instances can be covered by a
more general and abstract definition of the valuation algebra framework, which still
provides enough structure for the application of local computation.

1.3 CONCLUSION

This first chapter introduced the valuation algebra framework upon which all fol-
lowing chapters are based. Valuations can be imagined as pieces of information that
refer to a question called the domain of the valuation. This domain is returned by the
labeling operation. Two further operations called combination and projection are used
to manipulate valuations. Combination corresponds to aggregation, and projection to
focussing or extraction of knowledge. In addition, the valuation algebra framework
consists of a set of six axioms that determine the behaviour of the three operations.
Formalisms that satisfy the structure of a valuation algebra are called instances and
occur numerously in very different fields of mathematics and computer science. This
chapter gave a first selection of instances including crisp ¢onstraints, arithmetic and
probability potentials, Dempster-Shafer belief functions, density functions and the
important family of Gaussian distributions.

Appendix: Generalizations of the Valuation Aigebra Framework

We first give a formal definition of lattices with their main variations and refer to
(Davey & Priestley, 1990) for an extensive discussion of these an related concepts.

A.1 ORDERED SETS AND LATTICES
Definition A.2 A preorder is a binary relation < over a set P which is reflexive and
transitive. We have for a,b,c € P:
o a < a (reflexivity);
o a < bandb < cimplies that a < c (transitivity).
A preorder is called partial order if it is antisymmetric, i.e. if
o a < bandb < a implies that a = b (antisymmetry).

A set with a partial order is also called a partially ordered set or simply an ordered
set. Chapter 5 starts with an introduction to semiring theory that naturally offers a

www.it-ebooks.info


http://www.it-ebooks.info/

18 VALUATION ALGEBRAS

large number of examples for preorders and partial orders. We therefore refer to the
numerous examples of semirings in Chapter 5 for concrete sets providing preorders
and partial orders.

Definition A.3 Let P be an ordered set.

o P has a bottom element if there exists an element L € P such that | < x for
all x € P.

o P has a top element if there exists an element T € P such that x < T for all
Tz € P.

Definition A.4 Let P be a ordered set and S C P. An element u € P is called
supremum, least upper bound or join of S if

e x<uforallxe§;
o forany v € P such that x < v for all x € S it holds that u < v.
Likewise, an element u € P is called infimum, greatest lower bound or meet of S if
e u<zxforalxes;
o foranyv € P suchthatv < « forall x € S it holds that v < u.

If join or meet of a subset S C P exist, then they are always unique, and we write
V S for join and A S for meet. Moreover, if S = {x,y} consists of two elements,
we generally write x V y or sup{z, y} for join and = A y or inf{z, y} for meet.

Definition A.S Let P be a non-empty, ordered set.

o [fxVyandzx Ay exist forall x,y € P, then P is called a lattice.

o If\/ S and \ S exist for all subsets S C P, then P is called a complete lattice.

Lattices may satisfy further identities:
Definition A.6 Let L be a lattice.

e L is said to be bounded, if it has a bottom and a top element.

o L is said to be distributive, if for all a,b,c € L

an(bVve) = (anb)V(anc);

aVibnre) = (avb)A(aVe).

This definition lists both statements of distributivity, although they are in fact equiv-
alent. The proof is given in (Davey & Priestley, 1990). Note also that every complete
lattice is bounded.
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Example A.2 (Powerset or Subset Lattice) For any set A we consider the set of all
subsets called its powerset or subset lattice P(A). This set is partially ordered via set
inclusion and forms a lattice with set intersection as meet a Ab = aNb and set union
as join a Vb = a U b. The powerset lattice is distributive, complete and bounded by
A itself and the empty set (.

Example A.3 (Division Lattice) The set of NU {0} also forms a distributive lattice
with the least common multiple as join lcm(a,b) = a V b and the greatest common
divisor as meet ged{a, b) = a A b. The order is defined by divisibility, i.e. a < bifa
divides b. This lattice is also bounded with 1 as bottom and 0 as top element.

An important source of non-distributive lattices are partitions:

A.1.1 Partitions and Partition Lattices

Partition lattices take a universal position among all lattices. (Grétzer, 1978) shows
that every lattice is isomorph to some partition lattice.

Definition A.7 A partition 7 = {B; : 1 < i < n} of a set U called universe consists
of a collection of subsets B; C U called blocks such that

® Bi#@;
e BNB; =0 fori# jand1 <i.j<mn
b U?:lBl:U

Let Part(U) denote the set of all possible partitions of a universe U. It is then
possible to introduce a partial order between its elements. For 1, w9 € Part(U) we
write m; < w9 if every block of 7; is contained in some block of 7. This is the
case if, and only if, every block of 5 is a union of blocks from 7;. We then also say
that the partition 7; is finer than o, or conversely that 7o is coarser than m;. The
blocks of the infimum or meet of an arbitrary collection of partitions P C Part(U)
corresponds to the non-empty intersections of all blocks contained in the partitions
of P. The definition of the supremum or join especially for the case of universes
with an infinite number of elements is more involved. We refer to (Gritzer, 1978) for
a discussion of this aspect. Here, we directly conclude that the set Part(U) of all
partitions of the universe U forms a complete lattice. The partition {{u} : u € U}
consisting of all one-element subsets of U is the lower bound, and the partition {U}
is the upper bound. A lattice whose elements are partitions of a universe U is called
partition lattice. They are sublattices of Part(U) and generally not distributive. The
above refinement relation is the natural way of introducing an order relation between
partitions. However, in the context of algebraic information theory (Kohlas, 2003) it
is often useful to consider the inverse of the natural order, i.e. m2 <. 7; if, and only
if, m; < mo or equivalently, if 75 is coarser than 7;. The motivation is that a finer
partition expresses more information than a coarser partition.
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Example A.4 (Interval Partitions) Let U = [a, b) be a semi-closed interval of real
numbers. A sequence to < xy < ... < Tp wWith 9 = a and x,, = b establishes a
partition m = {[2;,2;41) : 0 < 1 < n — 1}. If an interval partition 7y contains all
elements of the sequence defining the partition o, then every bloc of w1 is contained
in some bloc of a. In other words, w1 is a refinement of wo. The meet of two interval
partitions is obtained from the union sequence, and the join from the intersection.
If for example U = [0,1) the partition for 0 < 0.2 < 04 < 06 < 08 < lisa
refinement of the partition for 0 < 0.4 < 0.8 < 1. If furthermore T, is given by the
sequence 0 < 0.5 < 0.8 < 1and m by 0 < 0.2 < 0.8 < 1, their meet is obtained
from the sequence 0 < 0.2 < 0.5 < 0.8 < 1 and their join from 0 < 0.8 < 1.

A.2 VALUATION ALGEBRAS ON GENERAL LATTICES

The definition of a valuation algebra given at the beginning of this chapter is based
on a particular lattice, namely on the powerset lattice of variables (see Example A.2).
This lattice is distributive. However, it turns out that the valuation algebra framework
can even be generalized to arbitrary lattices (Shafer, 1991; Kohlas, 2003). Thus, let
D be a lattice with a partial order < and the two operations meet A and join V. We
denote by @ the set of valuations with domains in D and suppose the following three
operations defined on ® and D.

1. Labeling: & — D; ¢ — d(¢),
2. Combination: ® x & - ®; (¢,9) = ¢ Y,
3. Projection: ® x D — ®; (¢, ) = ¢** for z < d(¢).
We impose the following set of axioms on ¢ and D:
(A1) Commutative Semigroup: ® is associative and commutative under ®.

(A2') Labeling: For ¢, ¢ € ®,

do@¢) = d(o)Vd¥). (A.1)

(A3') Projection: For ¢ € &,z € D and z < d(o),

d(¢*®) = =z. (A2)

(A4') Transitivity: For ¢ € ® and z < y < d(¢),

(pW) = ¢+ (A.3)
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(A5") Combination: For ¢, ¥ € ® with d(¢) = z, d(v) = y and z € D such that
rLz<zVy,

(PP} = ¢y (A4)

(A6’) Domain: For ¢ € ¢ with d(¢) = z,

P = ¢ (A.5)

Clearly, this definition of a valuation algebra is more general than the framework
introduced beforehand. It is indeed surprising that no further properties of the lattice
are required to enable the application of local computation (Kohlas & Monney, 1995).
We must, however, accept that not all properties of the more restricted concept of
a valuation algebra are maintained. Although the subsequent chapters of this book
are entirely based on variable systems, we nevertheless present an example from
diagnostics that is based on a valuation algebra with domains from a more general
lattice, i.e. from a lattice of partitions (Kohlas & Monney, 1995; Shafer er al., 1987).

( car does not start )
P

faulty battery system ( taulty fuel system ) ( faulty starting syslem) something eise
a b < ( d )

(M,mnymn,) ( Tauly baltery ) C detectve mn) ( varsmisson ) some other aul
e '
1 ['] h

defective ignition defective starter defact in some
switch relay other switch
i | K

Figure A.1 A tree of diagnoses for stubborn cars.

Example A.5 Suppose that your car does not start anymore and you want to deter-
mine the cause of its failure. The tree of diagnoses shown in Figure A.1 provides a
structural approach for the identification of the cause of failure. At the beginning,
the list of possible diagnoses is fairly coarse and only contains the failure possi-
bilities Q1 = {a, b, c,d}. Note, however, that these options are mutually exclusive
and collectively exhaustive. More precise statements are obtained by partitioning
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coarse diagnoses. Doing so, we replace diagnosis a by {e, f} and diagnosis c by
{1, g, h} which leads to the new set of failure possibilities Qs = {e, f,b,1,g,h,d}.
After a third specialization step we finally obtain Q3 = {e, f,b,1, j, k, g, h, d}. These
step-wise refined sets of diagnoses are called frames of discernment. When a frame
Q; is replaced by a finer frame ;11 the substitution of a diagnosis by a set of more
precise diagnoses is described by a mapping

T @ Qi — P(Qi+1) (A.6)

called refinement mapping or simply refinement (Shafer, 1976). Refinement mappings
must satisfy the following requirements:

1. 7(0) # 0 forall € Q;;
2. 7(01) N 7(02) = O whenever 01 # 62;
3 U{r(8): 0 € U} = Q.
For example, the passage from Q1 to Qs is expressed by the mapping
{z} ifz € {b,d},

T(x) = q{ef} ifz=a,
{l,g,h} ifz=c

From an alternative but equivalent point of view, this family of related frames can be
seen as a collection of partitions of the universe §)3. These partitions are:

o o = {{e, f,b,4,5,k, g, h,d}};

o m = {{e, f},{b}, {i. 5, k. g, h}, {d}}s

o m = {{e}, {F},{b}, {i, 5.k}, {9}, {R}, {d}};

o m3 = {{e}, {r} {b}, {i}, {5}, {k} {g}, {n}, {d}}.

Note that ;11 < 7, i.e. every block of ;1 is contained in some block of m;. Because
each frame §; corresponds to a partition 7;, we may replace the frames in equation
(A.6) by their corresponding partitions. The mapping

0 :m = Pmy)

assigns to each block B € 7; the set of blocks in 7,11 whose union is B. The passage
Jrom 1 to o is thus expressed by the mapping

{{=}} ifz = {b,d},
oz) = §{{eh {f}} ifz ={e, f},
{{i.5:k}, {9}, {h}} &z ={i, 4.k, g,h}.

This mapping is referred to as decomposition mapping.
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Although many valuation algebras with domains from variable lattices could be
adapted to partition and other lattices, the modified valuation algebra of set potentials
from Dempster-Shafer theory is probably the most important example for practical
applications. In fact, the derivation of partitions from a tree of diagnoses takes center
stage in the applications of medical diagnostics in (Gordon & Shortliffe, 1985). Other
authors studied Dempster-Shafer theory on unspecified lattices (Grabisch, 2009;
Shafer, 1991). Here, we follow the algebraic approach from (Kohlas & Monney,
1995) and first extract the necessary requirements from the above example that later
enables the definition of set potentials with domains from partition lattices.

Definition A.8 A collection of frames F together with a collection of refinements R
Jorms a family of compatible frames if the following conditions hold:

1. For each pair )y,$Q)y € F of frames, there is at most one refinement 7 : {3 —
P(Qg) inR.

2. There exists a set U and a mapping ¢ : F — Part(U) such that for all frames
04,02 € F we have (1) # ¢(822) whenever Q4 # S, and such that
o(F) = {o(R) : Q@ € F} forms a bounded sublattice of Part(U).

3. For each frame Q2 € F there is a bijective mapping b : & — ¢(Q). This
mapping identifies for each frame element the corresponding block in the
partition that contains this element.

4. There is a refinement T : 1 — P(Qs) in R exactly if p(S22) < p(1).

Condition 2 means that every frame corresponds to a partition and that the cor-
responding mapping is an embedding of F into Part(U). Since the least partition
of U is in ¢(F), there is exactly one frame (2 whose partition ¢(2) corresponds
to the least partition. By the mapping of Condition 3, the elements of the frame 2
are in one-to-one correspondence with the blocks of the least partition that are the
singletons of the universe U. From a mathematical point of view, the two sets U and
2 are thus isomorphic. Finally, as a consequence of Condition 4, we can introduce a
decomposition mapping for each refinement. Indeed, if 7 : Q; — P(§22), we have
(22} < (1) which means that every block in ¢(€2s) is contained in some block
of p(21). We may therefore assume a decomposition mapping

6 () = Ple(22)) (A7)

that assigns to each block B € (£2) the set of blocks in ¢(22) whose union is B.
This mapping can further be extended to sets of blocks & : P(m;) = P(mi11) by

5(4) = |J{s(B): Be A}. (A.8)

for A C ;. Such families of compatible frames provide sufficient structure for the
definition of set potentials over partition lattices (Kohlas & Monney, 1995).
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Bl A.7 Set Potentials on Partition Lattices

Let (F,R) be a family of compatible frames with universe U and partition
lattice Part(U). A set potential m : P(w) — R with domain d(m) =
m € o(F) C Part(U) is defined by a mapping that assigns non-negative real
numbers to all subsets of the partition 7. Let us again consider the inverse
natural order between partitions. According to the labeling axiom, the domain
of the combination of m and mo with domains 7; and 7, must be 71 V w2,
which corresponds to the coarsest partition that is finer than 7, and 7. We
then conclude from Condition 2 that frames 21,5 and €2 exist such that
m = ©(h), m2 = ©(Q2) and 71 V 12 = ©{Q). Since w1, 72 < 71 V w2 in
the natural order, it follows from Condition 4 that the two refinement mappings
1 :Q =5 P(Q) and 75 :  — P(s) exist in R. We thus obtain the
corresponding decomposition functions 6; : P(m V m2) —» P(m) and ds :
P(my V m2) — P(ms). Altogether, this allows us to define the combination
rule: For A C m; V mp we define

mi®@ma(A) = > mi(6i(B)) - me(5(C)) (A.9)
A=BnNC

For the projection operator, we assume a set potential m with domain 7
and w2 < ;. By the same justification we find the decomposition mapping
§ : P(m1) = P(m2) and define for A C 7y the projection rule as follows:

m'm(A) = > m(B). (A.10)

BCrq1:ANS(B)#0

The proof that set potentials over partition lattices satisfy the axioms of a
valuation algebra on general lattices can be found in (Kohlas & Monney, 1995).

A.3 VALUATION ALGEBRAS WITH PARTIAL PROJECTION

The valuation algebra definition given at the beginning of this chapter allows every
valuation ¢ € ® to be projected to any subset of d(¢). Hence, we may say that ¢
can be projected to all domains in the marginal set M(¢) = P(d(¢)). Valuation
algebras with partial projection are more general in the sense that not all projections
are necessarily defined. In this view, M(¢$) may be a strict subset of P(d(¢)). It is
therefore sensible that a fourth operation is needed which produces M (d(¢)) for all
¢ € ®. Additionally, all axioms that bear somehow on projection must be generalized
to take the corresponding marginal sets into account. Thus, let ® be a set of valuations
over domains s C r and D = P(r). We assume the following operations in (@, D):

1. Labeling: & — D; ¢ > d(o),
2. Combination: & x & — &; (¢,9) — o R 1,
3. Domain: ® — P(D); ¢ — M(d),
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4. Partial Projection: ® x D — ®; (¢, x) > ¢*® defined for x € M(¢).

The set M(¢) contains therefore all domains © € D such that the marginal of ¢
relative to x is defined. We impose now the following set of axioms on ® and D,
pointing out that the two Axioms (A1”) and (A2") remain identical to the traditional
definition of a valuation algebra.

(A1"”) Commutative Semigroup: ® is associative and commutative under ®.

(A2") Labeling: For ¢, € P,

dd®y) = d(@)Ud¥). (A.11)

(A3") Projection: For ¢ € ® and x € M(¢),

d(¢*") = = (A.12)

(A4") Transitivity: If g € Pandz Cy C d(d’)’ then

T € M(¢) =z € M(¢*Y),y € M(¢) and (¢'¥)¥* = ¢*".  (A.13)

(A5") Combination: If ¢,7 € ® with d(¢) = z, d(v») = y and z € D such that
z C zCzxUy,then

2Ny e M) =>ze M(P®Y)and (¢ @ Y)Y = QY+ Y. (A.14)

(A6") Domain: For ¢ € ® with d(¢) = z, we have z € M(¢) and

o = ¢ (A.15)

Definition A.9 A system (®, D) together with the operations of labeling, combi-
nation, partial projection and domain satisfying these axioms is called a valuation
algebra with partial projection.

It is easy to see that this system is indeed a generalization of the traditional
valuation algebra, because if M(¢) = P(d(¢)) holds for all ¢ € ®, the axioms
reduce to the system given at the beginning of this chapter. Therefore, the latter is
also called valuation algebra with full projection.
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B A.8 Quotients of Density Functions

Let us reconsider the valuation algebra of density functions introduced in
Instance 1.5 and assume that f is a positive density function over variables in
s Cr,ie. for x € R*® we always have f(x) > 0. We consider the quotient

_ _fx
g(x) - fit (X‘Lt)

with ¢ C s. For any ¢t C s these quotients represent the family of condi-
tional distributions of x**~* given x*! associated with the density f. However,
projection is only partially defined for such quotients since

gt (x*) = (f—(x)“)>u= Fex) —

T [¥(ack)

This is a constant function with an infinite integral and therefore not a density
anymore. Nevertheless, conditional density functions are part of a valuation
algebra with partial projection. A formal verification of the corresponding
axiomatic system can be found in (Kohlas, 2003).

PROBLEM SETS AND EXERCISES

A.1 * Verify the valuation algebra axioms for the relational algebra of Instance 1.2
without restriction to variables with finite frames.

A.2 * Reconsider the valuation algebra of arithmetic potentials from Instance 1.3.
This time, however, we restrict ourselves to the unit interval and replace the operation
of addition in the definition of projection in equation (1.11) by maximization. This
leads to the formalism of possibility potentials or probabilistic constraints that will
later be discussed in Instance 5.2. Prove that the valuation algebra axioms still hold
in this new formalism.

A.3* Again, reconsider the valuation algebra of arithmetic potentials from Instance
1.3. This time, we replace the operation of multiplication in the definition of combi-
nation in equation (1.10) by addition and the operation of addition in the definition of
projection in equation (1.11) by minimization. This leads to the formalism of Spohn
potentials or weighted constraints which will later be discussed in Instance 5.1. Prove
that the valuation algebra axioms still hold in this new formalism. Alternatively, we
could also take maximization for the projection rule.

A.4* Cancellativity is an important property in semigroup theory and will be used
frequently in later parts of this book. A valuation algebra (®, D) is called cancellative,
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if its semigroup under combination is cancellative, i.e. if forall ¢ € @

PRy = ¢y

implies that ¢ = v’. Prove that cancellativity holds in the valuation algebras of
arithmetic potentials from Instance 1.3, Gaussian potentials from Instance 1.6 and
Spohn potentials from Exercise A.3.

A.5* The domain axiom (A6) expresses that valuations are not affected by trivial
projection. Prove that this axiom is not a consequence of the remaining axioms (A1)
to (AS), i.e. construct a formalism that satisfies the axioms (A1) to (A5) but not the
domain axiom (A6). The basic idea is given in (Shafer, 1991): take any valuation
algebra and double the number of elements by distinguishing two versions of each
element, one marked and one unmarked. We further define that the result of a pro-
jection is always marked and that a combination produces a marked element if, and
only if, one of its factors is marked. Prove that all valuation algebra axioms except
the domain axiom (A6) still hold in this algebra.

A.6 ** Study the approximation of probability density functions by discrete prob-
ability distributions and provide suitable definitions of combination and projection.

A7 *** 1t was shown in Instance 1.6 that Gaussian potentials form a subalgebra
of the valuation algebra of density functions. Look for other parametric classes
of densities that establish subalgebras, for example uniform distributions, or more
general classes like densities with finite or infinite support. The support of a density
corresponds to the part of its range where it adopts a non-zero value.
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CHAPTER 2

INFERENCE PROBLEMS

With the valuvation algebra framework introduced in the first chapter, we dispose
of a system to express the structure of information independently of any concrete
formalism. This system will now be used to describe the main computational problem
of knowledge representation systems: the task of computing inference. Let us go
back to our initial idea of valuations as pieces of knowledge or information. Given
a collection of information pieces called knowledgebase and some query of interest,
inference consists in aggregating all elements of the knowledgebase, followed by
projecting the result to a specified domain representing the question of interest. This
computational problem called inference or projection problem will take center stage
in many of the following chapters. Here, we start with a short presentation of some
important graphical structures used to represent knowledgebases and to uncover
their hidden structure. Then, we give a formal definition of inference problems in
Section 2.3, followed by a selection of examples that arise from the valuation algebra
instances of Chapter 1. Most interesting are the different meanings that the inference
problem adopts under different valuation algebras. We therefore not only say that
formalisms instantiate valuation algebras, but the computational problems based on
these formalisms also instantiate the generic inference problem. Algorithms for the
efficient solution of inference problems will be presented in Chapter 3 and 4.

Generic Inference: A Unifying Theory for Automated Reasoning
First Edition. By Marc Pouly and Jiirg Kohlas
Copyright © 2011 John Wiley & Sons, Inc. 29
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2.1 GRAPHS, TREES AND HYPERGRAPHS

An undirected graph G = (V, E) is specified by a set of vertices or nodes V and a
set of edges E. Edges are sets of either one or two nodes, i.e. £ C V3 UV, where V;
denotes the set of all one-element subsets and V5 the set of all two-element subsets
of V. Without loss of generality, we subsequently identify nodes by natural numbers
V' C N. The neighbors of node ¢ € V are all other nodes with an edge to node i,
ne(i) = {j € V: {i,7} € E}, and the degree of a graph G is the maximum number
of neighbors over all its nodes:

= ) |. 2.1
deg(G) max |ne(?)| 2.1)
A sequence of nodes (ig,1,...,%,) With {ix_1,ik} € Efork =1,...,nis called

a path of length n from the source node iy to the terminal node i,,. A graph is said
to be connected if there is a path between any pair of nodes. A cycle is a path with
ip = in. A free is a connected graph without cycles and V; = . Trees satisfy the
property that removing one edge always leads to a non-connected graph. A subset
of nodes W C V is called a cligue, if all elements are pairwise connected, i.e. if
{i,j} € Eforall i,5 € W with ¢ # j. A clique is maximal if the set obtained by
adding any node from V' — W is no more a clique.

Example 2.1 Figure 2.1 displays two graphs: The left-hand graph G = (V1, E1) is
specified by Vi = {1,2,3,4} with E; = {{1,2},{2,3}, {3,1}, {4}}. This graph is
not connected, the neighbors of node 2 are ne(2) = {1, 3}, and the node set {1,2, 3}
forms a maximal clique. On the right, Go = (V,, Eg) is given by Vo = {1, 2, 3,4, 5}
and E; = {{5,1},{1,2},{1, 3}, {3,4}}. This graph is connected and since there
are no cycles, it is a tree. The neighbors of node 1 are ne(1) = {2,3,5}, and the
degree of G2 is deg(G2) = 3.

g) OO

Figure 2.1 Undirected graphs.

In a directed graph G = (V, E) edges are ordered pairs of nodes E C V x V.
We thus refer to (¢, j) € F as the directed edge from node ¢ to node j. A sequence
of nodes (ig,41,...,1,) With (ix_1,ix) € E for k = 1,...,n is called a path of
length n from the source node iy to the terminal node i,,. If 1 = ,, the path is again
called a cycle. A directed graph is connected if for every pair of nodes 7 and j there
exists either a path from ¢ to 7 or from j to ¢. For every directed graph we find an
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associated undirected graph by ignoring all directions of the edges. We then say that
a directed graph is a tree if its associated undirected graph is a tree. Moreover, if a
directed graph is a tree and all edges are directed towards a selected node, then the
graph is called a directed tree with the selected node as root node.

Example 2.2 Consider the two graphs in Figure 2.2. The left-hand graph G =
(V1, E1) is specified by Vi = {1,2,3,4} with 1 = {(1,3),(2,1),(2,3),(4,4)}.
This graph is not connected. On the right, Go = (Va, E3) is given by Vo =
{1,2,3,4,5} and E; = {(5,1),(2,1),(3,1), (4, 3)}. This graph is a directed tree
with root node 1.

Figure 2.2 Directed graphs.

Next, we consider directed or undirected graphs where each node possesses a label
out of the powerset P(r) of a set of variables r. Thus, a labeled, undirected graph
(V, E, X\, P(r)) is an undirected graph with a labeling function A : V — P(r) that
assigns a domain to each node. Such a graph is shown in Example 2.3.

Example 2.3 Figure 2.3 showsalabeled graph (V, E, X\, P(r)) where V = {1,2,3,4,
5} E = {{5,1},{1,2},{1,3},{2,4},{4,3}} and r = {A, B,C, D}. The labeling
Sunction ) is given by: A\(1) = M\(4) = {A, C, D}, \(2) = {A, D}, A\(3) = {D} and
A(5) = {A, B}. Observe that node labels are not necessarily unique and therefore
cannot replace the node numbering.

Figure 2.3 A labeled graph.

A hypergraph H = (V,S) is specified by a set of vertices or nodes V' and a set of
hyperedges S = {51,...,S,} which are subsets of V., i.e. S; CVfori=1,...,n.
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The primal graph of a hypergraph is an undirected graph (V, E,) such that there is an
edge {u,v} € E, for any two vertices u, v € V that appear in the same hyperedge,

E, = {{U,'U}:U,UGS,» for some 1 gz‘gn}_

The dual graph of a hypergraph is an undirected graph (S, E;) that has a vertex for
each hyperedge, and there is an edge {S;, S;} € Eq if the corresponding hyperedges
share a common vertex, i.e. if S; N S; # 0.

Example 2.4 Consider a hypergraph (V,S) with V = {1,2,3,4,5,6} and S =
{{1,2,3}, {3,4,5},{1,5,6}}. Figure 2.4 shows a graphical representation of this
hypergraph together with its associated primal and dual graphs.

O A @@
N &

Figure 2.4 The hypergraph and its associated primal and dual graphs of Example 2.4.

2.2 KNOWLEDGEBASES AND THEIR REPRESENTATION

Consider a valuation algebra ($, P(r)) for a set of variables r and a set of valua-
tions {¢1, ..., ¢n} C ®. This valuation set stands for the available knowledge about
some topic which constitutes the starting point of any deduction process. Accord-
ingly, we refer to such a set as knowledgebase. It is often very helpful to represent
knowledgebases graphically, since this uncovers a lot of hidden structure. There are
numerous possibilities for this task, but most of them are somehow related to a par-
ticular instance. A general representation of knowledgebases are valuation networks:
A valuation network (Shenoy, 1992b) is a graphical structure where variables are
represented by circular nodes and valuations by rectangular nodes. Further, each
valuation is connected with all variables of its domain. Valuation networks highlight
the structure of a factorization and are therefore also called factor graphs (Kschis-
chang et al., 2001) in the literature. Another general representation is given by the
hypergraph H = (r, S) with S = {d(¢),...,d(¢n)} and its associated primal and
dual graphs. These possibilities are also illustrated in Example 2.5.

Example 2.5 Figure 2.5 shows a valuation network, a hypergraph and its associated
primal graph for the knowledgebase {¢1, d2, 3} with d(¢1) = {A,C}, d(¢2) =
{B,C, D} and d(¢3) = {B, D}.
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Figure 2.5 Representations for the knowledgebase in Example 2.5.

2.3 THE INFERENCE PROBLEM

The knowledgebase is the basic component of an inference problem. It represents all
the available information that we may want to combine and project on the domains
of interest. This is the statement of the following definition.

Definition 2.1 The task of computing

P = (h1® - ® ) 2.2)

for a given knowledgebase {1, . .., ¢, } C ® and domains x = {x1,...,xs} where
z; Cd($ ® ... ® ¢y) is called an inference problem or a projection problem. The
domains z; are called queries.

The valuation ¢ = ¢; ® ... ® ¢, resulting from the combination of all knowl-
edgebase factors is often called joint valuation or objective function (Shenoy, 1996).
Further, we refer to inference problems with || = 1 as single-query inference prob-
lems and we speak about multi-query inference problems if |x| > 1. For a better
understanding of how different instances give rise to inference problems, we first
touch upon a selection of typical and well-known fields of application that are based
on the valuation algebra instances introduced in Chapter 1. Efficient algorithms for
the solution of inference problems are discussed in Chapter 3 and 4. Here, we only
focus on the identification of inference problems behind different applications.

B 2.1 Bayesian Networks

A Bayesian network, as for instance in (Pearl, 1988), is a graphical representa-
tion of a joint probability distribution over aset of variablesr = {X,..., X, }.
The network itself is a directed, acyclic graph that reflects the conditional inde-
pendencies among variables, which are associated with a node of the network.
Each node contains a conditional probability table that quantifies the influence
between variables. These tables can be considered as probability potentials,
introduced as Instance 1.3. The joint probability distribution p of a Bayesian
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network is given by

n

p(X1,., Xa) = []p(Xilpa(Xi)) 2.3)

i=1

where pa(X;) denotes the parents of X; in the network. If the set pa(X;) is
empty, the conditional probability becomes an ordinary probability distribution.
Consider next aset ¢ C r called query variables and aset e C r called evidence
variables. The evaluation of a Bayesian network then consists in computing the
posterior probability distribution for the query variables, given some observed
values of the evidence variables. Such an observation corresponds to a tuple
e € Q.. Thus, if q € §2,; denotes a query event, we want to compute the
posterior probability p(q|e) defined as

p(a,€)
plale) = ——=. 24
(qle) ()
To clarify how Bayesian networks give rise to inference problems, we consider
an example from medical diagnostics (Lauritzen & Spiegelhalter, 1988).

Shortness-of-breath (dyspnoea) may be due to tuberculosis, lung cancer or bron-
chitis, or none of them, or more than one of them. A recent visit to Asia increases
the chances of tuberculosis, while smoking is known to be a risk factor for both
lung cancer and bronchitis. The results of a single chest X-ray do not discriminate
between lung cancer and tuberculosis, as neither does the presence or absence
of dyspnoea. A patient presents himself at a chest clinic with dyspnoea and has
recently visited Asia. Smoking history and chest X-ray are not yet available. The
doctor wants to know the chance that this patient suffers from bronchitis.

Here, the query and evidence variables are easily identified: the query setg =
{B} contains the variable standing for bronchitis, and the evidence variables
e = {A, D} are dyspnoea and the recent visit to Asia. Figure 2.6 shows the
Bayesian network of this example that reflects the dependencies among the
involved variables r = {4, B, D, E, L, S, T, X}. All variables are assumed
to be binary, e.g. the frame values Q05 = {s, 3} refer to a smoking or non-
smoking patient respectively. Also, the Bayesian network shows the conditional
probability tables that are associated with each node. These are the valuations of
our example and can be modelled using the language of probability potentials.
For example, we have

T A

t a 0.05
p(T|A) =| ¢ a || 0.01

t a 0.95

t a 0.99

Thus, we get a knowledgebase that consists of eight valuations (one probability
potential for each node of the Bayesian network) and the joint valuation (joint
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probability mass function) is given by

Visit to
Asia

p(tja) = 0.05 p(l]s) = 0.1 p(bls
p(t[@) = 0.01 p(I[s) = 0.01 p(bis
©

p(xle) = 0.98
p(x[g) = 0.05

Dyspnoea

Figure2.6 The Bayesian network of the medical example. The bold-faced, underlined letters
refer to the variable associated with the corresponding node.

To answer the query p(B|A, D) we therefore need to compute

p(A,B,D) _ p(A,B,D,E,L,S,T, X)"ABD}
p(A,D) ~ p(A,B,D,E,L,S T,X){HAD}

p(B|A, D) =

and obtain our final answer by a last table lookup in p(B|A, D) to extract the
entry that corresponds to the query and evidence event. To sum it up, evaluating
the Bayesian network of the medical example requires to compute an inference
problem with knowledgebase {p(A),p(T|A),...,p(D|E, B)} and query set
{{A,B,D},{A, D}}. In fact, it is sufficient to compute the query {A, B, D}
because p(A, D) can easily be obtained from this result by one last projection

p(A,D) = p(A,B,D)H4P} (2.6)

M 2.2 Query Answering in Relational Databases

The procedure of query answering in a relational database is another example
of an inference problem. The knowledgebase is a set of database tables that
are elements of the valuation algebra of relations introduced as Instance 1.2.
The inference problem then computes the natural join of all relations in the
knowledgebase and projects the result on the attributes of interest. However, it
is important to note that the selection operator, which is integral part of every
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relational database system, does not directly have a counterpart in the valuation
algebra framework. Nevertheless, there are techniques that allow embedding
selections. A particular simple but limited possibility is to transform selections
into relations themselves that are then added to the knowledgebase. The ad-
vantage of this method is that we stay on a generic level and do not need to
care about selections during the computations. On the other hand, transforming
selections may create relations of infinite cardinality if special queries over
attributes with infinite frames are involved. In such cases, more complex tech-
niques are required that extend the definition of inference problems and treat
selections explicitly. We refer to (Schneuwly, 2007) for a detailed discussion
of selection enabled local computation. In the following (self-explanatory)
example we focus on the first method and convert selections into relations.

SID | Student SID | Grade | LID
1 Ann 1 C 901
2 John 2 A 901
Laura 2 B 903
LID Lecture Semester PID | LID PID | Professor
901 Chemistry 51898 1 903 Einstein
902 | Mathematics 51801 2 902 2 Gauss
903 Physics A1905 3 901 3 Curie

Thus, we get a knowledgebase of five relations {ry, .
assume the following database query:

..,75}. Let us further

Find all students with grade A or B in a lecture of professor Einstein.

This gives us the single query for the inference problem { Student}. In addition,
it contains two selections which correspond to the following new relations:

Grade
s n s Professor
1 = = N N
2 Einstein
B

Thus, we finally derive the inference problem

L{Students}
(7‘1®7‘2®7‘3®T4®7‘5®51®52) .

M 2.3 Reasoning with Mass Functions

Mass functions correspond to the formalism of set potentials introduced as
Instance 1.4 with an additional condition of normalization. They are used to
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represent knowledge in the Dempster-Shafer theory of evidence (Shafer, 1976)
and provide similar reasoning facilities as Bayesian networks, but with different
semantics as pointed out in (Smets & Kennes, 1994; Kohlas & Monney, 1995).
It will be shown in Section 4.7 that normalization in the context of valuation
algebras can be treated on a generic level. We therefore neglect normalization
and directly use set potentials for reasoning with mass functions in the subse-
quent example. Normalized set potentials will later be introduced in Instance
D.9. The following imaginary example has been proposed by (Shafer, 1982):

Imagine a disorder called ploxoma which comprises two distinct diseases: 6;
called virulent ploxoma, which is invariably fatal, and 62 called ordinary plox-
oma, which varies in severity and can be treated. Virulent ploxoma can be
identified unequivocally at the time of a victim’s death, but the only way to
distinguish between the two diseases in their early stages is a blood test with
three possible outcomes X, X2 and X3. The following evidence is available:

1. Blood tests of a large number of patients dying of virulent ploxoma showed
the outcomes X1, X2 and X3 occurring 20, 20 and 60 per cent of the time,
respectively.

2. A study of patients whose ploxoma had continued so long as to be almost
certainly ordinary ploxoma showed outcome X1 to occur 85 per cent of
the time and outcomes X7 and X3 to occur 15 per cent of the time. (The
study was made before methods for distinguishing between X2 and X3
were perfected.) There is some question whether the patients in the study
represent a fair sample of the population of ordinary ploxoma victims, but
experts feel fairly confident (say 75 per cent) that the criteria by which
patients were selected for the study should not affect the distribution of
test outcomes.

3. It seems that most people who seek medical help for ploxoma are suffering
from ordinary ploxoma. There have been no careful statistical studies, but
physicians are convinced that only 5-15 per cent of ploxoma patients suffer
from virulent ploxoma.

This story introduces the variables D for the disease with the possible values
{01,62} and T for the test result taking values from {X1, X2, X3}. (Shafer,
1982) comes up with a systematic disquisition on how to translate this evidence
into mass functions in a meaningful manner. Here, we do not want to enter into
this discussion and directly give the corresponding knowledgebase factors. In-
stead, we focus on the fact that reasoning with mass functions again amounts
to the solution of an inference problem.

The mass function m, derived from the first statement is:

{(61, X1), (62, X1), (62, X2), (62, X3)} || 0.2
my = | {(61,Xz2), (02, X1), (62, X2),(62,X3)} || 0.2
{(61, X3), (62, X1), (62, X2), (02, X3)} || 0.6

For example, our belief that the blood test returns X3 for a patient with virulent
ploxoma 6; is 0.6. This mass function does not give any evidence about the
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test outcome with disease &,. The second factor m is:

{(62, X1), (01, X1), (61, X2), (61, X3)} 0.85 - 0.75
me = {(82, X2), (02, X3), (61, X1), (61, X2), (61, X3)} 0.15-0.75
{(82, X1), (02, X2), (62, X3), (81, X1), (61, X2), (61, X3)} 0.25

For example, in case of ordinary ploxoma 6, the test outcome is X in 85 per
cent of all cases. This value is scaled with the expert’s confidence of 0.75. There
are 25 per cent of cases where the test tells us nothing whatsoever. Finally, the
third mass function mg is:

@7 005
m3 = {(62)} 0.85
{(61),(62)} || 0.10

For example, the belief that a patient, who seeks medical help for ploxoma,
suffers from 62 is 0.85. Here, the value 0.1 signifies that it is not always possible
to distinguish properly between the two diseases.

Let us now assume that we are interested in the reliability of the test result.
In other words, we want to compute the belief held in the presence of either 6,
or O3 given that the test result is for example X;. Similar to Bayesian networks,
this is achieved by adding the observation m, to the knowledgebase which
expresses that the test result is X:

me = [ {(X1)} [| 1.0

Thus, we obtain the belief for the presence of either virulent or ordinary
ploxoma by solving the following computational task:

T
(m1 ®m2®m3®mo) .

This is clearly an inference problem with knowledgebase {m;,mz, m3, m,}
and query {T'}. Although this example with only 4 knowledgebase factors, one
query and two variables seems easily manageable, it is already a respectable
effort to solve it by hand. We therefore refer to (Blau et al., 1994) where these
computations are executed and commented.

W 2.4 Satisfiability

Let us consider a digital circuit build from AND, OR and XOR gates which are
connected as shown in Figure 2.7. Each gate generates an output value from
two input values according to the following tables:

and | 0 1 or | 0 1 xor |0 1
0 0 0|0 0 0
1 0 1 1 1 1 1 1 0
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This particular circuit is called full adder since it computes the binary addition
of the three input values as shown in Figure 2.8. The value Out; corresponds
to the carry-over bit.

Im Vi \
XORi
2 &— 1) xome Outt

In3

Figure 2.7 A digital circuit of a binary adder.

Ini Iny Ins || Outi QOuls
0 0 0 0 0
0 0 1 1 0
0 1 0 1 0
0 1 1 0 1
1 0 0 1 0
1 0 1 0 1
1 1 0 0 1
1 1 1 1 1

Figure 2.8 The result table of a full adder circuit.

From the adder circuit in Figure 2.7, we extract the following five Boolean
functions that constitute our knowledgebase {¢1, ..., ¢5}:

Vi =xor(Iny, Iny)  Outy = zor(Vy,Ing)  Outy = or(Va, V3)

Vo = and(Vy,Ins) V3 =and(Iny, Ing)

Now, imagine the following situation: we insert the values In; = 0,Ing =0
and Ins = 0 into the above adder circuit and observe OQut; = 1and Outs = 1.
A quick glance on Figure 2.8 confirms that this result can only be produced by
a faulty adder component. Fortunately, we are supplied with a voltage meter to
query the actual values of each line V; to V3, which can be used to locate the
fault. However, this requires that the correct line values for the particular input
are known which cannot be deduced from the above tables. We therefore add
the three Boolean function ¢ : In1 =0, ¢7 : Ing = 0and ¢g : Ing = 0to our
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knowledgebase and compute the inference problem with query {V;, V, V3}:

H{,V2,Va}
(¢1®¢2®"‘®¢8) .

Here, we compute in the valuation algebra of Boolean functions introduced
in Instance 1.1. Computing this query gives V; = 1, V, = 0 and V3 = 0
as the correct line values which now makes the physical monitoring process
possible. Alternatively, we may also deduce the correct input or output values
from partial observations: If we for example know that ¢ : Ing = 0 and
¢10 : Outa = 0, solving the inference problem

{Ini,Ins,Outr}
(¢1 ®¢2®¢3®¢4®¢5®¢9®¢10)

gives In; = 1, Ing = Out; = 0. Clearly, it would have been possible to
extract this result from Figure 2.8 directly, but building this table becomes
quickly intractable even for an only slightly larger circuit. How such larger
adder circuits are constructed from the one-bid-adder is shown in Figure 2.9.

Figure 2.9 Connecting two 1-bit-adders produces a 2-bit-adder.

This example of an inference problem is a very classical application of
constraint programming, and many similar applications can be found in the
corresponding literature. For example, we refer to (Apt, 2003) for a collection
of constraint satisfaction problems. However, let us point out that the various
constraint formalisms indeed represent an important class of valuation algebras,
but there are many further instances beyond classical constraints. We will
discuss different constraint formalism in Chapter 5 and also show that they all
instantiate the valuation algebra framework.
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B 2.5 Hadamard Transforms

The Hadamard transform (Beauchamp, 1984; Gonzalez & Woods, 2006) is
an essential part of many applications that incorporate error correcting codes,
random number generation or image and video compression. The unnormalized
variant of a Hadamard transform uses a 2™ x 2™ Hadamard matrix H,,, that is
defined recursively by the so-called Sylvester construction:

_ 1 1 — Hm—l Hm—l
H1 a I:l —1:1 Hm B [Hm—l - m~1:| '

For instance, we obtain for m = 3,

1 1 1 1 1 1 1
-1 1 -1 1 -1 1 -1
1 -1 -1 1 1 -1 -1
-1 -1 1 1 -1 -1 1
1 1 1 -1 -1 -1 -1
-1 1 -1 -1 1 -1 1
1 -1 -1 -1 -1 1 1
-1 -1 1 -1 1 1 -1

bt b e e e

Hadamard matrices have many interesting properties: they are symmetric, or-
thogonal, self-inverting up to a constant and any two rows differ in exactly
271 positions. The columns of a Hadamard matrix are called Walsh func-
tions. Thus, if we multiply Hadamard matrix with a real-valued vector v, we
obtain a transformation of this vector into a superposition of Walsh functions
which constitutes the Hadamard transform. For illustration, assume three bi-
nary variables X to X3 and a function v : {X;, X5, X3} — R. This function
is completely determined by its values v; for ¢ = 0,. .., 7. We then obtain for
its Hadamard transform,

o vo+ v +v2+v3+vg+vs+ v+ U7
0 Vg — V) + U2 — U3+ Vs — Vs + Ve — V7
() o+ v —V2— U3+ U+ U5 — Vg — U7
Hy - U3 _ Vg — V1 — V2 +v3+v4— U5 — Vg + U7
Uy vo+v1+v2+ V3 — Vg — Vs — Vg — VU7
Vs Vg — V1 + V2 —V3 — Vg + Vs — Vg + VU7
Vg Vg + U — VU2 — V3 — Vg — Vs + Vg + U7
vr Vo — vy —v2+uz—vgt+us+ve — U7

An alternative way to compute this Hadamard transform bears on a duplica-
tion of variables (Aji & McEliece, 2000). We introduce the binary variables Y;
to Y3 which give a binary representation of the line number in the Hadamard
matrix. Then, the same computational task is expressed by the formula

S (K Xa Xp) - (F)F L (21 ()TN,
X1,X2,X3

www.it-ebooks.info


http://www.it-ebooks.info/

42 INFERENCE PROBLEMS

The reader may easily convince himself of the equivalence between the two
computational tasks. In this alternative representation, we discover a sum over
a multiplication of four discrete functions taking real values or, in other words,
an inference problem over the valuation algebra of arithmetic potentials, where
the knowledgebase consists of the four discrete functions, and the single query
is {Y7, Y2, Y3}. Thus, we could alternatively write for the Hadamard transform:

2.7

H{Y1,Y2,Y3}
CISUEISISEIBIY

which is reduced to the solution of a singe-query inference problem.

B 2.6 Discrete Fourier and Cosine Transforms

Our last example of an inference problem comes from signal processing. For a
positive integer N € N we consider a function f : {0,..., N — 1} — C that
represents a sampled signal, i.e. the value f(z) € C corresponds to the signal
value at time 0 < & < N — 1. Thus, the input signal is usually said to be in
the time domain although any kind of sampled data may serve as input. The
complex, discrete Fourier transform then changes the N point input signal into
two N point output signals which contain the amplitudes of the component
sine and cosine waves. It is given by

N-1
2imx

Fly) = ) fl@e ~". (2.8)

z=0

for0 < y < N — 1. Accordingly, F is usually said to be in frequency domain.
The discrete Fourier transform has many important applications as for example
in audio and image processing or data compression. We refer to (Smith, 1999)
for a survey of different applications and for a more detailed mathematical
background. Figure 2.10 gives an illustration of the discrete Fourier transform.

Re F(x)
CITTTTTTTIT]

f(x) 0 cosine wave amplitudes  N-1
CITTTTITITTIT]
0 N-1 Im F(x)

(ITTTTTTITT]

0  sine wave amplitudes  N-1

Figure 2.10 Input and output of a complex, discrete Fourier transform.

The following procedure of transforming a discrete Fourier transform into
an inference problem was proposed by (Aji, 1999) and (Aji & McEliece, 2000).
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Letus take N = 2™ for some 1 € N and write « and y in binary representation:

m—1 m—1

z:ZXij and yZZYﬂl

j= =0

with X;,Y; € {0, 1}. This corresponds to an encoding of = and y into binary
configurations x = (Xg,...,Xn_1) and y = (Yo,..., Ym—_1). Observe that
we may consider the components X; and Y; as new variables of this system
(therefore the notation as capital letters). The product zy then gives

Ty = Z X;Y Qi+t
0<j,1<m—1
We insert this encoding into equation (2.8) and obtain

27 Lo j tam—1 N K29
_ L

Z f(NO,...,Nm_1)~e

2miN K20

= Z f(N(),...,Nm_l) H EQ.J’?"T——

NosoooyNin o1 0<j,l<m~1

2wiN; K

I

= E f(No,...,Nm_l) H e 2m-—i-l
NoyooyNon—1 0<j,l<m~1

2miN; K

SR

= Y o Ny [ e
NoyooosNm—1 0<j+I<m—1

The last equality follows since the exponential factors become unity when
j + 1 > m. Introducing the short-hand notation

2miN; Ky
e Tl

€0 =
we obtain for the equation (2.8):
F(Ko,...,Km-1) = 3 f(No,....Nm1)  [] e
Noyeors N 1 0<j+I<m—1

This is an inference problem over the valuation algebra of (complex) arithmetic
potentials. All variables r = {Ng,..., Nyy—1, Ko, ..., Km—1} take values
from {0, 1} and the discrete functions f and e;; map binary configurations to
complex values. The knowledgebase is therefore given by

{flufe;:0<j+l<m—1}

and the query of the inference problem is { Ky, ..., K;,—1}. Thus, we could
alternatively express the computational task of a discrete Fourier transform as

).L{KO,..‘,Kmﬁl}

(f Repo® - Ve, 10R0€0R - Ve m-2&- - 2.9)
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Observe that the inference problem behind the discrete Fourier transform has
been uncovered by the artificial introduction of variables that manifests itself
in the e;; knowledgebase factors. This knowledgebase has a very particular
structure as shown by the board in Figure 2.11. For m = 8, each cell of this
board corresponds to one factor e; ; with j identifying the row and [ the column.
Observe, however, that only the shaded cells refer to functions contained in the
knowledgebase. As it will be shown in Section 3.11, this sparse structure of
the knowledgebase enables the efficient solution of this inference problems by
the local computation procedures introduced in the next chapter.

Figure 2.11 Tlustration of the e;; functions in the inference problem of the discrete Fourier
transform with m = 8. Index j identifies the row, and index [ the column. The shaded cells
refer to the functions contained in the knowledgebase.

The same technique of introducing binary variables can be applied to other discrete,
linear transforms such as the discrete cosine transform which for example plays an
important role in the JPEG image compression scheme. See Exercise B.1.

2.4 CONCLUSION

Sets of valuations are called knowledgebases and represent the available knowledge
at the beginning of an inference process. There are several possibilities for visualizing
knowledgebases and their internal structure. Most important are valuation networks,
hypergraphs and their associated primal and dual graphs. The second ingredient of
an inference task is the query set. According to the number of queries, we distin-
guish between single-query inference problems and multi-query inference problems.
Inference problems state the main computational interest in valuation algebras. They
require combining all available information from the knowledgebase and projecting
the result afterwards on the elements of the query set. Depending on the underlying
valuation algebra inference problems adopt very different meanings. Examples of
applications that attribute to the solution of inference problems are reasoning tasks
in Bayesian and belief networks, query answering in relational databases, constraint
satisfaction and discrete Fourier or Hadamard transforms.
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PROBLEM SETS AND EXERCISES

B.1 * The discrete cosine transform of a signal f is defined by

Fly) = 2§f(x)~cos[%—q-<x+%)}. (2.10)

Exploit the binary representation of x and y and the identity

1 . .
cos(p) = 3 (e"” + e‘“")

to transform this formula into two inference problems over the valuation algebra of
arithmetic potentials. A similar technique has been applied for the discrete Fourier
transform in Instance 2.6. Compare the knowledgebase factors, their domains and
the query sets of the two inference problems and also with the inference problem of
the discrete Fourier transform.

B.2 * Assume that we want to determine the exact weight of an object. It is clear
that the result of a weighting process always includes an unknown error term. Using
n € N different balances, we thus obtain n different observations x; = m + w; for
1 =1,...,n, where m refers to the object weight and w; to the error term. We further
assume that the errors of the different devices are mutually independent and normally
distributed with mean value 0 and variance o2. Rewriting the above equation as
m = z; — w;, we obtain a Gaussian potential ¢; = (z;, ;1;) for each measurement.
For simplicity, assume m = 2 and determine the combined potential ¢ = @1 ® ¢2
by the combination rule in Instance 1.6. Then, by choosing o1 = o2 (balances of
the same type), show that the object weight m corresponds to the arithmetic mean of
the observed values. These calculations mirror the solution of a (trivial) projection
problem where the domain of the objective function ¢ consists of only one variable.
A more comprehensive example will be given in Section 10.1.

B.3 * We proved in Exercise A.2 that possibility potentials form a valuation alge-
bra. In fact, this corresponds to the valuation algebra of probability potentials with
addition replaced by maximization. Apply this algebra to the Bayesian network of
Instance 2.1 and show that the projection problem with empty domain identifies the
value of the most probable configuration in the objective function.

B4 * Figure 2.12 shows a representation of a stochastic process cafled Aidden
Markov chain. The random variables X, refer to the state of the process at time
k =1,...,n and are subject to a known transition probability p(Xy+1|X%). Further,
we assume that a prior probability p(Xj) for the first variable X is given. However,
the states of the hidden Markov chain cannot be observed from the outside. Instead, a
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second random process with variables Y}, generates an observable state at each point
in time that only depends on the real but hidden state X with a known probability
(Y| Xy). Forafixed k > 0, a hidden Markov chain is a particular Bayesian network.
There are three computational problems related to hidden Markov chains:

e Filtering: Given an observed sequence of states y1, . . . ¥, determine the prob-
ability of the hidden state X}, by computing p(X¢|Y1 = ¥1,..., Y = ¥&)-

e Prediction: Given an observed sequence of states y;,...y, and n > 1, de-
termine the probability of the hidden state at some point k£ + n in the future
by computing p(Xg4n|Y1 = y1,...,Yr = yx). This corresponds to repeated
filtering without new observations.

e Smoothing: Given an observed sequence of states y1,...yx and 1 < n < k,
determine the probability of the hidden state at some point k¥ — n in the past by
computing p{Xx_n|Y1 = wy1,.-., Y& = yi)-

Show that the computational tasks of filtering, prediction and smoothing in hidden
Markov chains can be expressed by projection problems with different query sets
in the valuation algebra of probability potentials. How does the meanings of these
projection problems change when the valuation algebra of possibility potentials from
Exercise A.2 is used? Hidden Markov chains and other stochastic processes will be
reconsidered in Chapter 10.

Figure 2.12 A hidden Markov chain.
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CHAPTER 3

COMPUTING SINGLE QUERIES

The foregoing chapter introduced the major computational task when dealing with
valuation algebras, the inference or projection problem. Also, we gained a first insight
into the different semantics that inference problems can adopt under specific valuation
algebra instances. The logical next step consists now in the development of algorithms
to solve general inference problems. In order to be generic, these algorithms must
only be based on the valuation algebra operations without any further assumptions
about the concrete, underlying formalism. But before this step, we should also raise
the question of whether such algorithms are necessary at all, or, in other words, why
a straightforward computation of inference problems is inadequate in most cases. To
this end, remember that inference problems are defined by a knowledgebase whose
factors combine to the objective function which has to be projected on the actual
queries of interest. Naturally, this description can directly be understood as a trivial
procedure for the computation of inference problems. However, the reader may have
guessed that the complexity of this simple procedure puts us a spoke in our wheel.
If the knowledgebase consists of n € N valuations, then, as a consequence of the
labeling axiom, computing the objective function ¢ = ¢; ® ... ® ¢, results in a
valuation of domain s = d(¢;)U- - -Ud(¢y, ). In many valuation algebra instances the
size of valuations grows at least exponentially with the size of their domain. And even

Generic Inference: A Unifying Theory for Automated Reasoning
First Edition. By Marc Pouly and Jiirg Kohlas
Copyright © 2011 John Wiley & Sons, Inc. 47
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if the domains grow only polynomially, this growth may be prohibitive. Let us be
more concrete and analyse the amount of memory that is used to store a valuation. In
Definition 3.3 this measure will be called weight function. Since indicator functions,
arithmetic potentials and all their connatural formalisms (see Chapter 5) can be repre-
sented in tabular form, their weight is bounded by the number of table entries which
corresponds to the number of configurations of the domain. Clearly, this is exponen-
tial in the number of variables. Even worse is the situation for set potentials and all
instances of Section 5.7 whose weights behave super-exponentially in the worst case.
If we further assume that the time complexity of the valuation algebra operations is
related to the weight of their factors, we may come to the following conclusion: it is
in most cases intractable to compute the objective function ¢ explicitly. Second, the
domain acts as the crucial point for complexity when dealing with valuation algebras.
Consequently, the solution of inference problems is intractable unless algorithms are
used which confine the domain size of all intermediate results. This essentially is the
promise of local computation that organizes the computations in such a way that do-
mains do not grow significantly. Before we start the discussion of local computation
methods, we would like to point out that not all valuation algebras are subject to the
above complexity concerns. There are indeed instances that have a pure polynomial
behaviour, and this also seems to be the reason why these formalisms have rarely
been considered in the context of local computation. However, we will introduce a
family of such formalisms in Chapter 6 and also show that there are good reasons to
apply local computation to polynomial formalisms.

This first chapter about local computation techniques focuses on the solution of
single-query inference problems. We start with the simplest and most basic local
computation scheme called fusion or bucket elimination algorithm. Then, a graph-
ical representation of the fusion process is introduced that brings the fundamental
ingredient of local computation to light: the important concept of a join tree. On the
one hand, join trees allow giving more detailed information about the complexity
gain of local computation compared to the trivial approach discussed above. On the
other hand, they represent the required structure for the introduction of a second and
more general local computation scheme for the computation of single queries called
collect algorithms. Finally, we are going to reconsider the inference problem of the
discrete Fourier transform from Section 2.3 and show in a case study that applying
these schemes reveals the complexity of the fast Fourier transform. This shows that
applying local computation may also be worthwhile for polynomial problems.

The fusion or bucket elimination algorithm is a simple local computation scheme
that is based on variable elimination instead of projection. Therefore, we first investi-
gate how the operation of projection in a valuation algebra can (almost) equivalently
be replaced by the operation of variable elimination.
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3.1 VALUATION ALGEBRAS WITH VARIABLE ELIMINATION

The axiomatic system of a valuation algebra given in Chapter 1 is based on a universe
of variables 7 whose finite subsets form the set of domains D. This allows us to
replace the operation of projection in the definition of a valuation algebra by another
primitive operation called variable elimination which is sometimes more convenient
as for the introduction of the fusion algorithm. Thus, let (&, D) be a valuation algebra
with D = P(r) and @ being the set of all possible valuations with domains in D. For
a valuation ¢ € ® and a variable X € d(¢), we define

X = pHO—{X] G3.1)

Some important properties of variable elimination, that follow from this definition
and the valuation algebra axioms, are pooled in the following lemma:

Lemma 3.1
1. For ¢ € ® and X € d(¢) we have
di¢~*) = d(¢)-{X}. (32)
2. For¢ € ®and X,Y € d(¢) we have
@) = (o))" (3.3)
3. Forg,p €@,z =d(¢), y=d¥), Y ¢ zandY € y we have
(p®Y)™ = ooy (34)
Proof :

1. By the labeling axiom
d¢™%) = d(¢*" P~ = d(g) - {X}.

2. By Property 1 and the transitivity axiom
(¢—X)—Y - (¢ld(¢)—{x})l(d(¢)—{x})—{y}
prie-{X.Y}
(pH4A—{Y @) —{YH—{x}

= (@)

3.SinceY ¢ zandY € ywehave z C (z Uy) — {Y} C zUy. Hence, we
obtain by application of the combination axiom

(pew)™" = (pey)n-
= ¢Q ¢¢(($Uy)—{y})ﬁy
6 wly—{y}
= ¢y
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According to equation (3.3) variables can be eliminated in any order with the same
result. We may therefore define the consecutive elimination of a non-empty set of
variables s = {X1,..., X,,} C d(¢) unambiguously by

o7 = (((¢7%) %)) %, 3.5)

This, on the other hand, permits expressing any projection by the elimination of all
unrequested variables. For z C d(¢), we have

T = ¢—(d(¢)—1)_ (3.6)

To sum it up, equation (3.1) and (3.6) allow switching between projection and variable
elimination ad libitum. Moreover, we may, as an alternative to definitions in Chapter
1, define the valuation algebra framework based on variable elimination instead of
projection (Kohlas, 2003). Then, the properties in the above lemma replace their
counterparts based on projection in the new axiomatic system, and projection can
later be derived using equation (3.6) and the additional domain axiom (Shafer, 1991).

3.2 FUSION AND BUCKET ELIMINATION

The fusion (Shenoy, 1992b) and bucket elimination (Dechter, 1999) algorithms are
the two simplest local computation schemes for the solution of single-query inference
problems. They are both based on successive variable elimination and correspond
essentially to traditional dynamic programming (Bertele & Brioschi, 1972). Applied
to the valuation algebra of crisp constraints, bucket elimination is also known as
adaptive consistency (Dechter & Pearl, 1987). We will see in this section that fusion
and bucket elimination perform exactly the same computations and are therefore
equivalent. On the other hand, their description is based on two different but strongly
connected graphical structures that bring the two important perspectives of local
computation to the front: the structural buildup of inference problems that makes
local computation possible and the concept that determines its complexity. This
section introduces both algorithms separately and proves their equivalence such that
later considerations about complexity apply to both schemes at once. In doing so, we
provide a slightly more general introduction which is not limited to queries consisting
of single variables, as it is often the case for variable elimination schemes.

3.2.1 The Fusion Algorithm

Let (®, D) be a valuation algebra with the operation of projection replaced by variable
elimination. We further assume an inference problem given by its knowledgebase
{#1,..-,¢m} C ® and a single query z C d(¢) = d(¢1) U ... U d(¢s,) where ¢
denotes the joint valuation ¢ = ¢1 ® ... ® ¢y,. The domain d(¢) must correspond
to a set of variables { X1, ..., X,,} with n = |d(¢)|. The fusion algorithm (Shenoy,
1992b; Kohlas, 2003) is based on the important property that eliminating a variable
X € d(¢) only affects the knowledgebase factors whose domains contain X. This is
the statement of the following theorem:

www.it-ebooks.info


http://www.it-ebooks.info/

FUSION AND BUCKET ELIMINATION 51

Theorem 3.1 Consider a valuation algebra (®, D) and a factorization ¢ = $1 ®
R Py withd; € Pandl <i < m. For X € d(¢) we have

-X

$x = R el | K ol 3.7

1 X E€d(¢;) : X ¢d(¢i)

Proof: This theorem is a simple consequence of Lemma 3.1, Property 3. Since
combination is associative and commutative, we may always write

-X
:Xed(¢:) X ¢d(di)
-X
X ed(¢i) X ¢d(¢:)

We therefore conclude that eliminating variable X only requires combining the
factors whose domains contain X. According to the labeling axiom, this creates a
new factor of domain

b=X

I

sx o= J d@) (3.8)

X €d(d;)

that generally is much smaller than the total domain d(¢) of the objective function. The
same considerations now apply successively to all variables that do not belong to the
query z C d(¢). This procedure is called fusion algorithm (Shenoy, 1992b) and can
formally be defined as follows: let Fusy ({1, . .., ¢m }) denote the set of valuations
after fusing {¢y, ..., ¢n, } With respect to variable Y € d(¢) U ... U d(dm),

Fusy ({¢1,-- . dm}) = {¥7V}U{g::Y ¢ d(¢4)} 3.9
where
¥ = X 4
X Ed(Pi)
Using this notation, the result of Theorem 3.1 can equivalently be expressed as:
Q) Fusx ({#1,- ., dm}). (3.10)

By repeated application and the commutativity of variable elimination we finally ob-
tain the fusion algorithm for the computation of a query x C d(¢). If {Y1,...,Ys} =
d(¢) — x are the variables to be eliminated, we have

Pt = ¢ Wil = ®F“5Yk(-~-(FUSYl({¢17-~-7¢m}))"')' G.1D
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This is a generic algorithm for solving the single-query inference problem over
an arbitrary valuation algebra as introduced in Chapter 1. Algorithm 3.1 provides
a summary of the complete fusion process which stands out by its simplicity and
compactness. Also, Example 3.1 expands the complete computation of fusion for the
inference problem of Instance 2.1.

Algorithm 3.1 The Fusion Algorithm

input: {¢1,...,0m}, = Cd(¢) output: (P1 ®...R ¢m)**

begin
U o= {d1,...,¢m};
foreach Y €d(¢) —x do

r :=
Y o:= ®F'
\VJ =

Example 3.1 To exemplify the fusion algorithm, we reconsider the inference prob-
lem of the Bayesian network from Instance 2.1. The knowledgebase consists of eight
valuations with domains: d(¢,) = {A},d(¢2) = {A, T}, d{¢d3) = {L, S}, d(¢s) =
{B7 5}7 d(¢5) = {E’ L, T}v d(¢e) = {E7 X}, d(¢7) = {B, D, E} and d(¢8) =
{S}. We choose { A, B, D} as query and eliminate all variables from { E, L, S,T, X'}
in the elimination sequence (X, S, L, T, E):

Elimination of variable X :

oY = 95X © Q1. P2, 93,64, b5, b7, s}

Elimination of Variable S:

oS = X R (43R b1 @ ¢s)F @ R){d1. 62,85, ¢7}

Elimination of Variable L:

¢_{X151L} = ¢6_X ®((¢3®¢4®¢8)~S®¢5)—L ® ®{¢17¢27¢7}

Elimination of Variable T':

g~ XSETH = X @ (($s® s ®bs) S @¢5) L@ 2)T ® R, ¢7}

Elimination of Variable E:

o IXSLTEY = (6o X @ (03004 ® ¢s) S ®b5) L @) T®r) Py

We next present a graphical representation of the fusion process proposed by
(Shafer, 1996). For this purpose, we maintain a set of domains that is initialized with
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the domains of all knowledgebase factors { = {d(¢1),...,d(ém)}. In parallel, we
build up a labeled graph (V, E, A, D) which is assumed to be empty at the beginning,
i.e. V =(and E = (. When variable X is eliminated during the fusion process, we
remove all domains from the set [ that contain variable X; and compute their union

si = |J s (3.12)

sel: X;€s
We then add the new domain s; — { X;} to the set [ which altogether updates to
(l—{sel:X;eshu{s: — {Xi}}.

This corresponds to the i-th step of the fusion algorithm where variable X; € d(¢)—x
is eliminated. Then, a new node ¢ is constructed with label A(¢) = s;. This node is
tagged with a color and added to the graph. We then go through all other colored
graph nodes: if the label of such a node v € V' contains the variable X, then its color
is removed and a new edge {, v} is added to the graph. This whole process is repeated
for all variables d(¢) — x to be eliminated. Finally, one last finalization step has to be
performed, which corresponds to the combination in equation (3.11): at the end of the
variable elimination process, the set [ will not be empty. It consists either of the query
variables that are never eliminated, or, if the query is empty, it contains an empty set.
We therefore add a last, colored node to the graph whose domain corresponds to the
union of all remaining elements in the domain set. Then, we link all nodes that are still
tagged with a color to this new node and remove all node colors. Algorithm 3.2 gives a
summery of the whole construction process and returns a labeled graph (V, E, A, D).
Since all node labels created during the graph construction process consist of the
variables from d(¢), we may always set D = P(d(¢)). The yet mysterious name of
this algorithm will be explained subsequently.

Algorithm 3.2 Join Tree Construction
input:  {d(¢1),...,d(dm)}, = Cd(¢) output: (V,E,N)

begin
V :=0; E :=0;
L= {d(¢1),...,d(¢m)};

foreach X; € d(¢) —z do // Start graph construction process.
s = U{sel: X; es};
L= (I-{sel:X;esh)u{s; —{Xi}};
i 1= new vertex; A(i) := s;; color(i) := true;
foreach j €V do
if X; € A(j) and color(j) = true do
E := EU{{i,j}};
color(j) := false;
end;
end;
V = Vu{i};
end;
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i := new vertex; A(d) := UI; // Finalization step.
foreach j ¢V do
if color(j) = true do
E := BEU{{i,j}};
color(j) := false;
end;
end;
V = VU{i};
return (V, E,));
end

Example 3.2 We give an example of the graphical representation of the fusion algo-
rithm based on the factor domains of the Bayesian network example from Instance 2.1.
At the beginning, we have | = {{A},{A,T},{L,S},{B,S},{E,L,T},{FE, X},
{B,D,E}, {S}}. The query of this inference problem is {A, B, D} and the vari-
ables {E,L,S,T, X} have to be eliminated. We choose the elimination sequence
(X,S,L, T, E) as in Example 3.1 and proceed according to the above description.
Colored nodes are represented by a dashed border.

o Elimination of variable X :

1:{A},{A,T},{L,S},{B,S},{E,L,T},{E,X},{B,D,E},{S}

e Elimination of variable S:
1:{A},{A,THAL, S}, {B,S}HAE,L, T} {E}, {B, D, E}, {S}

/ \ 7o \
\_{BLS} / \AEX}

e Elimination of variable L.

1:{A},{A,T},{B,L},{E,L,T},{E},{B,D, E}

/’—-~\\
i 1 \
\EX

e Elimination of variable T':

1:{A},{A,T},{B,T,E},{F},{B,D,E}
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e Elimination of variable E:

1:{A},{A, B,E},{E},{B, D, E}

oy
\ {ABDE} /

o End of variable elimination: after the elimination of variable E, only the last
added node { A, B, E, D} is colored. This, however, is due to the particular
structure of our knowledgebase, and it is quite possible that multiple colored
nodes still exist after the elimination of the last variable. We next enter the
finalization step and add a last node whose label corresponds to the union of
the remaining elements in the domain list, i.e. {A} and { A, B, D}. This node
is then connected to the colored node and all colors are removed. The result of
the construction process is shown in Figure 3.1.

3.2.2 Join Trees

Let us investigate the graphical structure that results from the fusion process in
more detail. We first remark that each node can be given the number of the eliminated
variable. For example, in Figure 3.1 the node labeled with { B, E,, L, T'} has number 3
because it was introduced during the elimination of the third variable that corresponds
to L in the elimination sequence. This holds for all nodes except the one added in the
finalization step. We therefore say that variable X, has been eliminated in node 7 for
1 <4 < |d(¢) — z|. If we further assign number |d(¢) — x| + 1 to the finalization
node, we see that if ¢ < j implies that node j has been introduced after node .
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Figure 3.1 Finalization of the graphical fusion process.

Lemma 3.2 At the end of the fusion algorithm the graph G is a tree.

Proof: During the graph construction process, only colored nodes are connected,
which always causes one of them to lose its color. It is therefore impossible to create
cycles. But it may well be that different (unconnected) colored nodes exist after the
variable elimination process. Each of them is part of an independent tree, and each
tree contains exactly one colored node. In the finalization step, we add a further node
and connect it with all the remaining colored nodes. The total graph G must therefore
be a tree to which all nodes are connected. ]

This tree further satisfies the running intersection property which is sometimes
also called Markov property or simply join tree property. Accordingly, such trees are
named join trees, junction trees or Markov trees.

Definition 3.1 A labeled tree (V, E, A, D) satisfies the running intersection property
iffortwonodesi,j € Vand X € A(i)N A(j), X € Mk) for all nodes k on the path
between i and j.

Example 3.3 Figure 3.2 reconsiders the tree G2 from Example 2.1 equipped with
a labeling function A for r = {A, B,C, D}. The labels are: A\(1) = {A,C, D},
A(2) = {4, D}, A(3) = {D}, AM(4) = {C} and A(5) = {A, B}. This labeled tree is
not a join tree since C € A1) N A(4) but C ¢ X\(3). However, adding variable C to
node label \(3) will result in a join tree.

Figure 3.2  This labeled tree is not a join tree since variable C is missing in node 3.

www.it-ebooks.info


http://www.it-ebooks.info/

FUSION AND BUCKET ELIMINATION 57

Lemma 3.3 At the end of the fusion algorithm the graph G is a join tree.

Proof: We already know that G is a tree. Select two nodes s’ and s” and X € s'Ns”.
We distinguish two cases: If X does not belong to the query, then X is eliminated
in some node. We go down from ¢’ along to later nodes, until we arrive at the node
where X is eliminated. Let k' be the number of this node. Similarly, we go down from
s to later nodes until we arrive at the elimination node of X. Assume the number of
this node to be k. But X is eliminated in exactly one node. So k' = k” and the path
from s’ to s” goes from s’ to k' = k”” and from there to s”. X belongs to all nodes of
the paths from s’ to k¥’ = k" and s” to k' = k", hence to all nodes of the path from s’
to s”. The second possibility is that X belongs to the query. Then, X has never been
eliminated but belongs to the label of the node added in the finalization step. Thus,
the two paths meet in this node and the same argument applies. ]

Example 3.4 In Figure 3.1, variable E is eliminated in node 5 but appears already
in node 3, therefore it must also belong to the label of node 4. On the other hand,
variable B belongs to the query and is therefore part of the node label introduced in
the finalization step. This is node number 6. But variable B also appears in node 2
and therefore does so in the nodes 3 to 5.

3.2.3 The Bucket Elimination Algorithm

We reconsider the same setting for the introduction of bucket elimination: let {®, D)
be a valuation algebra with the operation of projection replaced by variable elim-
ination. The knowledgebase of the inference problem is {¢1,...,¢m} € ® and
z C d(¢) = {X1,...,X,} denotes the single query. Similarly to the fusion algo-
rithm, the bucket elimination scheme (Dechter, 1999) is based on the important ob-
servation of Theorem 3.1 that eliminating a variable only affects the valuations whose
domain contain this variable. We again choose an elimination sequence (Y1, ..., Yx)
for the variables in d(¢) — = and imagine a bucket for each of these variables. These
buckets are ordered with respect to the variable elimination sequence. We then par-
tition the valuations in the knowledgebase as follows: all valuations whose domain
contains the first variable Y7 are placed in the first bucket, which we subsequently
denote by bucket;. This process is repeated for all other buckets, such that each
valuation is placed in the first bucket that mentions one of its domain variables. It
is not possible that a valuation is placed in more than one bucket, but there may
be valuations whose domain is a subset of the query and therefore do not fit in any
bucket. Bucket elimination then proceeds as follows: atstepi = 1,...,k—1, bucket;
is processed by combining all valuations in this bucket, eliminating variable Y; from
the result and placing the obtained valuation in the first of the remaining buckets
that mentions one of its domain variables. At then end, we combine all valuations
contained in bucket,, with the remaining valuations of the knowledgebase for which
no bucket was found in the initialization process.
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In the first step of the bucket elimination process, bucket; computes

-v

®¢i

Y €d(¢;)

and moves the result into the next bucket that contains one of its domain variables.
This corresponds exactly to equation (3.9) whereas

{(;Si Y ¢ d(qﬁi)} = Obucketi U {qﬁi :d(¢;) C x}
i=2

In other words, the first step of the bucket elimination process corresponds to the first
step of the fusion algorithm, and the same holds also naturally for the remaining steps.
Bucket elimination therefore computes equation (3.11) that implies its correctness
and the equivalence to the fusion algorithm.

Theorem 3.2 Fusion and bucket elimination with identical elimination sequences
perform exactly the same computations.

Example 3.5 We repeat the computations of Example 3.1 and 3.2 from the perspec-
tive of bucket elimination. The knowledgebase consists of eight valuations with do-
mains: d(¢1) = {A}vd(¢2) = {A7 T}ad(¢3) = {L,S},d(¢4) = {B’S}7d(¢5) =
{E,L,T},d(¢¢) = {E,X},d(¢7) = {B, D, B} and d(¢s) = {S}. The query is
{A, B, D}. We choose the same elimination sequence (X, S,L,T, E), construct a
bucket for each variable in the elimination sequence and partition the valuations
accordingly. Since d(¢1) C x, @1 is not contained in any bucket.

Initialization:
bucketx : ¢¢
buckets : ¢3, ¢a, @8
buckety, : ¢s
bucketr : ¢
bucketg : ¢7

Elimination of bucket X :
buckets : ¢3, ¢4, ¢
buckety, : ¢s
buckett : ¢o
bucketp : ¢, dg
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Elimination of bucket S:
buckety, : @5, (¢3 ® da @ ¢g) ™"
bucketr : ¢o
bucketg : ¢7, dg X

Elimination of bucket L:

bucketr : ¢g, (¢5 @ (3 ® ¢a @ pg) )L
bucketg : ¢r, ¢>6_X

Elimination of bucket T':

bucketr : ¢7, o5, (2 ® (d5 D (¢3 ® da @ ¢g)~5) L) T

Elimination of bucket E:

(07 ® ¢ ™ ® (2 ® (95 ® (3 @ s @ Bg)~5) L)~ T)~F

Combining this with valuation ¢, confirms the result of Example 3.2.

Similar to the fusion algorithm, we give a graphical representation of the bucket
elimination process. We first create a graph node for each bucket and label it with the
corresponding variable. If during the elimination of bucket x a valuation is added to
buckety, then an edge {X, Y} is added to the graph. Since the elimination of each
bucket generates exactly one new valuation that is added to the bucket of a variable
which follows later in the elimination sequence, the resulting graph will always be a
tree called bucket-tree. The bucket-tree of Example 3.5 is shown in Figure 3.3.

O—E—X®
LO—®

Figure 3.3 The bucket-tree of Example 3.5.

Based on the bucket-tree, we can derive the join tree that underlies the bucket
elimination process. We revisit each bucket at the time of its elimination and compute
the union domain of all valuations contained in this bucket. This domain is assigned
as label to the corresponding node in the bucket tree. Finally, we add a new node with
the query of the inference problem as label to the modified bucket-tree and connect
this node with the node that belongs to the last variable in the elimination sequence.
It follows from Theorem 3.2 and Lemma 3.3 that the resulting graph is a join tree,
i.e. we obtain the same join tree as for the fusion algorithm.
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Example 3.6 At the time of elimination, the buckets of Example 3.5 contain valua-
tions over the following variables:

bucketyx : {E, X}
buckets : {B, L, S}
buckety, : {B,E,L, T}
bucketr : {A,B,E,T}
buckety : {A, B, D, E}

We next assign these domains as labels to the corresponding nodes in the bucket-tree.
Finally, we create a new node with the query domain { A, B, D} and connect it to the
node that refers to the last variable in the elimination sequence. The resulting graph
is shown in Figure 3.4. If we further replace the variables from the bucket-tree by
their position in the elimination sequence and assign number k + 1 to the node with
the query domain, we obtain the join tree of Figure 3.1.

E
{A.B,D,E}

Figure 3.4 The join tree obtained from the bucket-tree of Figure 3.3.

Our presentation of the bucket elimination algorithm differs in two points from
the usual way that it is introduced. First, we consider arbitrary query sets with
possibly more than one variable. Consequently, there may be valuations that cannot
be assigned to any bucket as shown in Example 3.5, and this makes it necessary to
add the additional query node when deriving the join tree from the bucket-tree. The
second difference concerns the elimination sequence. In the literature, buckets are
normally processed in the inverse order to the elimination sequence. This however
is only a question of terminology. Before we turn towards a complexity analysis of
the fusion or bucket elimination algorithm, we reconsider the computational task
of Example 1.2 used to illustrate the potential benefit of local computation in the
introduction of this book.

Example 3.7 The formalism used in Example 12 in the introduction consists of
mappings from configurations to real numbers. Combination refers to point-wise
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multiplication and projection to summing up the values of the eliminated variables.
In other words, this formalism corresponds to the valuation algebra of arithmetic
potentials. The knowledgebase is given by the set of function {fi1,..., fico} and
the query is { X101, X102} We recall that an explicit computation of the objective
function is impossible. Instead, we apply the fusion or bucket elimination algorithm
to this inference problem with the elimination sequence (X1, ..., X100). This leads
to the join tree shown in Figure 3.5, and the executed computations correspond to
equation (1.3). Thus, the domains of all intermediate factors that occur during the
computations contain at most three variables.

100
{X101,X102}

99
{X99,X100,X101}

Figure 3.5 The join tree for Example 1.2.

3.2.4 First Complexity Considerations

Making a statement about the complexity of local computation for arbitrary valu-
ation algebras is impossible since we do not have information about the form of
valuations. Remember, the valuation algebra framework describes valuations only
by their operational behaviour. We therefore restrict ourselves first to a particular
class of valuations and show later how the corresponding complexity considerations
can be generalized. More concretely, we focus on valuations that are representable
in tabular form such as indicator functions from Instance 1.1 or arithmetic poten-
tials from Instance 1.3. In fact, we shall study in Chapter 5 the family of semiring
valuation algebras which all share this common structure of mapping configurations
to specific values. Thus, given the universe of variables with finite frames, we de-
note by d € N the size of the largest variable frame. Then, the space (subsequently
called weight) of a valuation ¢ with domain d(¢) = s is bounded by O(d'*!) and sim-
ilar statements can be made about the time complexity of combination and projection.

When during the fusion process variable X; € d(¢)—z is eliminated, all valuations
are combined whose domain contains this variable according to equation (3.9). Then,

www.it-ebooks.info


http://www.it-ebooks.info/

62 COMPUTING SINGLE QUERIES

variable X is eliminated. Thus, if m; valuations contain variable X; before iteration
i of the fusion algorithm, its elimination requires m; — 1 combinations and one
variable elimination (projection). The domain s; of the valuation resulting from the
combination sequence is given in equation (3.12). We may therefore say that during
the elimination of variable X, the time complexity of each operation is bounded by
O(d!*!) which gives us the following total time complexity for the fusion or bucket

elimination process:
o( 3 mi.dlsn).

i€d(¢p)—x

In the graphical representation of the fusion algorithm, the elimination of variable
X introduces a new join tree node with label (i) = s;. The size of these labels
are bounded by the largest node label w = max;cv |A(%)|. A related measure called
treewidth will be introduced in Definition 3.2 below. Further, we observe that the fu-
sion process reinserts a valuation into its current knowledgebase after the elimination
of each variable. This valuation was called v in equation (3.9). We may therefore say
that >~ m; < m + |d(¢) — x| < m + |d(¢)| where m denotes the size of the original
knowledgebase of the inference problem and z the query. Putting things together, we
obtain the following simplified expression for the time complexity:

o((m+ d())) -d“’). (3.13)

Slightly better is the space complexity. During the elimination of variable X
a sequence of combinations is computed that creates an intermediate result with
domain s;, from which the variable X; is eliminated. In case of valuations with a
tabular representation, the intermediate result does not need to be computed explicitly.
This will be explained in more detail in Section 5.6. Here, we content ourselves with
the rather intuitive idea that each value (or table entry) of this intermediate valuation
can be computed separately and directly projected. This omits the computation of the
complete intermediate valuation and directly gives the result after eliminating variable
X; from the combination. The domain size of this valuation is s; — {X;} < w — 1,
and its size is therefore bounded by O(d“~!). Further, we have just seen that the
number of eliminations is at most |d(¢)| which gives us a total space complexity of

O<|d(¢)| . d“*). (3.14)

It is important to remark that both complexities depend on the shape of the join
tree, respectively on its largest node label called treewidth. This measure varies under
different elimination sequences as illustrated in the following example.

Example 3.8 Figure 3.6 shows two different join trees for the domain list of Example
3.2 obtained by varying the elimination sequence. In order to get comparable results,
we take the empty set as query and eliminate all variables using Algorithm 3.2. The
left-hand join tree is obtained from the elimination sequence (T, S,E, L, B, A, X, D)
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S

Figure 3.6 Different elimination sequences produce different join trees and therefore
influence the size of the largest node label.

and has w = 6. The right-hand join tree has w = 3 due to the clever choice of the
elimination sequence (A,T,S,L, B, E, X, D). After a certain number of variable
elimination steps only a single valuation remains in both examples from which one
variable after the other is eliminated. This uninteresting part is omitted in the join
trees of Figure 3.6. A third join tree with w = 4 can be obtained by eliminating the
remaining variables in Example 3.2. This corresponds to the elimination sequences
that start with (X, S, L, T, E)

The complexity of solving an inference problem with the fusion algorithm there-
fore depends on the variable elimination sequence that produces a join tree whose
largest node label should be as small as possible. This follows from equation (3.13)
and (3.14). In order to understand how elimination sequences and the treewidth mea-
sure are related, we consider the primal graph of the inference problem introduced in
Section 2.1. Since a primal graph contains a node for every variable, an elimination
sequence can be represented by a particular node numbering. Here, we number the
nodes with respect to the inverse elimination sequence as shown on the left-hand side
of Figure 3.7. Such graphs are called ordered graphs, and we define the width of a
node in an ordered graph as the number of its earlier neighbors. Likewise, we define
the width of an ordered graph as the maximum node width. Next, we construct the
induced graph of the ordered primal graph by the following procedure: process in the
reversed order of the node numbering (i.e. according to the elimination sequence) and
add edges to ensure for each node that its earlier neighbors are directly connected. We
define the induced width of an elimination sequence (or ordered graph) as the width
of its induced graph and refer to the induced width of a graph w* as the minimum
width over all possible elimination sequences (orderings) (Dechter & Pearl, 1987).
Since a primal graph is associated with each inference problem, we may also speak
about the induced width of an inference problem.
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Elimination Processing
Sequence

Numbering T

Figure 3.7 A primal graph and its induced graph.

Example 3.9 The left-hand part of Figure 3.7 shows the primal graph of Example
3.2 ordered with respect to the elimination sequence (T, S, E, L, B, A, X, D). Node
E has width 4 since four neighbors posses a smaller node number. Then, the right-
hand part of Figure 3.7 shows its induced graph. Here, node E has 5 neighbors
{A,B,D,L, X} with a smaller number which also determines the width of this
elimination sequence. Observe that this corresponds to the largest node label of the
Jjoin tree on the left-hand side of Figure 3.6, if we add the variable E that has been
eliminated in this node.

The following theorem has been proved by (Arnborg, 1985):

Theorem 3.3 The largest node label in a join tree equals the induced width of the
elimination sequence plus one.

This relationship allows us subsequently to focus only on join trees when dealing
with complexity issues. It is then common to use a second but equivalent terminol-
ogy called treewidth, which has been introduced by (Robertson & Seymour, 1983;
Robertson & Seymour, 1986):

Definition 3.2 The treewidth of a join tree (V, E, )\, D) is given by
Al)| — 3.15
max |A({)] - 1, (3.15)
and we refer to the minimum treewidth over all join trees created from all possible
variable elimination sequences as the treewidth of the inference problem.
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Since treewidth and induced width are equal according to the above theorem, we
reuse the notation w* for the treewidth of an inference problem. It is very important
to distinguish properly between the two notions treewidth of a join tree and treewidth
of an inference problem. The first refers to a concrete join tree whereas the second
captures the best join tree over all possible elimination sequences of a given inference
problem. The decrement in equation (3.15) ensures that inference problems whose
primal graphs are trees have treewidth one. Besides induced width and treewidth,
there are other equivalent characterization in the literature. Perhaps most common
among them is the notion of a partial k-tree (van Leeuwen, 1990).

Example 3.10 The value w from Example 3.8 refers to the incremented treewidth of
the join tree. We therefore have in this example three join trees of treewidth 2, 3 and
5 and conclude that the treewidth of the medical inference problem with empty query
is at most 2. In fact, it is equal to 2 because one of the knowledgebase factors has a
domain of three variables, which makes it impossible to get a lower treewidth.

Returning to the task of identifying the complexity of the fusion and bucket
elimination algorithm, we obtain a complexity bound for the solution of a single-
query inference problem by including the treewidth w* of the latter into equation
(3.13) and (3.14):

0((m+|d(¢)|)-d“+1) and O([d(¢)| -d“"). (3.16)

This is called a parameterized complexity (Downey & Fellows, 1999) with the
treewidth of the inference problem as parameter. Naturally, the question arises how
the minimum treewidth over all possible variable elimination sequences can be found,
the more so as it determines the complexity of applying the fusion and bucket elimi-
nation algorithm. Concerning this important question we only have bad news. It has
been shown by (Armnborg et al., 1987) that finding the smallest treewidth of a graph is
NP-complete. In fact, the task of deciding if the primal graph of the inference prob-
lem has a treewidth below a certain constant k can be performed in O(|d(¢)]| - g(k))
where g(k) is a very bad exponential function in k (Bodlaender, 1998; Bodlaender,
1993). Fortunately, there are good heuristics for this task that deliver join trees with
reasonable treewidths as we will see in Section 3.7. It is thus important to distinguish
the two ways of specifying the complexity of local computation schemes. Given a
concrete join tree or an elimination sequence with treewidth w, we insert this value
into equation (3.16) and obtain the achieved complexity of a concrete run of the
fusion algorithm. On the other hand, using the treewidth w* of the inference problem
in these formulae denotes the best complexity over all possible join trees or variable
elimination sequences that could be achieved for the solution of this inference prob-
lem by the fusion or bucket elimination algorithm. But since we are generally not
able to exactly determine this value, this often remains an unsatisfied wish. However,
it is nevertheless common to specify the complexity of local computation schemes
by the treewidth of the inference problem and we will also go along with this.
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3.2.5 Some Generalizing Complexity Comments

At the beginning of our complexity considerations we limited ourselves to a family
of valuation algebras whose elements are representable in tabular form. These for-
malisms share the property that the size of valuations grows exponentially with the
size of their domains. Thus, the space of a valuation ¢ with domain s = d(¢) is
bounded by O(d!*!) where d denotes the size of the largest variable frame. Similar
statements were made about the time complexity of combination and projection. This
view is too restrictive, since there are many other valuation algebra instances that do
not keep with this estimation. On the other hand, there are also examples where it is
unreasonable to measure time and space complexity by the same function as it has
been done in equation (3.16). Examples of such formalisms will be given in Chapter
6. However, a general assumption we are allowed to make is that the space of a val-
uation and the execution time for the operations shrink under projection. Remember,
the idea of local computation is to confine the domain size of intermediate factors
during the computations. If this assumption could not be made, local computation
would hardly be a reasonable approach.

Definition 3.3 Let (®, D) be a valuation algebra. A function w : ® — Ny is called
weight function if for all ¢ € ® and x C d($) we have w(¢) > w(P*®).

Weight functions are still too general to be used for complexity considerations. In
many cases however, we can give a predictor for the weight function which is only
based on the valuation’s domain. Such weight predictable valuation algebras share
the property that the weight of a valuation can be estimated from its domain only.

Definition 3.4 A weight function w of a valuation algebra (®, D) is called weight
predictor if there exists a function f : D — Ng such that forall ¢ € ®

w(9) € O(£(d(9))).

We give some examples of weight functions and weight predictors for the valuation
algebras introduced in Chapter 1:

Example 3.11

o A weight predictor for the valuation algebra of arithmetic potentials that also
applies to indicator functions and all formalisms of Section 5.3 has already
been used in equation (3.16):

w¢) = JJlexle o(dlsl) (G.17)

Xes
where s = d(¢) denotes the domain of valuation ¢ and

d = ax IQxl

m
Xed($)
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the largest variable frame. Observe that in this particular case, we could also
use the weight function directly as weight predictor since it depends only on
the valuation’s domain.

o A reasonable and often used weight function for relations is w(¢) = |d(¢)] -
card(¢), where card(¢) stands for the number of tuples in ¢. Regrettably, this
is not a weight predictor itself since the number of tuples cannot be deduced
Jfrom the relation’s domain.

o Finally, a weight predictor for the valuation algebra of set potentials and all
formalisms of Section 5.7 is

w(e) € 0(22‘3'). (3.18)
Observe that we presuppose binary variables in this formula.

Subsequently, we will use weight predictors for the analysis of the time and space
complexity of local computation. This allows us to make more general complexity
statements that can then be specialized to a specific formalism by choosing an ap-
propriate weight predictor. Further, we use two different weight predictors f and ¢
for time and space complexity. This accounts for the observation that time and space
complexity cannot necessarily be estimated by the same function, but both satisfy the
fundamental property that they are non-increasing under projection. We obtain for
the general time complexity of the fusion and bucket elimination algorithm:

(’)((m +|d(®))) - flw™ + 1)). (3.19)

This follows directly from equation (3.16). Remember that the assumption of valu-
ations with a tabular representation allowed us to derive a lower space complexity
in equation (3.16). This optimization cannot be performed for arbitrary valuation
algebras. For the elimination of variable X; we therefore need to compute the combi-
nations first, which results in an intermediate factor with domain size |A(7)| < w*+1.
Then, the variable X; can be eliminated and the result is added to the knowledgebase.
Altogether, this gives us the following general space complexity of the fusion and
bucket elimination algorithm:

0 (g<w* 11+ (o) -g(w*>). (3.20)

Clearly, for the case of applying the fusion algorithm to arithmetic potentials, indicator
functions and all other formalism of Section 5.3, we may choose the same weight
predictor of equation (3.17) for both time and space complexity. Moreover, the space
complexity can then be improved to the one given in equation (3.16). This shows the
difficulties of making general complexity statements for local computation applied
to unspecified valuation algebras.
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3.2.6 Limitations of Fusion and Bucket Elimination

The fusion or bucket elimination algorithm is a generic local computation scheme to
solve single-query inference problems in a simple and natural manner. Nevertheless,
it has some drawbacks compared to other local computation procedures that will be
introduced below. Here, we address two important points of criticism:

o The fusion or bucket elimination algorithm can be applied to each formalism
that satisfies the valuation algebra axioms from Section 1.1. But we have also
seen in Appendix A.2 of Chapter 1 that there exists a more general definition of
the axiomatic framework which is based on general lattices instead of variable
systems. Fusion and bucket elimination require variable elimination and can
therefore not be generalized to valuation algebras on arbitrary lattices.

¢ Time and space complexity of the fusion algorithm are bounded by the treewidth
of the inference problem, which makes the application difficult when join
trees have large labels. Experiments from constraint programming (Larrosa &
Morancho, 2003) show that the space requirement is particularly sensitive, for
which reason inference is often combined with search methods that only require
linear space. However, search methods need more structure than offered by the
valuation framework. We refer to (Rossi et al., 2006) for a survey of such
trading or hybrid methods in constraint programming. Looking at equation
(3.20), we observe that the function arguments of the two terms distinguish in
a constant number. We will see later that this is a consequence of the particular
join trees that emerge from the fusion and bucket elimination process. Further,
we know that the first term vanishes when dealing with particular valuation
algebras. It will be shown in Section 5.3 that this also includes constraint sys-
tems. To make local computation more space efficient for such formalisms, we
therefore aim at reducing the argument of the second term in equation (3.20).

In the subsequent sections, we present an alternative picture of local computation
that finally leads to a second algorithm for the solution of single-query inference
problems that does not depend on variables anymore and which may also provide a
better space performance. The essential difference with respect to the fusion algorithm
is that the join tree construction is decoupled from the actual inference process.
Instead, a suitable join tree for the current inference problem is initially constructed,
and local computation is then described as a message-passing process where nodes
act as virtual processors and collaborate by exchanging messages. The key advantage
of this approach is that we no longer depend on the very particular join trees that are
obtained from the fusion algorithm. To study the requirements for a join tree to serve
as local computation base, we first introduce a specialized class of valuation algebras
that provide neutral information pieces. It will later be shown in Section 3.10 that
the existence of such neutral elements is not mandatory for the description of local
computation as message-passing scheme. But if they exist, the discussion simplifies
considerably. Moreover, neutral elements are also interesting in other contexts that
will be discussed in later parts of this book.
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3.3 VALUATION ALGEBRAS WITH NEUTRAL ELEMENTS

Following the view of a valuation algebra as a generic representation of knowledge
or information, some instances may exist that contain pieces that express vacuous
information. In this case, such a neutral element must exist for every set of questions
s € D and must therefore be contained in every subsemigroup ®; of ®. If we then
combine those pieces with already existing knowledge of the same domain, we do not
gain new information. Hence, there is an element e, € ®, for every subsemigroup
P, suchthat p®e; = e; ® ¢ = ¢ forall ¢ € ®,. We further add a neutrality axiom
to the valuation algebra system which states that a combination of neutral elements
leads to a neutral element with respect to the union domain.

Definition 3.5 A valuation algebra (®, D) has neutral elements, if for every domain
s € D there exists an element e, € Og suchthat pQes = e; Q¢ = ¢ forall p € b,
These elements must satisfy the following property:

(A7) Neutrality: For z,y € D,

ex ey = eguy. (3.21)

If neutral elements exist, they are unique within the corresponding subsemigroup.
In fact, suppose the existence of another element e/, € @, with the identical property
that ¢ ® €, = e, ® ¢ = ¢ for all € ®;. Then, since e, and e/, behave neutrally
among each other, e; = e, ® ¢, = e.,. Furthermore, valuation algebras with neutral
elements allow for a simplified version of the combination axiom that was already
proposed in (Shenoy & Shafer, 1990).

Lemma 3.4 In a valuation algebra with neutral elements, the combination axiom is
equivalently expressed as:

(AS) Combination: For ¢, € ® withd(¢) = z, d(¥) = v,
(B = oyt (3.22)

Proof: Equation (3.22) follows directly from the combination axiom with z = z.
On the other hand, let z C z C x U y. Since 2N (z Uy) = z we derive from equation
(3.22) and Axiom (A1) that

(6@ Y)+*

€, ® (¢ ® w)“
(6. ® ¢ @ P)**
e, @R Pe
= ¢@ypn.

The last equality holds because

@YW = zU(yNz) = (xUy)N(zUz) = z = d(e.).
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Note that this result presupposes the distributivity of the lattice D. ]

The following lemma shows that neutral elements also behave neutral with respect
to valuations on larger domains:

Lemma 3.5 For ¢ € ® withd(¢) = z and y C x it holds that

pRe, = ¢ (3.23)

Proof: From the associativity of combination and the neutrality axiom follows
PRey = (PRe)Qey = 9B (e2Vey) = dRe; = ¢

The presence of neutral elements allows furthermore to extend valuations to larger
domains. This operation is called vacuous extension and may be seen as a dual
operation to projection. For ¢ € ® and d(¢) C y we define

PV = p®e, (3.24)

Before we consider some concrete examples of valuation algebras with and without
neutral elements, we introduce another property called stability that is closely related
to neutral elements. In fact, stability can either be seen as the algebraic property
that enables undoing the operation of vacuous extension, or as a strengthening of the
domain axiom (A6).

3.3.1 Stable Valuation Algebras

The neutrality axiom (A7) determines the behaviour of neutral elements under the
operation of combination. It states that a combination of neutral elements will always
result in a neutral element again. However, a similar property can also be requested
for the operation of projection. In a stable valuation algebra, neutral elements always
project to neutral elements again (Shafer, 1991). This property seems natural but
there are indeed important examples which do not fulfill stability.

Definition 3.6 A valuation algebra with neutral elements (®, D) is called stable if
the following property is satisfied for all x,y € D withz C y,

(A8) Stability:

e’ = e, (3.25)
Stability is a very strong condition which also implies other valuation algebra

properties: together with the combination axiom, it can, for example, be seen as a

strengthening of the domain axiom. Also, it is possible to revoke vacuous extension
under stability. These are the statements of the following lemma:
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Lemma 3.6
1. The property of stability with the combination axiom implies the domain axiom.
2. If stability holds, we have for ¢ € ® withd(¢) =z Cy,
(@) = 4. (3.26)
Proof :

1. For ¢ € @ with d(¢) = z we have

P = (PR ) = 9ReF =0 ®e, = ¢
2. For ¢ € ® with d(¢) = = C y we derive from the combination axiom

(BT = (®e)” = ¢Rel” = ¢Rex = ¢

B 3.1 Neutral Elements and Indicator Functions

In the valuation algebras of indicator functions, the neutral element for the
domain s € D is given by e;(x) = 1 for all x € ;. We then have for ¢ € &,

PRes(x) = d(x)-es(x) = ¢(x) 1 = $(x).
Also, the neutrality axiom holds, since for s,¢ € D with x € Q4; we have
et ®es(x) = e(xM)-e(x¥) = 1-1 = 1 = eu(x).

Finally, the valuation algebra of indicator functions is also stable. For s, € D
with s C ¢t and x € €2 it holds that

e (x) = yngat}fset(x,y) =1 = es(x).
B 3.2 Neutral Elements and Arithmetic Potentials

Arithmetic potentials and indicator functions share the same definition of com-
bination. We may therefore conclude that arithmetic potentials also provide
neutral elements. However, in contrast to indicator functions, arithmetic poten-
tials are not stable. We have for s,t € D with s C t and x € Q,

ef'(x) = Y elxy) = [ > L

YEQ s
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B 3.3 Neutral Elements and Set Potentials

In the valuation algebra of set potentials, the neutral element e, for the domain
s € D is given by es(A) = 0 for all proper subsets A C €2, and e;(£2;) = 1.
Indeed, it holds for ¢ € ® with d(¢) = s that

BraC=A

The second equality follows since for all other values of C we have e;(C) = 0.
Also, the neutrality axiom holds which will be proved explicitly in Section
5.8.1. Further, set potentials are stable. For 5,t € D and s C ¢ it holds that

e (Q,) = > er(A) = e (%) = 1.

ACQ s (A)=0,
The second equality holds because e;(£2;) = 1 is the only non-zero summand.

B 3.4 Neutral Elements and Relations

For s € D the neutral element in the valuation algebra of relations is given
by es = (1;. Similar to indicator functions these neutral elements are also
stable. However, there is an important issue regarding neutral elements in the
relational algebra. Since variable frames are often very large or even infinite
(i.e. all possible strings), the neutral elements can sometimes not be expressed
explicitly.

B 3.5 Neutral Elements and Density Functions

Equation (1.15) introduced the combination of density functions as simple
multiplication. Therefore, the definition e,(x) = 1 for x € R!*/ would clearly
meet the requirements for a neutral element. However, this function e, is not a
density since its integral will not be finite

o0
/ ldx = oo.

Hence, densities form a valuation algebra without neutral elements. This holds
in particular also for Gaussian potentials in Instance 1.6.

Before we continue with the interpretation of the fusion algorithm as a message-
passing scheme in Section 3.5, we introduce a second family of elements that may
be contained in a valuation algebra. As neutral elements express neutral knowledge,
null elements express contradictory knowledge with respect to their domain.
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3.4 VALUATION ALGEBRAS WITH NULL ELEMENTS

Some valuation algebras contain elements that express incompatible, inconsistent
or contradictory knowledge according to questions s € D). Such valuations behave
absorbingly for combination and are therefore called absorbing elements or null
elements. Hence, in a valuation algebra with null elements there is an element 25 € @,
suchthat 2, ® ¢ = dR 25 = 2z, forall ¢ € $,. We call a valuation ¢ € ®; consistent,
if and only if ¢ # z,. It is furthermore a very natural claim that a projection of
some consistent valuation produces again a consistent valuation. This requirement is
captured by the following additional axiom.

(A9) Nullity: Forz,y € D,z Cyand ¢ € &,
¢,Lz = Zz
if, and only if, ¢ = z,.

In other words, if some valuation projects to a null element, then it must itself
be a null element. Thus, contradictions can only be derived from contradictions. We
further observe that according to the above definition, null elements absorb only
valuations of the same domain. In case of stable valuation algebras, however, this
property also holds for any other valuation.

Lemma 3.7 In a stable valuation algebra with null elements we have for all ¢ € ®
withd(¢) =xandy € D

OR 2y = 2guy- (3.27)
Proof: We remark first that from equation (3.26) it follows
Ly
(zgwy) = %y
Hence, we conclude from the nullity axiom that zgzuy = Zzuy and derive

P®zy = (O ery) ® (Zy ® ecuy) = ¢TzUy ® Z;xuy

U —
¢T y®zzUy - zzUy-

Let us search for null elements in the valuation algebra instances of Chapter 1.

B 3.6 Null Elements and Indicator Functions

In the valuation algebras of indicator functions the null element for the domain
s € D is given by z,(x) = 0 for all x € §2;. We then have

$®2(x) = $(x) - z(x) = $(x)-0 = 2,(x).

Since projection refers to maximization, it is easy to see that null elements, and
only null elements project to null elements.
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3.7 Null Elements and Arithmetic Potentials

Again, since their combination rules are equal, arithmetic potentials and in-
dicator functions share the same definition of null elements: for s € D we
define z;(x) = O for all x € €Q,. The absorption property for combination
follows directly from Instance 3.6. Further, projection is defined as summation
for arithmetic potentials and since the values are non-negative, it is again only
the null element that projects to a null element.

3.8 Null Elements and Relations

Since we have already identified the null elements in the valuation algebra of
indicator functions, it is simple to give way to relations. Due to equation (1.9)
null elements are simply empty relations with respect to their domain.

3.9 Null Elements and Set Potentials

In the valuation algebra of set potentials, the null element z, for the domain
s C r is defined by z;(A) = 0 for all A C Q. These elements behave
absorbingly for combination, and are the only elements that project to null
elements, which follows again from their non-negative values. Although this is
rather easy to see, we will give a formal proof in Section 5.8.2.

3.10 Null Elements and Density Functions

In the valuation algebra of density functions, the nuil element for the domain
s is given by z5(x) = 0 for all x € 2,. The properties of null elements follow
again from the fact that density functions are non-negative.

3.11 Null Elements and Gaussian Densities

In the introduction of density functions we also mentioned that the family of
Gaussian densities forms a subalgebra of the valuation algebra of density func-
tions. Although we are going to study this formalism extensively in Chapter
10, we already point out that Gaussian densities do not possess null elements
due to the requirement for a positive definite concentration matrix.

Null elements play an important role in the semantics of inference problems.

Imagine that we solve an inference problem with the empty set as single query. After
the execution of local computation, we find a null element as answer to this query:

(hr1® 26" = 2

We therefore conclude from Axiom (A9) that the objective function ¢ must itself be
a null element, or, in other words, that the knowledgebase is inconsistent. This is an
important issue in constraint programming since it allows to check the satisfiability of
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a constraint system by local computation. A similar argumentation has, for example,
been used in Instance 2.4.

This closes our intermezzo of special elements in a valuation algebra. We now
return to the solution of single-query inference problems by local computation tech-
niques and give an alternative picture of the fusion algorithm in terms of a message-
passing scheme. This presupposes a valuation algebra with neutral elements, although
it will later be shown in Section 3.10 that this assumption can be avoided.

3.5 LOCAL COMPUTATION AS MESSAGE-PASSING SCHEME

Let us reconsider the join tree resulting from the graphical representation of the fusion
algorithm. We then observe that for all knowledgebase factor domains d(¢;), there
exists a node v € V in the join tree which covers d{¢;), i.e. d(¢;) C A(v). This is
a simple consequence of equation (3.12), which defines the label of the new nodes
added during the elimination of a variable. More precisely, if X; € d(¢;) is the
first variable in the elimination sequence, then d(¢;) C A(j). This is a consequence
of the particular node numbering defined in the fusion process. We may therefore
assign factor ¢; to the join tree node j € V. This process is repeated for all factors
in the knowledgebase of the inference problem, which is illustrated in Example 3.12.
Remember also that the query x C d(¢) of the inference problem always corresponds
to the label of the root node since the latter contains all variables that have not been
eliminated. A join tree that allows such a factor distribution will later be called
a covering join tree in Definition 3.8. The process of distributing knowledgebase
factors over join tree nodes may assign multiple factors to one node, whereas other
nodes go away without an assigned valuation. In Example 3.12, only the root node
does not contain a knowledgebase factor, but if we had eliminated more variables,
then inner nodes also would exist that do not posses a knowledgebase factor. If we
further assume a valuation algebra with neutral elements, we may assign the neutral
element ey ;) to all nodes i € V' which do not hold a knowledgebase factor. On the
other hand, if a node contains multiple knowledgebase factors, they are combined.
The result of this process is a join tree where every node ¢ € V contains exactly
one valuation v; with d(v;) C A(¢). This valuation either corresponds to a single
knowledgebase factor, to a combination of multiple knowledgebase factors or to a
neutral element, as shown in Example 3.12.

Example 3.12 The knowledgebase factor domains in the medical inference problem
of Instance 2.1 are: d(¢1) = {A}, d(¢2) = {A, T}, d(gs) = {L,S}, d{¢s) =
{B’S}’ d(¢5) = {E,L,T}, d(¢6) = {E’X}» d(¢7) = {B7D’E} and d(¢8) =
{S}. The single query to compute is x = { A, B, D}. These factors are distributed
over the nodes of the covering join tree in Figure 3.8 that results from the graphical
fusion process (see Figure 3.1). The node factors of this join tree become: 1 = ¢g,

P2 = 03 ® ¢4 @ Ps, V3 = Ps5, Y4 = $1 @ P2, Y5 = P7, Y6 = €(a,B,D}-
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Figure 3.8 A covering join tree for the medical example of Instance 1.3.

A common characteristic of all local computation algorithms is their interpretation
as message-passing schemes (Shenoy & Shafer, 1990). In this paradigm, nodes act
as virtual processors that communicate by the exchange of messages. Nodes process
incoming messages, compute new messages and send them to neighboring nodes of
the join tree. Based on the new factorization constructed above, we now introduce
the fusion algorithm from the viewpoint of message-passing: at the beginning, node
1 contains the valuation 1/;. According to the fusion process, it eliminates the first
variable X of the elimination sequence from its node content and sends the result to
node 5, which then combines the message to its own node content. Node 5 computes

Ps @ 7 X

and replaces its node content with this result. More generally, if node 7 contains at
step ¢ of the fusion algorithm the valuation v; (which consists of its initial factor
1; combined with all messages sent to node ¢ in the foregoing i — 1 steps), then
it computes v~*¢ and sends the result to its unique neighbor with a higher node
number. In Definition 3.11 this node is called child node and denoted by ch(i). The
child node then computes

— X'i
Veh(i) ® V;
and sets its node content to the new value. This process is repeated fori = 1, ..., |V]—

1. Then, at the end of the message-passing, the root node |V'| contains the result of
the inference problem

P = ($1® ® dm)*E. (3.28)

On the one hand, we may draw this conclusion directly since the message-passing
procedure is just another view of the fusion algorithm. On the other hand, we deliver
an explicit proof for the correctness of message-passing in a more general context in
Theorem 3.6 and 3.7.
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In the message-passing concept, nodes act as virtual processors with a private
valuation storage that execute combinations and projections independently and com-
municate via the exchange of messages along the edges of the tree. Since all local
computation methods we subsequently introduce adopt this interpretation, we may
classify them as (virtually) distributed algorithms.

Example 3.13 Figure 3.9 illustrates the message-passing view of the fusion algo-
rithm. If pi;_,; denotes the message sent from node i to node j at step i of the fusion
algorithm, we have:

® [l135 = QSG_X

® oy = (¢3® g ® ¢p) 5

o t3sa = (F5 ® pas)F

e pass = (91 ® G2 ® pgya) T

o p56 = (¢7® 135 ® pays) F

Thus, we obtain at the end of the message-passing in node 6:

(4,80} ® (35~ @ ¢71® (1 ® 2 ® (¢5 ® (¢3 ® 4 ® pg) %)~ 1)T)~F

which, by Lemma 3.5, corresponds to Example 3.1.

Figure 3.9 The fusion algorithm as message-passing scheme where arrows indicate the
direction along which messages are sent.

3.5.1 The Complexity of Fusion as Message-Passing Scheme

The message-passing implementation of the fusion algorithm adopts the same time
complexity but requires more space than actually necessary. When a variable X is
eliminated in the fusion algorithm, all valuations that contain this variable in their
domain are combined which leads to a result of domain s;. In the message-passing
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scheme, this valuation is stored in node ¢, whereas in the fusion algorithm, variable
X is first eliminated before the result is stored. Consequently, the message-passing
implementation of the fusion algorithm has a space complexity of:

o(ldo)l-g(w"+1) (3:29)

However, it is important to understand that this is just a consequence of its imple-
mentation as message-passing scheme and does not modify the statement about the
general complexity of the fusion algorithm given in equation (3.20).

The reason why the space complexity of the fusion algorithm becomes worse when
implemented as message-passing scheme is the very particular join tree that has been
used. Remember, so far we obtained the join tree from a graphical representation of
the fusion algorithm, and this procedure only creates very particular join trees. The
fusion algorithm eliminates exactly one variable in each step and therefore, exactly
one variable vanishes from the knowledgebase between node ¢ and ¢ + 1. This is
mirrored in the general space complexity of the fusion algorithm given in equation
(3.20) where the two terms differ not surprisingly in one exponent. If we aim at
an improvement of the space complexity, we must therefore get rid of this limiting
property. In the following section, we develop a generalization of the message-passing
conception by decoupling it from the actual join tree construction process. At the
same time, we replace variable elimination again by projection such that the resulting
algorithm can be applied to valuation algebras on arbitrary lattices.

3.6 COVERING JOIN TREES

The foregoing discussion identified the join tree as the major ingredient of local
computation since it reflects the tree decomposition structure of an inference problem
that bounds the domain of intermediate factors during the computations. If we aim
at the decoupling of local computation from the join tree construction process, we
have to ensure that the join tree taken for the computation is suitable for the current
inference problem. This requirement is captured by the concept of a covering join
tree that will be introduced below. Here, we directly give a general definition with
regard to the processing of multiple queries in Chapter 4. In Figure 3.8 we assigned
a knowledgebase factor to a join tree node if the domain of the factor was a subset
of the node label. If such a node can be found for each knowledgebase factor, one
speaks about a covering join tree for the factorization.

Definition 3.7 Let T = (V, E, X\, D) be a join tree.

o T is said to cover the domains $1,...,8, € D if there is for every s; a node
J € V with s; C A(j).

e T is called covering join tree for the factorization ¢y ® - -+ ® ¢, if it covers
the domains s; = d(¢;) € D for1 <i<m.
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We furthermore say that a join tree covers an inference problem, if it covers all
knowledgebase factors and queries. Its formal definition demands in particular that
no free variables exist in the join tree (condition 3 below) . This means that each
variable in the node labels must also occur somewhere in the knowledgebase.

Definition 3.8 A join tree T is called covering join tree for the inference problem

(P1® - ® Pm)*™
with z; € {x1,...,%s}, if the following conditions are satisfied:
1. T is a covering join tree for the factorization p1 @ -+ ® .
2. T covers the queries {1, ..., Zs}.
3. D corresponds to the power set P(d(¢1 ® -+ - ® ¢rn))-

A covering join tree corresponds to the concept of a tree-decomposition (Robertson
& Seymour, 1984) that is widely used in the literature — also in many other contexts
that are not directly related to valuation algebras.

Example 3.14 In Section 3.5 we have already exploited the fact that the join tree of
Figure 3.1 is a covering join tree for the medical inference problem of Instance 1.3.
Another covering join tree for the same inference problem is shown in Figure 3.10.

Figure 3.10 A further covering join tree for the medical example of Instance 2.1.

Covering join trees provide the required data structure for the introduction of
more general and economical local computation schemes. We now follow the same
procedure as in Section 3.5 and assign the knowledgebase factors to covering nodes.
This defines an assignment mapping according to the following definition.

Definition 3.9 Let (V, E, A\, D) be a covering join tree for the factorization

¢ = (1 ®...Q On.

A function
a:{l,....m}—>V

is called an assignment mapping for ¢ regarding V if for every i € {1,...,m} we
have d(¢;) C M a(7)).
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Example 3.15 The assignment mapping of Figure 3.8 is a(l) = 4, a(2) = 4,
a(3) =2, a(4) =2, a(5) = 3, a(6) = 1, a(7) = 5, a(8) = 2. Observe also that
there are in general several possible assignment mappings.

It was already pointed out that some nodes may go away empty-handed from this
factor distribution process. Also, it may be that the domain of a factor assigned to a
certain node does not fill its node label completely. We therefore initialize every join
tree node with the neutral element of its label.

Definition 3.10 Ler a be an assignment mapping for a factorization ¢ regarding the
nodes V of a covering join tree (V, E, A, D). The factor assigned to node i € V is

i o= an® Q) ¢ (3.30)
Fa(g)=i

This assures that for every node factor ¢; we have d(¢;) = A(¢). However, it will
later be shown in Section 3.10 that we may in fact dispose of this artificial filling.

Example 3.16 The join tree of Figure 3.11 is a covering join tree for the factorization
of Instance 2.1 (but not for the inference problem since the query is not covered).
The corresponding factor domains are given in Example 3.12. A possible factor
assignment is: a(1) = a(2) =1, a(3) = a(4) = a{8) = 3, a(5) = 2, a(6) = 7 and
a(7) = 4. No factor is assigned to the nodes 5 and 6. This assignment creates the
node factors:

® Yy = eaT}®P1 VP2 = ¢1® P2

® Y2 = e LT} ®P5 = &5

® Y3 = e} RP3RVP1 Vg = d3 DDy D g

® Yy = egpE}®Pr = @71

® U5 = €(BEL)

® Y = €(E L}

® Y7 = e(gx}®Ps = P6

The factors 1; are usually called join tree factors and correspond either to (the
vacuous extension of) a single factor of the original knowledgebase, a combination
of multiple factors, or to a neutral element, if the factor set of the combination in

equation (3.30) is empty. The following lemma shows that the join tree factors provide
an alternative factorization to the knowledgebase of the inference problem:

Lemma 3.8 It holds that

¢ =010 ®¢m = X (3.31)

eV
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@ 6 Y s
{E,L} ; {B,E.L} ; {B,D.E}

Figure 3.11 An covering join tree for the factorization of Instance 2.1.

Proof: The assignment mapping assigns every knowledgebase factor to exactly one
join tree node. It therefore follows from the commutativity of combination and the
neutrality axiom that

Rvi = ¢10...0emeRexy

i€V eV
= 01Q..0¢nQeqq) = dVeqy) = ¢
The second equality follows from the third requirement of Definition 3.8. ]

When a covering join tree is obtained from the graphical fusion process, its
node numbering is determined by the variable elimination sequence, i.e. a node gets
number ¢ € N if is was created during the elimination of the i-th variable in the
fusion process. This particular numbering shaped up as very useful to identify the
sending and receiving node during the message-passing process. However, if local
computation is defined on arbitrary covering join trees, such a node numbering has
to be introduced artificially. To do so, we first fix a node which covers the query as
root node and assign the number |V| to it. Then, by directing all edges towards the
root node m, it is possible to determine a numbering in such a way that if j is a node
on the path from node 7 to m, then 7 > i. Formally, let (V, E, A, D) be a join tree.
We determine a permutation 7 of the elements in V such that

o w(k) = |V|, if k is the root node;
e 7(j) > =(i) for every node j € V lying on the path between ¢ and |V].

The result is a renumbered join tree (V, F', A, D) with edges E' = {(#(¢),#(5)) :
(z,7) € E} that is usually called a directed join tree towards the root node |V|. Note
also that such a numbering is not unique. It is furthermore convenient to introduce
the notions of parents, child, and leaves with respect to this node numbering:

Definition 3.11 Let (V, E, A\, D) be a directed join tree towards root node |V |.
e The parents pa(i) of a node i are defined by the set

pa(’) = {j:j<iand(i,j)€ E}.
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e Nodes without parents are called leaves.

o Thechild ch(i) of anode i < |V| is the unique node j withj > iand (i,j) € E.

In this numbering parents always have a smaller number than their child.

Definition 3.12 Ler (V, E, A, D) be a directed join tree towards root node |V|.
o The separator sep(i) of a node i < |V| is defined by sep(i) = A(i) N A(ch(2)).
e Theeliminator elim(i) of anode i < |V|isdefined by elim(i) = (i) —sep(3).

Finally, the definition of a tree implies that whenever one of its edges (4, ch()) is
removed, the tree splits into two separated trees where the one that contains the node ¢
is called subtree rooted to node i, abbreviated by 7;. Clearly, the running intersection
property remains satisfied if join trees are cut in two.

Example 3.17 Consider the join tree of Figure 3.15 which corresponds to the join
tree of Figure 3.11 directed towards node {B, D, E} and renumbered according
to the above scheme. The parents of node 5 are pa(5) = {2,4} and its child is
ch(5) = 6. Further, we have sep(5) = {E, L} and elim(5) = {B}. Also, if we for
example cut the edge between the nodes 5 and 6, we obtain two trees that both satisfy
the running intersection property.

3.7 JOIN TREE CONSTRUCTION

Before we actually describe how local computation can be performed on arbitrary
covering join trees, we should first say a few words about how to build covering join
trees for an inference problem. In fact, this topic is a broad research field by itself,
which makes it impossible at this point to give all the important references. However,
from our complexity studies of the fusion algorithm, we know the principal quality
criterion of a join tree. The treewidth of the join tree determines the complexity of local
computation and therefore, we focus on finding covering join trees whose treewidth
is as small as possible. We further know that the treewidth of the inference problem
provides a lower bound. Finding such an optimum join tree is NP-hard. Thus, if we
want to achieve reasonable local computation complexity, we are forced to fall back on
heuristics. There are a many different heuristics to find a suitable variable elimination
sequence as for example (Rose, 1970; Bertele & Brioschi, 1972; Yannakakis, 1981;
Kong, 1986; Almond & Kong, 1991; Haenni & Lehmann, 1999; Allen & Darwiche,
2002; Hopkins & Darwiche, 2002). An overview of recommended heuristics can be
found in (Lehmann, 2001; Dechter, 2003) and a comparison is drawn by (Cano &
Moral, 1995). These methods deliver a variable elimination sequence from which
the covering join tree is constructed using some possibly improved version of the
graphical fusion process of Section 3.2.1. The justification of this approach is the fact
that no better join tree can be found if we do without variable elimination {Arnborg,
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1985; Dechter & Pearl, 1989). However, building a join tree from a previously
fixed elimination sequence requires a lot of knowledgebase rearrangement operations
that in turn can lead to severe performance problems. A particularly efficient way
has been proposed by (Lehmann, 2001) and uses a data-structure called variable-
valuation-linked-list. It directly returns a covering join tree including an assignment
mapping that assigns at most one knowledgebase factor to each join tree node. This
is often a very advantageous property since it avoids that combinations are executed
before the actual local computation algorithm is started. On the other hand, such join
trees generally contain more nodes and therefore also require to store more factors
and messages during local computation. To sum it up, covering join trees can be
found by the graphical fusion process and some variable elimination sequence. As
a complement, we skim over an alternative but equivalent method to construct join
trees starting from the primal graph of the knowledgebase.

3.7.1 Join Tree Construction by Triangulation

Imagine the primal graph representation of a knowledgebase as introduced in Section
2.2. Here, the variables of the knowledgebase valuations correspond to the graph
nodes, and two nodes are linked if the corresponding variables occur in the domain of
the same valuation. Its associated dual graph has a node for each factor domain, and
the nodes are connected if they share a common variable. Therefore, each valuation
is naturally covered by some node of the dual graph. Finding a covering join tree
therefore consists in removing edges from the dual graph until it is a tree that satisfies
the running intersection property. The following theorem (Beeri et al., 1983) states
under which condition this is possible:

Theorem 3.4 A graph is triangulated if, and only if; its dual graph has a join tree.

A graph is called triangulated if each of its cycles of four or more nodes has an
edge joining two nodes that are not adjacent in the cycle. Elsewhere, triangulated
graphs are also called chordal graphs where the chord refers to the introduces edges
during the triangulation process. Figure 3.12 shows a cycle of six nodes together with
two possible triangulations.

H—@ oSl c—2
& O @ S
D—G o olo

Figure 3.12 A graph with two possible triangulations.

Obviously, there are different possibilities to triangulate a graph. Various algo-
rithmic aspects of this task are discussed in (Tarjan & Yannakakis, 1984). Here, we
give a simple procedure from (Cano & Moral, 1995) that is based on a node elimina-
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tion sequence (X7, ..., X,). Applied to primal graphs, this clearly corresponds to a
variable elimination sequence.

e Fori=1,...,n:

— Connect all pairs of nodes that are neighbors to X;. Let L; denote the set
of added edges.

~ Remove node X and all edges connected to this node from the graph.
e To obtain the triangulation of the original graph, add all edges in |, L;.

In fact, this algorithm corresponds exactly to the procedure of constructing an induced
graph from a primal graph described in Section 3.2.4. We thus conclude that the
induced graph of a primal graph ordered along a given variable elimination sequence
is equal to the triangulated graph obtained from the same elimination sequence. This
supports the above statement that constructing join trees via graph triangulation is
just another interpretation of the methods introduce before.

Example 3.18 Consider the knowledgebase of the medical example from Instance
2.1, whose domains are listed in Example 3.1, and draw up its primal graph:

If we want to ensure that the join tree covers some specified query, then the query
must also be added to the primal graph. This mirrors the insertion of a correspond-
ing neutral element into the knowledgebase. We choose the elimination sequence
(X,S,L,T,E, A, B, D) and execute the above algorithm:

e Elimination of variable X :

o Elimination of variable S:
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o Elimination of variable L:

o Elimination of variable T':

e Elimination of variable E:

At this point, the triangulation process can be stopped because the remaining nodes
form a clique. Figure 3.13 shows the completed triangulation of the primal graph
which is in fact equal to the induced graph that we obtain from the same elimination
sequence by the procedure of Section 3.2.4, see Example 3.8. We further observe that
the triangulated graph has the maximal cligues {B,L, S}, {B,E,L,T}, {A,E, T},
{A,B,E,T}, {A,B,D,E} and {E, X }.
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Figure 3.13  The triangulated primal graph of the medical example from Instance 2.1.

We now have a triangulated graph from which we can derive the join tree that was
promised in Theorem 3.4. For this purpose, we identify all maximal cliques in the
triangulated graph and build a new graph whose nodes are the maximal cliques. Each
node is connected to all other nodes and each edge is labeled with the intersection of
the corresponding cliques. Such a graph is called a join graph. Further, we refer to
the weight of an edge in the join graph as the number of variables in the edge label.
The following theorem is proved in (Jensen, 1988).

Theorem 3.5 A spanning tree of a join graph is a join tree if, and only if, its sum of
edge weights is maximal.

An important advantage of this characterization is that standard enumeration
algorithms for spanning trees (Broder & Mayr, 1997) can be used. Note also that
several join trees with the same weight may exist, as it can easily be seen in the
following example. These join trees clearly have the same nodes and thus the same
treewidth, but they may distinguish in the separator widths.

£} {AET} (BET}

8L}

{EX}

Figure 3.14  The join graph of the triangulation from Example 3.18 and a possible join tree
derived as a spanning tree with maximal weight.

Example 3.19 The left-hand side of Figure 3.14 shows the join graph obtained
Jfrom the cliques identified in Example 3.18. There are 6 nodes which implies that a
spanning tree must have b edges. A spanning tree with maximal weight can be found
by including the three edges with weight 3 and choosing the other two edges with

www.it-ebooks.info


http://www.it-ebooks.info/

THE COLLECT ALGORITHM 87

maximal weight among the remaining candidates. There are several join trees with
maximal weight, one being shown on the right-hand side of Figure 3.14.

We now abandon the widespread field of join tree construction and focus in the
following sections on the solution of single-query inference problems based on a
previously built covering join tree.

3.8 THE COLLECT ALGORITHM

The collect algorithm is the principal local computation scheme for the solution of
single-query inference problems. It presupposes a covering join tree for the current
inference problem that is directed and numbered according to the scheme at the end
of Section 3.6 and that keeps a factor 1; on every node j which is defined according
to equation (3.30). We therefore say that 1); represents the initial content of node j.
The collect algorithm can then be described by three simple rules:

R1: Each node sends a message to its child when it has received all messages from
its parents. This implies that leaves (i.e. nodes without parents) can send their
messages right away.

R2: When a node is ready to send, it computes the message by projecting its current
content to the separator and sends the message to its child.

R3: When a node receives a message, it updates its current content by combining
it with the incoming message.

This procedure is repeated up to the root node. It follows from this first sketch that
the content of the nodes may change during the algorithm’s run. To incorporate this
dynamic behavior, the following notation is introduced.

. w;l) = 1; is the initial content of node j.

. w§i) is the content of node j before step 4 of the collect algorithm.

The particular way of numbering the nodes of the directed join tree implies that at
step ¢, node 7 can send a message to its child. This allows the following specification
of the collect algorithm.

e At step ¢, node ¢ computes the message

Pisen = Wi, (3.32)
This message is sent to the child node ch(i) with node label A(ch(3)).
o The receiving node ch(¢) combines the message with its node content:

’wg:il)) = ¢£Q(i)®/li—>ch(i)- (3.33)
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The content of all other nodes does not change at step i, i.e. for all j # ch(i)
it = ), (3.34)

The justification of the collect algorithm is formulated by the following theorem.
Remember that the root node has been chosen in such a way that it covers the query
of the inference problem.

Theorem 3.6 At the end of the collect algorithm, the root node r = |V| contains the
marginal of ¢ relative to \(r),

P = g, (3.35)

The proof of this theorem can be found in the appendix of this chapter. The
marginal ¢**(") can now be used to solve the single-query inference problem by one
last projection to the query x, because the latter is covered by the root node.

¢Lx _ (¢¢A(r))lz_ (3.36)

A summary of the collect algorithm is given in Algorithm 3.3. The input to this
algorithm is a covering join tree (V, E, A, D) where each node ¢ € V contains a
factor ¢; € ®. Also, the query z is given as input for the final projection of equation
(3.36) performed in the statement.

Algorithm 3.3 The Collect Algorithm
input: (V,E,\,D), = Cd(¢) output: (¢1® - ® dm)+*

begin
for i=1...|V|—1 do
Bisen() = ,d)%LA(z)ﬂ)\(ch(z));
Yeh@) = Wen(i) ® Kimsch(s)i
end;
return ¢}%;
end

The medical inference problem of Instance 2.1 is based on variables which allows
us to express projection by variable elimination. Thus, if we illustrate the collect
algorithm on the same join tree as the fusion algorithm in Example 3.13, we repeat
exactly the same computations. We therefore consider a new query for the illustration
of the collect algorithm in Example 3.20.

Example 3.20 We reconsider the knowledgebase of the medical inference problem
with the new query z = {B, E} and use the join tree of Figure 3.11 for the com-
putation. It has already been shown in Example 3.16 that this join tree covers our
knowledgebase. Since node 4 of Figure 3.11 covers the new query, we directly have a
covering join tree for the new inference problem. However, the node numbering has
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to be modified such that node 4 becomes the new root node. A possible renumbering
is shown in Figure 3.15 and the new node factors are: Y7 = &1 ® P2, Y2 = ¢,
Y3 = ¢3®Pa® P, Y1 = d6, Y5 = €(E, 1}, Y6 = €(B,E,L} Y7 = ¢7. The messages

sent during the collect algorithm are:
® fis2 = wf’\(l)m@) = (¢ ® ¢g)HT}
* pzss = (Y2 ® H1—>2)¢'\(2)m(5) = (s ® N1—>2)HE’L}

® 3,6 = ¢§A(3)n/\(6) = (¢3®¢4®¢8)J’{B’L}

o s = PPONE _ GUE)

PEINAE) = ( )l{E,L}

o fisn6 = (Vs ®p25® pass) €(E L} D25 fass

® g7 = (w6®ﬂ3—)6®ﬂ5—>6)l>‘(6)n>‘(7) = (e{B,E,L}®N3—>6®M5—)6)“B’E}

At the end of the message-passing, the content of node 7 is:

Y7 Q@ Ues7 = P ® Lot

and, according to Theorem 3.6, the query { B, E} is obtained by one last projection:

d)iv{B’E} —_ (1[)7 ®/1/6—+7)¢{B’E}

Figure 3.15 A complete run of the collect algorithm.
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3.8.1 The Complexity of the Collect Algorithm

In the complexity study of the fusion algorithm, we brought forward the argument
that all computations take place within the nodes of the join tree whose labels bound
the domains of all intermediate results. Therefore, the treewidth of the inference
problem, which reflects the minimum size of the largest node label over all possible
covering join trees, became the decisive complexity factor. This argumentation was
based on the interpretation of the fusion algorithm as message-passing scheme on a
(particular) covering join tree. Exactly the same statement can also be made for the
time complexity of the collect algorithm. However, the decoupling of the join tree
construction process from the actual local computation gives us considerably more
liberty in choosing an appropriate covering join tree for a given inference problem.
One could therefore think that perhaps other methods exist that lead to better join
trees than variable elimination can produce. The answer to this question has already
been given in Section 3.7 since for a join tree of fixed treewidth, there always exists
a variable elimination sequence producing a join tree of equal treewidth (Arnborg,
1985; Dechter & Pearl, 1989). The only difference with respect to the time complexity
of fusion given in equation (3.19) is that the number of join tree nodes is no more
proportional to the number of variables in the inference problem plus the number
of knowledgebase factors. This results from the decoupling of join tree construction
from local computation. Thus, recall that each node combines all incoming messages
to its content. There are |F| = |V'| — 1 edges, hence {V| — 1 combinations to execute.
Additionally, each new message is obtained by projecting the current node content to
the separator. This adds another {V'| — 1 projections which altogether gives 2(|V| —1)
operations. We therefore obtain for the time complexity of the collect algorithm

O(|V| flwt+ 1)). (3.37)

In the derivation of the time complexity for the fusion algorithm, the number of
operations was bounded by m + |d(¢)| with m being the number of knowledgebase
factors. It is fairly common for complexity considerations to assume a factor assign-
ment mapping of the collect algorithm that assigns at most one knowledgebase factor
to each join tree node. This ensures according to equation (3.30) that no combinations
of knowledgebase factors are executed before the collect algorithm is started, since
this would clearly falsify the complexity analysis of the latter. Therefore, similar
assumptions will also be made for the complexity analysis of all subsequent local
computation schemes. We then have m < |V| and since |V| = |d(¢)| in the fusion
algorithm, we conclude that both algorithms have the same time complexity.

Also, the space complexity is still similar to the message-passing implementation
of the fusion algorithm given in equation (3.29), although the messages are generally
much smaller. The reason is that each node combines incoming messages to its node
content. Then, the message can be discarded that makes its smaller size irrelevant.
Instead, we still keep one factor per node in memory whose size is bounded by the
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node label. Thus, we end with the following space complexity:
O(IVI cg(w™ + 1)) (3.38)

3.8.2 Limitations of the Collect Algorithm

In Section 3.2.6 we addressed two important limitations of the fusion algorithm which
should now be discussed from the viewpoint of collect. Collect is entirely based on
projection and can therefore be applied to valuations taking domains from an arbi-
trary lattice. However, in such cases we need more general prerequisites since the
definition of a join tree is still based on variables. The concepts generalizing join trees
are Markov trees where the notion of conditional independence between elements
of a general lattice replaces the running intersection property (Kohlas & Monney,
1995). We therefore conclude that the collect algorithm is, from this point of view,
more generally applicable than the fusion algorithm.

The attentive reader may have noticed that we expressed the statement about the
generality of the collect algorithm with great care. In fact, the version of the collect
algorithm given here can be applied to valuation algebras on general lattices but,
on the other hand, requires neutral elements for the initialization of join tree nodes.
This in turn is not required for the fusion algorithm, and it is indeed an extremely
limiting requirement. We have for example seen in Instance 3.4 that neutral elements
in the valuation algebra of relations often correspond to infinite tables which can
hardly be used to initialize join tree nodes. Even worse, the valuation algebra of
density functions from Instance 3.5 does not provide neutral elements at all. This
dependency of the collect algorithm on neutral elements was tacitly accepted for
many years. It can, however, be avoided. A general solution that further increases
the efficiency of the collect algorithm has been proposed by (Schneuwly et al.,2004).
We know from Lemma 3.5 that neutral elements also behave neutral with respect
to valuations of larger domains. Thus, the neutral element ey behaves neutral with
respect to all valuations ¢ € ® and could therefore be used to initialize join tree nodes.
Instead of a neutral element per domain, we only need a single neutral element for
the empty domain. Moreover, we will see in the following section that an element
with this property can always be adjoined to any valuation algebra, if the latter does
not provide neutral elements. This element is called identity element and its use
finally leads to a general collect algorithm that can be applied to every valuation
algebra without any restriction. A particular implementation of this algorithm will
also exempt the message-passing conception from its inefficient space complexity.

3.9 ADJOINING AN IDENTITY ELEMENT

We are going to show in this section that a single identity element can be adjoined
to any valuation algebra. This identity element then replaces neutral elements in the
generalized version of the collect algorithm presented in Section 3.10. Let (®, D)
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be a valuation algebra according to Definition 1.1. We add a new valuation e to ®
and denote the resulting system by (®’, D). Labeling, combination and projection
are extended from @ to ¥’ in the following way:

1. Labeling: ® — D; ¢ — d'(¢)

o (¢) =d(¢).if ¢ € ®,
e d'(e)=10;

2. Combination: ® x & — &'; (¢,9) = ¢ @' ¢

¢ &Y =¢RVifdP € P,
e pRe=e® ¢=0ifpcd,

e e®e=ce.

3. Projection: & x D — ®'; (¢,z) — ¢+'® for z C d(¢)

s

If another element e’ with the identical property that €' ® ¢ = ¢ ® €' = ¢ for
all ¢ € @' already exists in @, there is no need to perform the extension. This
is in particular the case if the valuation algebra provides a neutral element for the
empty domain. We will next see that the proposed extension of (@, D) conserves
the properties of a valuation algebra. The simple proof of this lemma is given in
(Schneuwly et al.,2004).

Lemma 3.9 (&', D) with extended operations d', &' and |’ is a valuation algebra.

If there is no danger of confusion, we usually identify the operations in (®’, D)
with their counterparts in (®, D). Doing so, we subsequently write d for d’, ® for ®’
and | for |’.

3.10 THE GENERALIZED COLLECT ALGORITHM

Finally, in this section, we derive the most general local computation scheme for the
solution of single-query inference problems. It essentially corresponds to the collect
algorithm of Section 3.8 but avoids the use of neutral elements. Instead, we assume
a valuation algebra (®, D) with an identity element e € ®. The first occurrence of
neutral elements in the collect algorithm is in equation (3.30) that defines the join
tree factorization or, in other words, the initial node content for the message-passing.
This equation can easily be rewritten using the identity element:

Definition 3.13 Let a be an assignment mapping for a factorization ¢ regarding the
nodes V of a covering join tree (V, E, \, D). The node factor i € V assigned by a is

v = e@ Q) ¢ (3.39)

j:a(g)=i
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Also, the important statement of Lemma 3.8 still holds under this new setting:

Rvi=61®.. 0tmQ)e =18..0¢n0e = g0 = ¢.

eV eV

In the subsequent sections, we always consider this modified factorization as join
tree factorization. Each factor 7); corresponds either to a single factor of the original
knowledgebase, a combination of some of them, or to the identity element if the factor
set of the combination in equation (3.39) is empty. However, there is one essential
difference between the two factorizations of equation (3.30) and (3.39). When neutral
elements are used, it is always guaranteed that the domain of the factors covers the
join tree node label entirely, i.e. we have d(v;) = A(¢). This is a consequence of the
neutral element used in equation (3.30). On the other hand, if the identity element is
used to initialize join tree nodes, we only have d(1;) C A(i). It is therefore important
to distinguish between the node label A(¢) and the node domain d(v;): the node
domain refers to the domain of the factor that is actually kept by the current node
and this value may grow when incoming messages are combined to the node content.
The label, on the other hand, represents the largest possible domain of a factor that
would fit into this node and always remains constant.

Example 3.21 The factors of Example 3.16 change only marginally under this mod-
ified definition. We now have {5 = s = e.

The generalized collect algorithm for the solution of single-query inference prob-
lems without neutral elements can now be described by the following rules:

R1: Each node sends a message to its child when it has received all messages from
+ its parents. This implies that leaves can send their messages right away.

R2: When a node is ready to send, it computes the message by projecting its current
content to the intersection of its domain and its child’s node label.

R3: When a node receives a message, it updates its current content by combining
it with the incoming message.

One has to look closely to detect the difference to the collect algorithm given in
Section 3.8. In fact, only Rule 2 changed in a small but important way. Remember,
the node domain may now be smaller than the node label due to the use of identity
elements. If node ¢ would project its node factor to the separator A(z) N A(ch(i)),
then this could lead to an undefined operation since A(2) N A(ch(i)) C d(v);) does
not necessarily hold anymore. Instead, the factor is projected to d(1);) N A(ch(%)). In
Section 3.8 we already introduced a notation to incorporate the dynamic behavior of
the node factors during the message-passing. This notation must now be extended to
take the growing node domains into consideration:

. 1/1](.1) = 1p; is the initial content of node 7.

) w;i) is the content of node j before step  of the collect algorithm.
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A similar notation is adopted to refer to the domain of a node:
. wJ(l) = wj = d(1;) is the initial domain of node j.

. w](-i) = d(wj(-i) ) is the domain of node j before step 7 of the collect algorithm.

As before, the particular way of numbering the nodes of the directed join tree implies
that at step ¢, node ¢ can send a message to its child. This allows the following
specification of the generalized collect algorithm,

e At step 7, node ¢ computes the message

. (i) .
Hiseny = i D, (3.40)

This message is sent to the child node ch(i) with node label A(ch(3)).
o The receiving node ch(i) combines the message with its node content:
G+1) ()
wch(i) = wch(i) & Misch(i)- (341)
Its node domain changes to:
wS:Zil)) - d(%g(ril))) - ‘”Sl)(i) U (wgi) n )‘(Ch(i))) : (342)
The content of all other nodes does not change at step 1,

Pt =yl (3.43)

for all § # ch(i), and the same holds for the node domains:

WD =0, (3.44)

The justification of the collect algorithm is formulated in the following theorem.
Remember that in case of single-query inference problems, the root node is always
chosen in such a way that it covers the query.

Theorem 3.7 At the end of the generalized collect algorithm, the root node r = {V|
contains the marginal of ¢ relative to A(r),

P = ), (3.45)

The proof of this theorem is given in the appendix of this chapter. We should also
direct our attention to the implicit statement of this theorem that the node domain
of the root node d(wﬁr)) always corresponds to its node label A(r) at the end of the
collect algorithm. This is again a consequence of the third requirement in Definition
3.8 as shown in the proof of the collect algorithm. We then obtain the solution of the
single-query inference problem by one last projection:

s = (¢¢A(r))“ _ (3.46)
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Algorithm 3.4 The Generalized Collect Algorithm
input: (V,E,\, D), z Cd(¢) output: (¢ ®...Q® dpm)*®

begin
for i=1...[V|-1 do
Biseh(i) ©= ¢jd(wi)ﬂ>\(ch(l));
Yen) = Yen(s) @ Bimseh(s)i
end;
return d)#z;
end

Example 3.22 Example 3.21 gives a modified join tree factorization based on the
use of identity elements instead of neutral elements. Since this concerns only the
two factors 15 and g, only the messages ps_,¢ and pig_7 change with respect to
Example 3.20.

P NA(6) WE,L}

(
5: psoe = (Vs ® Hos ® pass) s = (eQ pa—s @ [4—s)

(6)
6: por = (Y6 ® Uae @ psye) b MO = (e® p3—6 ® Ms-»e)l{B’E}

The collect algorithm based on identity elements instead of neutral elements is the
most general and fundamental local computation scheme for the solution of single-
query inference problems. Moreover, this algorithm will play an important part in the
following chapter in which local computation procedures for multi-query inference
problems are studied. It turns out that many algorithmic insights concerning the
computation of multiple queries can be derived from the correctness of the collect
algorithm. We therefore list some further properties for later use, starting with a
partial result of the generalized collect theorem for each subtree:

Lemma 3.10 At the end of the generalized collect algorithm, node i contains
J,wﬁi)
o = Q| (3.47)
JjeTi
The proof is given in the appendix of this chapter. Comparing this result with
Theorem 3.7 indicates that only the label of the root node is guaranteed to be filled
after the generalized collect algorithm, because it is not sure that all the variables in
A(i) are covered by some factors in the current subtree. However, as the following
lemma states, the node labels can be scaled down to coincide with the node domain
and the resulting tree will again be a join tree.

Lemma 3.11 At the end of the collect algorithm executed on a join tree T =
(V,E, A, D), the labeled tree T* = (V, E, A*, D) with
A*(i) = wl(i) = wz(r)

fori=1,...,r is still a covering join tree for the projection problem.
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Proof: 1t will be shown that the running intersection property is still satisfied
between the nodes of the labeled tree 7. Let ¢ and j be two nodes whose reduced
labels contain X, i.e. X € A*(4) N A*(j). There exists a node k with X € A(k) and
i, < k, since X € A(Z) N A(F). By the same token, X € A(ch(z)). Then, from

N (ch(i) = wily U (@) N A(ch(i))

follows that X € A*(ch(i)) and by induction along the path from i to k, X € A*(k).
The same argument applies to the nodes on the path from j to k£ and therefore the
running intersection property holds for 7*. The fact that 7* covers the original
knowledgebase factors follows directly from w; C w(r) ]

The last property highlights the relationship between node domains and labels:

Lemma 3.12 It holds that

W nwlly = W N k(). (3.48)
Proof: The left-hand part of this equation is clearly contained in the right-hand part,
because w y € A(ch(4)). Remembering that w® = wgr) fori =1,...,r and that

(J ) are non- decreasmg inj = 1,2... the reversed inclusion is derived as follows:

( ) (r) (r) (i+1
UNwgpy 2w N wch(z’))
= W0 ( WU (wg" N )\(ch(i))))
_ ( O awd, )) U (wg") ﬂ/\(ch(i)))
= W N A(ch(d)).
The last equality follows from w® - w® C A(ch(i)). ]
ch(i) ch(i) =

3.10.1 Discussion of the Generalized Collect Algorithm

The generalized collect algorithm is the most general and fundamental local compu-
tation scheme for the solution of single-query inference problems. It depends neither
on a particular lattice such as the fusion algorithm, nor on the existence of neutral
elements. Consequently, this algorithm can be applied to any valuation algebra and
it is therefore also qualified to serve as a starting point for the development of further
local computation procedures in the following chapters. Besides its generality, there
is a second argument for the use of the generalized collect algorithm. Using neu-
tral elements to initialized join tree nodes blows the node content up until its domain
agrees with the node label. All operations performed during the message-passing then
take place on this maximum domain. On the other hand, using the identity element
keeps the node domains as small as possible with the node label as upper bound.
This makes the generalized collect algorithm more efficient, although its general
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complexity is not affected by this optimization. However, the real benefit of using
the generalized collect algorithm becomes apparent when dealing with multi-query
inference problems. We therefore refer to Section 4.1.3 in which the discussion about
this performance gain is reconsidered and illustrated.

3.10.2 The Complexity of the Generalized Collect Algorithm

We have just mentioned that the use of the identity element instead of neutral elements
for the initialization of join tree nodes does not change the overall complexity of
the collect algorithm. Computations still take place on the factor domains that are
bounded by the largest node label, and incoming messages are still combined to the
node content. This repeats the two main arguments that lead to the complexity bounds
given in equation (3.37) and (3.38). However, there is a technique to reduce the space
complexity of the collect algorithm coming from the Shenoy-Shafer architecture
that will be introduced in the following chapter. We first point out that the space
requirement of the identity element can be neglected since it has been adjoined to
the valuation algebra (Pouly & Kohlas, 2005). If we furthermore stress a factor
distribution that assigns at most one knowledgebase factor to each join tree node, the
node initialization process does not require any additional memory. This is again in
contrast to the use of neutral elements for initialization. We next assume that each
node has a separate mailbox for all its parents. Then, instead of combining a message
directly to the node content, it is simply stored in the corresponding mailbox of the
child node. Once all mailboxes are full, a node computes the message for its child node
by combining its still original node content with all the messages of its mailboxes.
Clearly, this is equal to the node content just before computing the message (4; ,ch (i)
in the above scheme. Finally, we project this valuation as proposed in equation (3.40)
and send the result to the mailbox of the child node. It is clear that the statement of
Theorem 3.7 (and Lemma 3.10) must be adapted under this optimization. At the end
of the message-passing, the root node does not contain the projection of the objective
function to its node label directly, but this result must first be computed by combining
its still original node content with all the messages of its mailboxes. We pass on a
formal proof for the correctness of this particular implementation of the generalized
collect algorithm at this point, since it will be given in Section 4.1.1. Instead, we
now analyze its impact on the space complexity: this procedure does not combine
messages to the content of the receiving nodes but stores them in mailboxes and
computes their combination only as an intermediate result of the message creation
process, or to return the final query answer. Then, as soon as the message has been
sent, this intermediate result can be discarded. Thus, instead of keeping |V'| node
factors, we only store |E} = [V| — 1 messages. According to equation (3.40) the
size of a message sent from node i to node ch(i) is always bounded by the size of
the corresponding separator sep(i) = A(i) N A(ch(?)). Consequently, the space of
all messages in a complete run of the collect algorithm are bounded by the largest
separator size in the join tree called its separator width. Similarly to the treewidth, we
define the separator width of an inference problem by the smallest separator width
over all possible covering join trees and write sep™ for this measure. This leads to the
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following bound for the space complexity of this implementation:

(9<g(w* +1)+ V]| ~g(sep*)). (3.49)

We conclude from the definition of the separator that sep* < w* or, in other words,
that the separator width of an inference problem is not larger than its treewidth.
Moreover, in practical applications the separator width is often much smaller than the
treewidth. This generalizes the space complexity derived from the fusion algorithm in
equation (3.20) to arbitrary covering join trees. It will be shown in Section 5.6 that for
certain valuation algebras, we can omit the explicit computation of the node content
and directly derive the message from the original node factor and the messages in
the mailboxes. Then, the first term in the equation (3.49) vanishes, and the mailbox
implementation of the generalized collect algorithm indeed provides a noteworthy
improvement regarding space complexity.

It corresponds to the relevant literature (Pouly, 2008; Schneuwly, 2007; Schneuwly
et al.,2004) to introduce the generalized collect algorithm in the above manner,
although the improvement based on mailboxes is clearly preferable for computational
purposes. On the other hand, combining messages directly to the node content often
simplifies the algebraic reasoning about the collect algorithm and makes it possible
to apply its correctness proof to other local computation schemes. In the following
chapter, we will introduce the Shenoy-Shafer architecture as a local computation
technique to solve multi-query inference problems. This architecture is entirely based
on the mailbox scheme, and if we only consider some part of its message-passing,
we naturally obtain the mailbox implementation of the generalized collect algorithm.
This allows us to refer to equation (3.49) when talking about the space complexity
of the generalized collect algorithm. Finally, since the collect algorithm with neutral
elements does not have any advantage over its generalized version, we subsequently
refer to the second approach as the collect algorithm.

3.11 AN APPLICATION: THE FAST FOURIER TRANSFORM

In this last section, we focus on the application of local computation to the single-
query inference problem derived from the discrete Fourier transform in Instance 2.6.
There are several reasons why this exact problem has been chosen for a case study:
from a historic perspective, local computation methods were introduced to deal with
problems of exponential (or even higher) complexity. But a direct computation of the
discrete Fourier transform given in equation (2.8) only requires O(/N?) operations,
if N denotes the number of signal samplings. Moreover, a clever arrangement of
the operations even leads to a O(N - log N') complexity known as the fast Fourier
transform. In fact, there is a whole family of algorithms that share this improved
complexity, such that the notion of a fast Fourier transform does not refer to a single
algorithm but rather to all algorithms that solve the discrete Fourier transform with a

www.it-ebooks.info


http://www.it-ebooks.info/

AN APPLICATION: THE FAST FOURIER TRANSFORM 99

time complexity of O(N - log V). Our case study thus shows the effect of applying
local computation to a polynomial problem.

H 3.12 The Fast Fourier Transform

Instance 2.6 transformed the discrete Fourier transform into a single-query
inference problem by the introduction of variables. The next step therefore
consists in finding a covering join tree for the inference problem of equation
(2.9). This however is not a difficult task due to the very structured factor
domains in the inference problem. This structure is illustrated in Figure 2.11
on page 44. Figure 3.16 shows a possible join tree for the discrete Fourier
transform. There are /. + 1 nodes, and we quickly remark that the running
intersection property is satisfied. It is furthermore a covering join tree: the root
node corresponds to the query { Ky, ..., Km_1} and the knowledgebase fac-
tors can be distributed as shown in Figure 3.16. Thus, executing the generalized
collect algorithm on this join tree computes a discrete Fourier transform.

{No, ... Nm-iKo, ... Ki1}

e ==
G (70

Figure 3.16 A possible covering join tree for the discrete Fourier transform.

Let us now analyse the time complexity of these computations. It is known
from Section 3.10.2 that the time complexity of the generalized collect algo-
rithm is bounded by

o(Iv)- s +1).
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We used the valuation algebra of (complex) arithmetic potentials in the deriva-
tion of the inference problem for the discrete Fourier transform. All variables
are binary and we obtain a possible weight predictor from equation (3.17). Also,
we have [V| = m + 1 nodes, and the largest node label has m + 1 variables.
This specializes the complexity bound to:

O (m . 2m+1) .

In Instance 2.6 we chose N = 2™, thus m = log IV which finally results in

O(N-logN).

This analysis shows that we obtain the time complexity of the fast Fourier transform
by application of local computation. It is important to note that the local computation
approach does not correspond to the classical scheme of J. Cooley and J. Tukey (Coo-
ley & Tukey, 1965) that is based on the divide-and-conquer paradigm. Nevertheless,
local computation reproduces the same complexity which makes it join the family
of fast Fourier transforms. From a more general perspective, this result suggests that
there may be good reasons to apply local computation techniques also to polynomial
problems. This opens a new field of application for the theory in this book that has
not yet been caught completely by the research community. Further applications of
local computation to polynomial problems will be studied in Chapter 6 and 9 which
both deal with formalism to model path problems in graphs.

3.12 CONCLUSION

This chapter was focused on the solution of single-query inference problems. We
pointed out that the memory requirement of valuations as well as the time complexity
of their operations generally increase with the size of the involved domains. This
increase may be polynomial, but it is in many cases exponential or even worse which
makes a direct computation of inference problems impossible. Instead, it is essential
that algorithms confine in some way the size of all intermediate results that occur
during the computations. This is the exact promise of local computation. The simplest
local computation scheme is the fusion or bucket elimination algorithm. It is based on
variable elimination instead of projection and is therefore only suitable for valuation
algebras based on variable systems. The analysis of its time and space complexity
identified the treewidth of the inference problem as the crucial complexity measure
for local computation. It also turned out that especially the memory consumption
of the fusion algorithm is often too high for practical purposes. A very promising
approach to tackle these problems is to decouple join tree construction from the
actual local computation process. We may then take an arbitrary covering join tree
for the solution of a given inference problem and describe local computation as a
message-passing scheme where nodes act as virtual processors that independently
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compute and transmit messages. Doing so, all local computation schemes become
distributed algorithms. The decoupling process leads to the collect algorithm that is
based on projection and therefore also applicable for valuations with domains from an
arbitrary lattice. In its first occurrence, however, the collect algorithm presupposed the
existence of neutral elements to initialize join tree nodes. In addition, it suffered from
an even worse space complexity than the fusion algorithm. An algebraic solution for
the dependence on neutral elements adjoins a unique identity element to the valuation
algebra that is henceforth used for node initialization. Now, the collect algorithm can
be applied to all formalisms that satisfy the valuation algebra axioms without any kind
of restriction. Furthermore, computations generally take place on smaller domains and
no unnecessary combinations with neutral elements are executed. The last addressed
issue was the still unsatisfactory space complexity of the collect algorithm that comes
from the algebraic description where each node combines incoming messages to its
content. Alternatively, we proposed an implementation where messages are stored in
mailboxes and only combined for the creation of the child message. Immediately after,
the combination is again discarded. Consequently, the collect algorithm only stores
messages that generally are much smaller than their combination as node content.
The general space complexity reduces slightly under this setting, but for the valuation
algebras we are going to study in Chapter 5, this reduction may be considerable. A
similar caching policy based on mailboxes will take center stage in the following
chapter where multi-query inference problems are treated. The last section of this
chapter applied the collect algorithm to the inference problem of a discrete Fourier
transform. Doing so, the treewidth complexity of local computation turns into the low
polynomial complexity of the fast Fourier transform. This is a strong argument for
our claim that local computation may also be useful to solve problems of polynomial
nature.

Appendix: Proof of the Generalized Coliect Algorithm

We prove Theorem 3.7 which is a generalization of Theorem 3.6. The following
lemma will be useful for this undertaking:

Lemma C.13 Define

y = Jo! i=1,...,r (C.1)

.
L]

Then, fori=1,...,7r—1,
dyit1

v’ = @Y = gt (€2)
j=t

j=it1
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Proof:  First, it has to be ensured that y;, 1 C y; holds in order to guarantee that the
projection in equation (C.2) is well defined:

Y = w(l) Uwﬁl(l) U U wj(l)
Jj=i+1,5#ch(i)
r
i+1 i+1
Yivy1 = ""S;(z)) U U wj(‘ )‘
J=i+1,j#ch(i)

From equation (3.42) it follows that
WD 2 W A (i) € Wl Ul 3
and since w](iH) = w§i) for all j # ch(i), ys41 C y; holds.
Next, the following property will be proved:
W Ny = WP N k(). (C.4)

Assume first that X € wgi) N A(ch(%)). Then, equation (C.3) implies that X € wS;(rzl))
and hence, by the definition of y;,1, we have X € y;1. Thus, X € wgi) N Yig1-
On the other hand, assume that X € w( 9N yi+1. Then, by the running intersection

property and the definition of y; .1, X € A(ch(¢)) and therefore X € wgi) NA(ch(7)).

An immediate consequence of equation (3.42) and (3.43) is that

+1 i+1
Yit1 = Sl(z)u U “’J(‘H)
j=i+1,j#ch(s)

(%) (3)
2 wch(i)u U w;”.
j=i+1,j#ch(i)

U

We therefore obtain by application of the combination axiom and Property (C.4):

dyin . {yit1

e e @)
Q¥ = |WWelvmne & ¥
j=i j=i+1,5#ch(3)

T

w(l iw )Nyser & w(h( ) ® ® ,w](@

J=i+1,j#ch(i)

fl

T

— DA o 0]
= ¥ ®Unn® QY
j=i+1,j%#ch(i)

W) o GH) ) gt
Y © @ ¥V = Q wT

j=i+1,5ch(i) j=it1
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This proves the first equality of (C.2). The second is shown by induction over ¢. For
1 = 1, the equation is satisfied since

y2 ly2
T

®¢§1) — ®¢] = \v2.
j=1

i=1

Let us assume that the equation holds for 4,

T

®1/)J(’) — ¢lyi.

i=i

Then, by transitivity of marginalization,

. , Iyt
® v = |@u] = e = g
j=i+1 Jj=i
which proves (C.2) for all i. [

Theorem 3.7 can now be verified:

Proof of Theorem 3.7
Proof : By application of equation (C.2) for ¢ = r — 1, it follows that

yr = Wi (C.5)

It remains to prove that wi = A(r). For this purpose, it is sufficient to show that if

X € A(r) then X € w' since wi"” C A(r). Let X € A(r). Then, according to the
definition of the covering join tree for an inference problem, there exists a factor ;

with X € d(v;). ¥; is assigned to node p = a(j) and therefore X € w,(,p ). equation

(3.41) implies that X € W((;Z?pl)) and X € w'” follows by repeating this argument up

to the root node r. ]

Proof of Lemma 3.10

Proof: Node 1 is the root of the subtree 7; and contains the marginal to wgi) of the
factors associated with 7; due to equation (C.5). | |

PROBLEM SETS AND EXERCISES

C.1* Propose a weight predictor for the valuation algebra of Gaussian potentials.

C.2* Exercise B.1 in Chapter 2 asked to analyse the two inference problems from
the discrete cosine transform and the inference problems from the discrete Fourier
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transform. Continue this analysis by showing that all three problems can be solved
with the same covering join tree from Instance 3.12.

C.3* Apply the collect algorithm to the inference problem of the Hadamard trans-
form derived in Instance 2.5 and show that a clever choice of the covering join tree
leads to the time complexity of the fast Hadamard transform. Indications are given
in (Aji & McEliece, 2000; Gonzalez & Woods, 2006).

C.4* Ifneutral elements are present in a valuation algebra (®, D), we may introduce
an operation of vacuous extension as shown in equation (3.24). Prove the following
properties of vacuous extension:

1. ifz C ythenelV = ey;

2. if d(¢) = z thenforall y € D we have ¢ ® e, = = pTely,

3. if d(¢) = z then ¢'® = ¢;

4. ifd(¢) =z andy C z, then g ® ey = ¢;

5. ifd(¢) =z andx C y C z, then (¢T¥)1* = ¢'%;

6. if d(¢) = z,d(y)) = y,and 2,y C 2, then (¢ @ P)1* = ¢1* @ PT%;
7. if d(¢) = z,d(1h) = y, then ¢ @ ¢ = ¢T2VY @ T2y,

8. if d(¢) = x then (¢T=U¥)W = (pt=MW)Ty,

The solution to this exercise is given in (Kohlas, 2003), Lemma 3.1.

C.5* Ina valuation algebra with neutral element (®, D) we may define a transport
operation as follows: For ¢ € ® withd(¢) = zand y € D,

oY = (¢Tzuy)¢y' (C.6)
Due to Property 8 in Exercise C.4 we also have

Y = (¢izﬁy)Ty_ (C.7)
Prove the following properties of the transport operation:

1. if d(¢) = x then ¢7F = ¢;

3. if d(¢

()

2. ifd(¢) =z and z,y, C 2 then ¢V = (¢1)}¥
(¢) = zand z C y then ¢ = ¢'¥;
)

4. ifd(¢) = x and z D y then ¢p—¥ = ¢'¥;
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5. ify C z then ¢7¥ = (¢72)7¥;
6. For each ¢ and all z,y we have (¢™%) ™Y = (¢—*) 7,
7. if d(¢) = z and d(¢)) = y then (¢ @ ¢) ™" = d R Y7

The solution to this exercise is given in (Kohlas, 2003), Lemma 3.2.

C.6 * Let (®, D) be a stable valuation algebra according to Definition 3.6. Based
on the transport operation of equation (C.6), we further define the following relation:
For ¢, € ® with d(¢) = z and d(¢V) = y we have

¢=1v¢ if andonlyif, ¢7Y =14 and v * = ¢. (C.8)

a) Prove that this relation is an equivalence relation satisfying the properties
¢ = ¢ (reflexivity), ¢ = 1 implies ¢ = ¢ (symmetry) and ¢ = ¢ and
1) = nimplies that ¢ = 7 (transitivity) for ¢, ¢, € ®. The solution to this
exercise is given in (Kohlas, 2003), Lemma 3.3.

b) Prove that this relation is further a congruence relation with respect to the
operations of combination and transport, i.e. verify the following properties.
The solution to this exercise is given in (Kohlas, 2003), Theorem 3.4.

1. if ¢ = 9 and ¢ = 9/, then o1 ® P = Y1 ® Yo
2. if ¢ = ¢ then it holds for all z € D that ¢p—% = ¢ =,

¢) Let r be a set of variables and D = P(r) its powerset. Prove that for
¢, € ® we have ¢ = 1 if, and only if,

" = Y. (C.9)

C.7 ** Let (®, D) be a stable valuation algebra with the congruence relation of
equation (C.8). We next consider the induced equivalence classes defined for ¢ € ®
with d(¢) = z by [¢] = {¢p € & : 7 = ¢}. Intuitively, this groups valuations that
express the same information, even if they have different domains. As a consequence
of equation (C.9) all valuations of the same equivalence class are equal, if they are
vacuously extended to the complete variable universe. The elements [¢] are therefore
called domain-free valuations. The set of all equivalence classes forms an algebra
(¥, D), called quotient algebra, with

v o= |4

peD
Since the relation is a congruence, we may define the following operations in (¥, D):
1. Combination: [¢] ® [¢] = [¢ ® V];
2. Transport: [¢]7% = [¢7%].
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These operations are well-defined since they do not depend on the chosen represen-
tative for the equivalence classes. Verify the following properties in (¥, D):

1. forall z,y € D we have ([¢]7*)7Y = [¢]7*"Y,

2. forallz € D we have ([¢]7* ® [¢])7* = [¢]7" & [¢]7%;
3. forall x € D we have [e5]™% = [e;];

4. for all [¢] € ¥ we have [¢]™" = [¢].

The solution to this exercise is given in (Kohlas, 2003), Theorem 3.5. Structures like
(U, D) are called domain-free valuation algebras and posses a rich theory which
takes center stage in algebraic information theory.

C.8 ** We have seen in Exercise C.7 that a domain-free valuation algebra can be
obtained for every stable valuation algebra. Here, we propose the converse direction
to derive a valuation algebra starting from a domain-free valuation algebra. Let r
be a set of variables and D = P(r) its powerset lattice. We assume an arbitrary
domain-free valuation algebra (¥, D) defined by two operations

1. Combination: ¥ x ¥ — U (d,v) — ¢ Q9
2. Focusing: W x D — U; (i, x) = ™7,
satisfying the following axioms:

(D1) Semigroup: VU is associative and commutative under combination. There is a
neutral element e € Y suchthate @ ¢y = Yy ® e =y forally € U,

(D2) Transitivity: For ¥ € ¥ and x,y € D,
(w=>z):>y — w::»xﬁy‘
(D3) Combination: Fory,¢ € Vandxz € D

(D4) Neutrality: For xz € D,

(D5) Support: Fory € U,
w=>r — d)

If forvy € ¥ and ¢ € D we have ¢y~ = 1, then z is called a support of 1. Due to
Axiom (D5), r is a support of every valuation algebra and, according to (D4), every
domain is a support of the neutral element. We next consider the set of pairs

U = {(¥,x): ¢ €® and YT =}, (C.10)
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These pairs can be considered as valuations labeled by their supports. Therefore, we
define the following operations on (¥*, D):

1. Labeling: For (¢, z) € U* we define
d(v,z) = = (C.11)
2. Combination: For (¢, x), (¢,y) € U* we define
(9.2)® (¥,y) = (#®%,zUY) (C.12)
3. Projection: For (1, z) € ¥* and y C z we define
W)Y = (7). (C.13)

Prove that (I'*, D) together with these operations satisfy the axioms of a stable
valuation algebra. Indications can be found in (Kohlas, 2003), Section 3.2. Putting
these things together, we may start from a stable valuation algebra and derive a
domain-free valuation algebra, from which we may again derive a stable valuation
algebra. This last algebra is isomorph to the valuation algebra at the beginning of the
process as shown in (Kohlas, 2003). Conversely, we may start from a domain-free
valuation algebra, derive a stable valuation algebra and then again a domain-free
valuation algebra. Again, the algebras at the beginning and end of this process are
isomorph.
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CHAPTER 4

COMPUTING MULTIPLE QUERIES

The foregoing chapter introduced three local computation algorithms for the solution
of single-query inference problems, among which the generalized collect algorithm
was shown to be the most universal and efficient scheme. We therefore take this
algorithm as the starting point for our study of the second class of local computation
procedures that solve multi-query inference problems. Clearly, the most simple ap-
proach to compute multiple queries is to execute the collect algorithm repeatedly for
each query. Since we already gave a general definition of a covering join tree that
takes an arbitrary number of queries into account, it is not necessary to take a new
join tree for the answering of a second query on the same knowledgebase. Instead, we
redirect and renumber the join tree in such a way that its root node covers the current
query and execute the collect algorithm. This procedure is repeated for each query.
In Figure 3.15, arrows indicate the direction of the message-passing for a particular
root node and therefore reflect the restrictions imposed on the node numbering. It is
easy to see that changing the root node only affects the arrows between the old and
the new root node. This is shown in Figure 4.1 where we also observe that a valid
node numbering for the redirected join tree is obtained by inverting the numbering
on the path between the old and the new root node. Hence, it is possible to solve a
multi-query inference problem by repeated execution of the collect algorithm on the

Generic Inference: A Unifying Theory for Automated Reasoning
First Edition. By Marc Pouly and Jiirg Kohlas
Copyright © 2011 John Wiley & Sons, Inc. 109
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same join tree with only a small preparation between two consecutive runs. Neither
the join tree nor its factorization have to be modified.

Figure 4.1 The left-hand join tree is rooted towards the node with label { B, D, E'}. If then
node {E, L, T} is elected as new root node, only the dashed arrows between the old and the
new root are affected. Their direction is inverted in the right-hand figure and the new node
numbering is obtained by inverting the numbering between the old and the new root.

During a single run of the collect algorithm on a covering join tree (V, E, A, D),
exactly | E| messages are computed and transmitted. Consequently, if a multi-query
inference problem with n € N queries is solved by repeated application of collect on
the same join tree, n|F| messages are computed and exchanged. It will be illustrated
in a short while that most of these messages are identical and their computation
can therefore be avoided by an appropriate caching policy. The arising algorithm is
called Shenoy-Shafer architecture and will be presented in Section 4.1. It reduces the
number of computed messages to 2| E| for an arbitrary number of queries. However,
the drawback of this approach is that all messages have to be stored until the end of
the total message-passing. This was the main reason for the development of more
sophisticated algorithms that aim at a shorter lifetime of messages. These algorithms
are called Lauritzen-Spiegelhalter architecture, HUGIN architecture and idempotent
architecture and will be introduced in Section 4.3 to Section 4.5. But these alternative
architectures require more structure in the underlying valuation algebra and are there-
fore less generally applicable than the Shenoy-Shafer architecture. More concretely,
they presuppose some concept of division that will be defined in Section 4.2. Essen-
tially, there are three requirements for introducing a division operator, namely either
separativity, regularity or idempotency. These considerations require more profound
algebraic insights that are not necessary for the understanding of division-based local
computation algorithms. We therefore delay their discussion to the appendix of this
chapter. A particular application of division in the context of valuation algebras is
scaling or normalization. If, for example, we want to interpret arithmetic potentials
from Instance 1.3 as discrete probability distributions, or set potentials from Instance
1.4 as Dempster-Shafer belief functions, normalization becomes an important issue.
Based on the division operator, scaling or normalization can be introduced on a
generic, algebraic level as explored in Section 4.7. Moreover, it is then also required
that the solution of inference problems gives scaled results. We therefore focus in
Section 4.8 on how the local computation architectures of this chapter can be adapted
to deliver scaled results directly.
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4.1 THE SHENOY-SHAFER ARCHITECTURE

The initial situation for the Shenoy-Shafer architecture and all other local computation
schemes of this chapter is a covering join tree for the muiti-query inference problem
according to Definition 3.8. Join tree nodes are initialized using the identity element,
and the knowledgebase factors are combined to covering nodes as specified by
equation (3.39). Further, we shall see that local computation algorithms for the
solution of multi-query inference problems exchange messages in both directions of
the edges. It is therefore no longer necessary to direct join trees. Let us now reconsider
the above idea of executing the collect algorithm repeatedly for each query on the
same join tree. Since only the path from the old to the new root node changes
between two consecutive runs, only the messages of these region are affected. All
other messages do not change but are nevertheless recomputed.

Example 4.1 Assume that the collect algorithm has been executed on the left-hand
Jjoin tree of Figure 4.1. Then, the root node is changed and collect is restarted for
the right-hand join tree. It is easy to see that the messages [t1_,7, tia—¢ and p3_,5
already existed in the first run of the collect algorithm. Only the node numbering
changed but not their content.

A technique to benefit from already computed messages is to store them for
later reuse. The Shenoy-Shafer architecture (Shenoy & Shafer, 1990) organises this
caching by installing mailboxes between neighboring nodes which store the ex-
changed messages. In fact, this is similar to the technique applied in Section 3.10.2
to improve the space complexity of the collect algorithm. This time however, we
assume two mailboxes between every pair of neighboring nodes since messages are
sent in both directions. Figure 4.2 schematically illustrates this concept.

Hisj Mailbox of j
i > < )
Mailbox of i Hj—i

Figure4.2 The Shenoy-Shafer architecture assumes mailboxes between neighboring nodes
to store the exchanged messages for later reuse.

Then, the Shenoy-Shafer algorithm can be described by the following rules:

R1: Node i sends a message to its neighbor j as soon as it has received all messages
from its other neighbors. Leaves can send their messages right away.

R2: When node ¢ is ready to send a message to neighbor j, it combines its initial
node content with all messages from all other neighbors. The message is
computed by projecting this result to the intersection of the result’s domain
and the receiving neighbor’s node label.

The algorithm stops when every node has received all messages from its neighbors. In
order to specify this algorithm formally, a new notation is introduced that determines
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the domain of the valuation described in Rule 2. If 7 and j are neighbors, the domain
of node 7 at the time where it sends a message to j is given by

wini = wiU ) dluks), 4.1)
kene(),j#k
where d(v;) = w; is the domain of the node content of node <.
o The message sent from node ¢ to node j is
i PAG)
ping = | ¥i® ® Hr—i . 4.2

kene(i),j#k

Theorem 4.1 At the end of the message-passing in the Shenoy-Shafer architecture,
node i can compute

PP = e ® Bj—i- (4.3)

j€Emne(i)
Proof: The important point is that the messages p.x_,; do not depend on the actual
schedule used to compute them. Due to this fact, any node ¢ € V can be selected as root
node. Then, the edges are directed towards this root and the nodes are renumbered.
The message-passing towards the root corresponds to the collect algorithm and the
proposition for node ¢ follows from Theorem 3.7. =

Answering the queries of the inference problem from this last result demands one
additional projection per query. Since each query x; is covered by some node 7 € V,
we obtain the answer for this query by computing:

L ( ¢u(j))“" ) (4.4)

Example 4.2 We execute the Shenoy-Shafer architecture on the join tree of Figure
4.3. There are 6 edges, thus 12 messages to be sent and stored in mailboxes. These
messages are:

® [i152 = w%mlqz
_ lwsse

® 36 = U3
Jwans

® llg—5 = Yy

o trog = Y3

o pas1 = (12 ® pss)vet
® [lgy3 = ('1/16 QO ps—6 O /L7—>6)lWG_’3
o f5a = (U5 ® oy ® fgs)Ts—4
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(Y6 ® P36 ® o6 )+ o7
(2 ® pyyo)¥w2-s
o f5 2 = (5 ® fasys ® pe—ss)To—2
(¥5 ® fays @ pg—y5) Y56
o Usys = (6 ® 76 ® Ha—e)Y55

At then end of the message-passing, the nodes compute:
o pHATY = 4 ® gy
o SHELTY = oy @ 150 ® psso
o pHBLSY = 93 ® g3
o HEXY = 4@ s
o pHELY = 4y ® a5 ® pays @ peors
o pHBELY = 45 ® 56 ® prae ® 76
« GHBEDE) = 1@,

® lg7 =

® [lo 5 =

® [l5 46 =

Figure 4.3 Since messages are sent in all directions in the Shenoy-Shafer architecture, join
trees do not need to be rooted anymore.

Since the Shenoy-Shafer architecture accepts arbitrary valuation algebras, we may
in particular apply it to formalisms based on variable elimination. This specialization
is sometimes called cluster-tree elimination. In this context, a cluster refers to a join
tree node together with the knowledgebase factors that are assigned to it. Further,
we could use the join tree from the graphical representation of the fusion algorithm
if we are, for example, only interested in queries that consist of single variables.
Under this even more restrictive setting, the Shenoy-Shafer architecture is also called
bucket-tree elimination (Kask et al., 2001). Answering more general queries with the
bucket-tree elimination algorithm is again possible if neutral elements are present.
However, we continue to focus our studies on the more general and efficient version
of the Shenoy-Shafer architecture introduced above.
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4.1.1 Collect & Distribute Phase

For a previously fixed node numbering, Theorem 4.1 implies that

p) = 4 ® ® Hj—i @ Heh(iy»i = wgr)@)#ch(i)—n- 4.5)
j€pa(i)

This shows that the collect algorithm is extended by a single message coming from
the child node in order to obtain the Shenoy-Shafer architecture. In fact, it is always
possible to schedule a first part of the messages in such a way that their sequence
corresponds to the execution of the collect algorithm. The root node r € V will then
be the first node which has received the messages of all its neighbors. It suggests itself
to name this first phase of the Shenoy-Shafer architecture collect phase or inward
phase since the messages are propagated from the leaves towards the root node. It
furthermore holds that
Wisch(i) = WEZ)

for this particular scheduling. This finally delivers the proof of correctness for the
particular implementation proposed in Section 3.10.2 to improve the space complexity
of the collect algorithm. In fact, the collect phase of the Shenoy-Shafer architecture
behaves exactly in this way. Messages are no more combined to the node content but
stored in mailboxes, and the combination is only computed to obtain the message for
the child node. Then, the result is again discarded, which guarantees the lower space
complexity of equation (3.49). The messages that remain to be sent after the collect
phase of the Shenoy-Shafer architecture constitute the distribute phase. Clearly, the
root node will be the only node that may initiate this phase since it possesses all
necessary messages after the collect phase. Next, the parents of the root node will
be able to send their messages and this propagation continues until the leaves are
reached. In fact, nodes can send their messages in the inverse order of their numbering.
Therefore, the distribute phase is also called ourward phase.

Lemma 4.1 It holds that
Ad) = W UG N A(ch())). (4.6)
Proof: We have

A@) = A@) U (AG) N A(ch(d))
= W Uwens) +s U (AE) N A(ch(3)))
= w0 U @) N A(eh(D)-
The second equality follows from equation (4.5). ]

The next lemma states that the eliminator elim(i) = A(2) — (A(¢) N A(ch(3))) (see
Definition 3.12) of each node 7 € V will be filled after the collect phase:

www.it-ebooks.info


http://www.it-ebooks.info/

THE SHENOY-SHAFER ARCHITECTURE 115

Lemma 4.2 It holds that
W — (WM A ACch(1) = AG) = (AE) N A(ch(D)). @.7)
Proof: Assume X contained in the right-hand part of the equation. Thus, X € A(?)
but X ¢ A(i) N A(ch(4)). From equation (4.6) can be deduced that X € wlw. Since
W ANCh() S A(i) N ACh(D)),
X ¢ w!™ N Mch(:)). This proves that
W — @7 M) 2 A — (AG) N A(Ch(D))).

Assume that X is contained in the left-hand part. So, X € w§’"’ C Ai)but X ¢
wlm N A(ch(7)) which in turn implies that X ¢ A(ch()) and consequently X ¢
A(2) N A(ch(?)). Thus, X € A(3) — (A() N A(ch(7))) and equality must hold. L]

The particular scheduling into a collect and distribute phase allows us to describe
the intrinsically distributed Shenoy-Shafer architecture by a sequential algorithm.
First, Algorithm 4.1 performs the complete message-passing. It does not return any
value but ensures that all p; ;. and fiep(s)—; are stored in the corresponding
mailboxes. To answer a query x C d(¢) we then call Algorithm 4.2 which presup-
poses that the query is covered by some node in the join tree. The message-passing
procedure can therefore be seen as a preparation step to the actual query answering.

Algorithm 4.1 Shenoy-Shafer Architecture: Message-Passing

input: (V,E, A\, D) output: -

begin
for i=1...|]V|—-1 do // Collect Phase:
w = d(;) U Uj€pa(i) d(pji);
Biseny = (¥ ® ®jepars) s HNACR(D); // in mailbox
end;
for i=|V|~-1...1 do // Distribute Phase:

w 1= d(Ws) Ul eneen(ipagszi Hibi—i)i
Heh(iy—i 5 (wch(i)®®jene(ch(i))/\j¢i Hi—i)
end;

end

dwnA(e) , // in mailbox

Algorithm 4.2 Shenoy-Shafer Architecture: Query Answering
input:  (V,E,\, D), z= Cd(¢) output: ¢**

begin
for :=1...|V| do
if 2 CA3#) do
return (¢; ® ®jene(i) l‘jﬁi)izf
end;
end
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The implementation of Algorithm 4.2 corresponds to Theorem 4.1, but can easily
be changed using equation (4.5). The combination of the node content with all parent
messages has already been computed for the creation of the child message in the
collect phase. If this partial result is still available, it is sufficient to combine it with
the message obtained from the child node. Doing so, Algorithm 4.2 executes at most
one combination. Clearly, under this modification, the collect phase becomes again
equal to the original description of the collect algorithm in Section 3.10 since we
again store the combination of the parent messages with the original node content for
each node. This saves a lot of redundant computation time in the query-answering
procedure since the combination of the original node factor with all arrived messages
is already available, for the prize of an additional factor per node whose space is
again bounded by the node label. Hence, we generally refer to such a situation as a
space-for-time trade. As memory seems to be the more sensitive resource in many
practical applications, it always depends on the context if a space-for-time trade is
also a good deal. In the following, we discuss some further optimization issues.

4.1.2 The Binary Shenoy-Shafer Architecture

In a binary join tree, each node has at most three neighbors or, if we reconsider
directed join trees, at most two parents. (Shenoy, 1997) remarked that binary join trees
generally allow better performance for the Shenoy-Shafer architecture. The reason is
that nodes with more than three neighbors compute a lot of redundant combinations.
Figure 4.4 shows a non-binary join tree that covers the same knowledgebase factors
and queries as the join tree of Figure 4.3. Further, this join tree has one node less such
that only 10 messages instead of 12 are sent during the Shenoy-Shafer architecture.
We list the messages sent by node 5:

Psoz = (Y5 ® Hasys ® pgos ® fig_s) P2
Us—3 = (1/15 ® o5 D ey & 1146—>5)¢u)5_'3
Psoa = (U5 @ toaoys @ lemss ® fa_s) s
o6 = (Y5 ® paoss ® famss ® p3s)tose

It is easy to see that some combinations of messages must be computed more than
once. For comparison, let us also list the messages sent by node 5 in Figure 4.3 that
only has three neighbors. Here, no combination is computed more than once:

sz = (Y5 ® facss ® fg—rs)H" 2
psss = (U5 ® pass ® fes) s
fsme = (V5 ® poss ® fra_ss)ts0

A second reason for dismissing non-binary join trees is that some computations
may take place on larger domains than actually necessary. Comparing the two join
trees in Figure 4.5, we observe that the treewidth of the binary join tree is smaller
which naturally leads to a better time complexity. On the other hand, the binary join
tree contains more nodes that again increases the space requirement. But this increase
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6
{BDE}

Figure 4.4 Using non-binary join trees creates redundant combinations.

is only linear since the node separators will not grow. It is therefore generally a good
idea to use binary join trees for the Shenoy-Shafer architecture. Finally, we state that
any join tree can be transformed into a binary join tree by adding a sufficient number
of new nodes. A corresponding join tree binarization algorithm is given in (Lehmann,
2001). Further ways to improve the performance of local computation architectures
by aiming to cut down on messages during the propagation are proposed by (Schmidt

& Shenoy, 1998) and (Haenni, 2004).
@

Figure 4.5 The treewidth of non-binary join trees is sometimes larger than necessary.

4.1.3 Performance Gains due to the Identity Element

It was foreshadowed multiple times in the context of the generalized collect algo-
rithm that initializing join tree nodes with the identity element instead of neutral
elements also increases the efficiency of local computation. In fact, the improvement
is absolute and concerns both time and space resources. This effect also occurs when
dealing with multiple queries. To solve a multi-query inference problem, we first en-
sure that each query is covered by some node in the join tree. In most cases, however,
queries are very different from the knowledgebase factor domains. Therefore, their
covering nodes often still contain the identity element after the knowledgebase fac-
tor distribution. In such cases, the performance gain caused by the identity element
becomes important. Let us reconsider the knowledgebase of the medical example
from Instance 2.1 and assume the query set {{A, B,S,T},{D,S, X}}. We solve
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this multi-query inference problem using the Shenoy-Shafer architecture and first
build a join tree that covers the eight knowledgebase factors and the two queries.
Further, we want to ensure that all computations take place during the run of the
Shenoy-Shafer architecture, which requires that each join tree node holds at most
one knowledgebase factor. Otherwise, a non-trivial combination would be executed
prior to the Shenoy-Shafer architecture as a result of equation (3.39). A binary join
tree that fulfills all these requirements is shown in Figure 4.6. Each colored node
holds one of the eight knowledgebase factors, and the other (white) nodes store the
identity element. We observe that the domain of each factor directly corresponds to
the corresponding node label in this particular example.

\\{\{BSTD_@ES \—@ESQ_QDESQ_@
‘ C .- @ @ 6 @
ELST {B.S} \{E.E.S-{} S/

Figure 4.6 A binary join tree for the medical inference problem with queries {A, B, S, T'}
and {D, S, X'}. The colored nodes indicate the residence of knowledgebase factors.

We now execute the collect phase of the Shenoy-Shafer architecture and send
messages towards node 14. In doing so, we are not interested in the actual value of
the messages but only in the domain size of the total combination in equation (4.2)
before the projection is computed. Since domains are bounded by the node labels, we
color each node where the total label has been reached. The result of this process is
shown in Figure 4.7. Interestingly, only two further nodes compute on their maximum
domain size. All others process valuations with smaller domains. For example, the
message sent by node 11 consists of its node content (i.e. the identity element), the
message from node 1 (i.e. a valuation with domain { A}) and the message from node 2
(i.e. a valuation of domain { 4, 7'}). Combining these three factors leads to a valuation
of domain {A,T} C {A, B, S, T}. Therefore, this node remains uncolored in Figure
4.7. If alternatively neutral elements were used for initialization, each node content
would be blown up to the label size, or, in other words, all nodes would be colored.

4.1.4 Complexity of the Shenoy-Shafer Architecture

The particular message scheduling that separates the Shenoy-Shafer architecture into
a collect and a distribute phase suggests that executing the message-passing in the
Shenoy-Shafer architecture doubles the effort of the (improved) collect algorithm.
We may therefore conclude that the Shenoy-Shafer architecture adopts a similar

www.it-ebooks.info


http://www.it-ebooks.info/

THE SHENOY-SHAFER ARCHITECTURE 119

®

i 8

“ﬁ
.‘e

mﬁ;\

@ @

Figure 4.7 The behavior of node domains during the collect phase. Only the colored nodes
deal with valuations of maximum domain size.

time and space complexity as the collect algorithm in Section 3.10.2. There are
2|F| = 2(]V] — 1) messages exchanged in the Shenoy-Shafer architecture. Each
message requires one projection and consists of the combination of the original
node content with all messages obtained from all other neighbors. This sums up
to |ne(i)| — 1 combinations for each message. Clearly, the number of neighbors is
always bounded by the degree of the join tree, i.e. we have |ne(i)| —1 < deg—1.In
total, the number of operations executed in the message-passing of the Shenoy-Shafer
architecture is therefore bounded by

2V = 1)(1 + (deg — 1)) < 2|V|deg.

Thus, we obtain the following time complexity bound for the message-passing:

O(IVI -deg - f(w* + 1)) (4.8)

It is clear that we additionally require |ne(i)| — 1 < deg combinations and one pro-
jection to obtain the answer for a given query after the message-passing. But since
every query must be covered by some node in the join tree, it is reasonable to bound
the number of queries by the number of join tree nodes. The additional effort for
query answering does therefore not change the above time complexity. Note also that
the factor deg is a constant when dealing with binary join trees and disappears from
equation (4.8), possibly at the expense of a higher number of nodes.

Regarding space complexity, we recall that the number of messages sent in the
Shenoy-Shafer architecture equals two times the number of messages in the improved
collect algorithm. Therefore, both algorithms have the same space complexity

(’)(g(w* +1)+|V]| -g(sep*)). 4.9)
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4.1.5 Discussion of the Shenoy-Shafer Architecture

Regarding time complexity, the improvement brought by the Shenoy-Shafer archi-
tecture compared to the repeated application of the collect algorithm as proposed
in the introduction of this chapter is obvious. If we compute projections to all node
labels in the join tree, we need |V/| executions of the collect algorithm, which result
in an overall complexity of

o(wi s +1).

Since the degree of a join tree is generally much smaller than its number of nodes,
the Shenoy-Shafer architecture provides a considerable speedup. Both approaches
further share the same asymptotic space complexity.

The Shenoy-Shafer architecture is the most general local computation scheme for
the solution of multi-query inference problems since it can be applied to arbitrary
valuation algebras without restrictions of any kind. Further, it provides the best pos-
sible asymptotic space complexity one can expect for a local computation procedure.
Concerning the time complexity, further architectures for the solution of multi-query
inference problems have been proposed that eliminate the degree from equation (4.8),
even if the join tree is not binary. However, it was shown in (Lepar & Shenoy, 1998)
that the runtime gain of these architectures compared to the binary Shenoy-Shafer
architecture is often insignificant. Moreover, these alternative architectures generally
have a worse space complexity, which recommends the application of the Shenoy-
Shafer architecture whenever memory is the more problematic resource. On the other
hand, the computation of messages becomes much easier in these architectures, and
they also provide more efficient methods for query answering,

4.1.6 The Super-Cluster Architecture

A possible improvement that applies to the Shenoy-Shafer architecture consists in a
time-for-space trade called super-cluster scheme or, if applied to variable systems,
super-bucket scheme (Dechter, 2006; Kask et al., 2001). If we recall that the space
complexity of the Shenoy-Shafer architecture is determined by the largest separator
in the join tree, we may simply merge those neighboring nodes that have a large
separator in-between. Doing so, the node labels grow but large separators disappear
as shown in Example 4.3. Clearly, it is again subject to the concrete complexity
predictors f and g if this time-for-space trade is also a good deal.

Example 4.3 The join tree shown on the left-hand side of Figure 4.8 has treewidth
5 and separator width 3. The separators are shown as edge labels. The largest
separator {B,C, D} is between node 2 and 4. Merging the two nodes leads to the
Join tree on the right-hand side of this of Figure 4.8. Now, the treewidth became 6 but
the separator width is only 2.

The subsequent studies of alternative local computation schemes are essentially
based on the assumption that time is the more sensitive resource. These additional
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Figure 4.8 Merging neighboring nodes with a large separator in-between leads to better
space complexity at the expense of time complexity.

architectures then simplify the message-passing by exploiting a division operator in
the underlying valuation algebra which therefore requires more algebraic structure.
The background for the existence of a division operation will next be examined.

4.2 VALUATION ALGEBRAS WITH INVERSE ELEMENTS

A particular important class of valuation algebras are those that contain an inverse
element for every valuation ¢ € ®. Hence, these valuation algebras posses the notion
of division, which will later be exploited for a more efficient message caching policy
during local computation. Let us first give a formal definition of inverse elements in
a valuation algebra (®, D), based on the corresponding notion in semigroup theory.

Definition 4.1 Valuations ¢, € ® are called inverses, if

PRYRP = ¢, and YRORY = . 4.10)

We directly conclude from this definition that inverses necessarily have the same
domain since the first condition implies that d(+)) C d(¢) and from the second we
obtain d(¢) C d(%). Therefore, d(¢) = d()) must hold. It is furthermore suggested
that inverse elements are not necessarily unique.

In Appendix D.1 of this chapter, we are going to study under which conditions
valuation algebras provide inverse elements. In fact, the pure existence of inverse
elements according to the above definition is not yet sufficient for the introduction
of division-based local computation architectures since it only imposes a condition
of combination but not on projection. For this purpose, (Kohlas, 2003) distinguishes
three stronger algebraic properties that all imply the existence of inverses. Separa-
tivity is the weakest requirement among them. It allows the valuation algebra to be
embedded into a union of groups that naturally include inverse elements. However,
the price we pay is that full projection- gets lost in the embedding algebra (see Ap-
pendix A.3 of Chapter 1 for valuation algebras with partial projection). Alternatively,
regularity is a stronger condition than separativity and allows the valuation algebra to
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be decomposed into groups directly such that full projection is conserved. Finally, if
the third and strongest requirement called idempotency holds, every valuation turns
out to be the inverse of itself. The algebraic study of division demands notions from
semigroup theory, although the understanding of these semigroup constructions is
not absolutely necessary, neither for computational purposes nor to retrace concrete
examples of valuation algebras with inverses. We continue with a first example of
a (regular) valuation algebra that provides inverse elements. Many further instances
with division can be found in the appendix of this chapter.

H 4.1 Inverse Arithmetic Potentials

The valuation algebra of arithmetic potentials provides inverse elements. For
p € ® with d(p) = s and x € €2, we define

1 .
p_l(x) - m if p(x) >0
0 otherwise.

It is easy to see that p and p~?! satisfy equation (4.10) and therefore are inverses.
In fact, we learn in the appendix of this chapter that arithmetic potentials form
a regular valuation algebra.

Idempotency is a very strong and important algebraic condition under which each
valuation becomes the inverse of itself. Thus, division becomes trivial in the case of
an idempotent valuation algebra. Idempotency can be seen as a particular form of
regularity, but it also has an interest in itself. There is a special local computation ar-
chitecture discussed in Section 4.5 that applies only to idempotent valuation algebras
but not to formalisms with a weaker notion of division. Finally, idempotent valuation
algebras have many interesting properties that become important in later sections.

4.2.1 Idempotent Valuation Algebras

The property of idempotency is defined as follows:

Definition 4.2 A valuation algebra (®, D) is called idempotent if for all ¢ € ® and
t C d(¢), it holds that

PR = o 4.11)

In particular, it follows from this definition that ¢ ® ¢ = ¢. Thus, choosing
1) = ¢ satisfies the requirement for inverses in equation (4.10) which means that each
element becomes the inverse of itself. Comparing the two definitions 4.1 and 4.2,
we remark that the latter also includes a statement about projection, which makes it
considerably stronger. A similar condition will occur in the definition of separativity
and regularity given in the appendix of this chapter that finally enables division-based
local computation.
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Lemma 4.3 The neutrality axiom (A7) always holds in a stable and idempotent
valuation algebra.

Proof: From stability and idempotency we derive
ex ®ezuy = eiﬁy ® ezuy = ezuy-
Then, by the labeling axiom and the definition of neutral elements,
e ey = € Wey®ezuy = €x QCzuy = €zuy,

which proves the neutrality axiom. ]

B 4.2 Indicator Functions and ldempotency
The valuation algebra of indicator functions is idempotent. Indeed, for ¢ € ¢

with d(i} = s, t C s and x € Q5 we have

(18 #)(0 = i(0)-#(x) = i) max i(x*,y) = i)

This holds because i(x) < maxyeq, , i(x',y).

B 4.3 Relations and Idempotency

Is is not surprising that also the valuation algebra of relations is idempotent.
For R € & with d(R) = sand t C s we have

R®RY = Rxam(R) = R {x":x€ R} = R.

Besides their computational importance addressed in this book, idempotent valu-
ation algebras are fundamental in algebraic information theory. An idempotent val-
uation algebra with neutral and null elements is called information algebra (Kohlas,
2003) and allows the introduction of a partial order between valuations to express
that some knowledge pieces are more informative than others. This establishes the
basis of an algebraic theory of information that is treated exhaustively in (Kohlas,
2003). See also Exercise D.4 at the end of this chapter.

Definition 4.3 An idempotent valuation algebra with neutral and null elements is
called information algebra.

We now focus on local computation schemes which exploit division to improve
the message scheduling and time complexity of the Shenoy-Shafer architecture.

4.3 THE LAURITZEN-SPIEGELHALTER ARCHITECTURE

The Shenoy-Shafer architecture answers multi-query inference problems on any val-
uation algebra and therefore represents the most general local computation scheme.
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Alternatively, research in the field of Bayesian networks has led to another archi-
tecture called the Lauritzen-Spiegelhalter architecture (Lauritzen & Spiegelhalter,
1988), which can be applied if the valuation algebra provides a division operator.
Thus, the starting point of this section is a multi-query inference problem with fac-
tors taken from a separative valuation algebra. As explained above, separativity is
the weakest algebraic condition that allows the introduction of a division operator
in the valuation algebra. Essentially, a separative valuation algebra (®, D) can be
embedded into a union of groups (®*, D) where each element of ®* has a well-
defined inverse. On the other hand, it is shown in Appendix D.1.1 that projection
is only partially defined in this embedding. We therefore need to impose a further
condition on the inference problem to avoid non-defined projections during the lo-
cal computation process. The knowledgebase factors {¢1, . . ., ¢,, } may be elements
of ®* but the objective function ¢ = ¢; ® - - - ® ¢, must be element of ¢ which
guarantees that ¢ can be projected to any possible query. The same additional con-
straint is also assumed for the HUGIN architecture (Jensen et al., 1990) of Section 4.4.

Remember, the inward phase of the Shenoy-Shafer architecture is almost equal
to the collect algorithm with the only difference that incoming messages are not
combined with the node content but kept in mailboxes. This is indispensable for the
correctness of the Shenoy-Shafer architecture since otherwise, node ¢ would get back
its own message sent during the inward phase as part of the message obtained in the
outward phase. In other words, some knowledge would be considered twice in every
node, and this would falsify the final result. In case of a division operation, we can
divide this doubly treated message out, and this idea is exploited by the Lauritzen-
Spiegelhalter architecture and by the HUGIN architecture.

The Lauritzen-Spiegelhalter architecture starts executing the collect algorithm
towards root node . We define by ¢’ the content of node i just before sending its
message to the child node. According to Section 3.10 we have

v =97 = 9P = i Q) o (4.12)
j€pal(d)
Then, the message for the child node ch(i) is computed as

sNA{(ch(i
Himsch(i)y = (w;)“" AA(ERE)

This is the point where division comes into play. As soon as node i has sent its
message, it divides the message out of its own content:

¥ ® 'ui_—lwh(i)' 4.13)

This is repeated up to the root node. Thereupon, the outward propagation proceeds
in a similar way. A node sends a message to all its parents when it has received a
message from its child. In contrast, however, no division is performed during the
outward phase. So, if node j is ready to send a message towards ¢ and its current
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content is 1}, the message is

B = ()PONE

which is combined directly with the content of the receiving node .

Theorem 4.2 At the end of the Lauritzen-Spiegelhalter architecture, node i con-
tains 9 provided that all messages during an execution of the Shenoy-Shafer
architecture can be computed.

The proof of this theorem is given in Appendix D.2.1. It is important to note
that the correctness of the Lauritzen-Spiegelhalter architecture is conditioned on the
existence of the messages in the Shenoy-Shafer architecture, since the computations
take place in the separative embedding ®* where projection is only partially defined.
However, (Schneuwly, 2007) weakens this requirement by proving that the existence
of the inward messages is in fact sufficient to make the Shenoy-Shafer architecture
and therefore also the Lauritzen-Spiegelhalter architecture work. Furthermore, in
case of a regular valuation algebra, all factors are elements of ® and consequently all
projections exist. Theorem 4.2 can therefore be simplified by dropping this assump-
tion. A further interesting issue with respect to this theorem concerns the messages
sent in the distribute phase. Namely, we may directly conclude that

Heh(iyrs = PO, (4.14)

We again summarize this local computation scheme in the shape of a pseudo-code
algorithm. As in the Shenoy-Shafer architecture, we separate the message-passing
procedure from the actual query answering process.

Algorithm 4.3 Lauritzen-Spiegelhalter Architecture: Message-Passing

input: (V,E,A\, D) output: -

begin
for i=1...|VIi-1 do // Collect Phase:
) e G a)NA(ch(3))
Hisch(i) 7 1/)1'

Yeni) = WYen(s) @ Bisch(i)i
1111' = 'dh@l‘;_l,ch(l)r

end;
for i=|V|-1...1 do // Distribute Phase:
AGENA(ch (i
Heh(i)—i 7 wih((z)) ( ())l
Yy = P @ pen(iyii
end;
end
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Algorithm 4.4 Lauritzen-Spiegelhalter Architecture: Query Answering
input: (V,E,\,D), x Cd(¢) output: ¢**

begin
for :=1...|V}| do
if z CA(¢) do
return 1/;1.”;
end;
end

We next illustrate the Lauritzen-Spiegelhalter architecture using the medical
knowledgebase. In Instance 2.1 we expressed the conditional probability tables of the
Bayesian network that underlies this example in the formalism of arithmetic poten-
tials. It is known from Instance 4.1 that arithmetic potentials form a regular valuation
algebra. We are therefore not only allowed to apply this architecture, but we do not
even need to care about the existence of messages as explained before.

Example 4.4 Reconsider the covering join tree for the medical knowledgebase of
Figure 3.15. During the collect phase, the Lauritzen-Spiegelhalter sends exactly the
same messages as the generalized collect algorithm. These messages are given in the
Examples 3.20 and 3.22. Whenever a node has sent a message, it divides the latter
out of its node content. Thus, the join tree nodes hold the following factors at the end
of the inward phase:

o Y = Y1 @puil,

o Py = Yo ® pio2 ® pyls

o Yy = P3®uile

o Yy = Pa@uzle

o YL = Y5 ® Uaoss ® fas ® 5 g
* Up = U6 ® Hs6 D Hgy

® Y7 = Y7 ® Uesr

The root node does not perform a division since there is no message to divide out. As
a consequence of the collect algorithm, it holds that

Vo = Y7 @ gy = ¢HEDEY

We then enter the distribute phase and send messages from the root down to the
leaves. These messages are always combined to the node content of the receiver:

o Node 6 obtains the message

fr6 = (W7 @ peor)HBEH = @HBE}
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and updates its node content to

V@16 = Yo ® e @ flg 'y @ (Y7 ® M6—>7)¢{B’E}

= (16 ® 11556 D g7 © 7 @ 1657
= (16 @ ts6 ® ¢7)¢{B’E*L} — GHUBEL}

HB.E.L}

The second equality follows from the combination axiom. For the remaining
nodes, we only give the messages that are obtained in the distribute phase.

e Node 5 obtains the message
He—s = (6 ® Uz—e @ ps6 ® ugi7 & Mae)“E’L} = ¢HE’L}
e Node 4 obtains the message

tssa = (V5 ® pasys ® fass @ g le ® poms)F = ¢HEN

o Node 3 obtains the message

te—s = (Y6 @ 36 @ Use @ ugi7 ® N?—»G)HB,L} = ¢HBL)

e Node 2 obtains the message
s = (V5 @ paoys ® pass @ 3l ® piems) L = gHEL
e Node 1 obtains the message
a1 = (P2 ® p1s ® pyls ® psoo)H T = gHTY

At the end of the message-passing, each node directly contains the projection of the
objective function ¢ to its own node label. This example is well suited to once more
highlight the idea of division. Consider node 4 of Figure 3.15: During the collect
phase, it sends a message to node 5 that consists of its initial node content. Later, in
the distribute phase, it receives a message that consists of the relevant information
from all nodes in the join tree, including its own content sent during the collect
phase. 1t is therefore necessary that this particular piece of information has been
divided out since otherwise, it would be considered twice in the final result. Dealing
with arithmetic potentials, the reader may easily convince himself that combining a
potential with itself leads to a different result.

4.3.1 Complexity of the Lauritzen-Spiegelhalter Architecture

The collect phase of the Lauritzen-Spiegelhalter architecture is almost identical to the
unimproved collect algorithm. In a nutshell, there are | V'|—1 transmitted messages and
each message is combined to the content of the receiving node. Further, one projection
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is required to obtain a message that altogether gives 2(|V| — 1) operations. In addition
to the collect algorithm, the collect phase of the Lauritzen-Spiegelhalter architecture
computes one division in each node. We therefore obtain 3(|V | — 1) operations that atl
take place on the node labels. To compute a message in the distribute phase, we again
need one projection and, since messages are again combined to the node content,
we end with an overall number of 5(|V| — 1) operations for the message-passing in
the Lauritzen-Spiegelhalter architecture. Finally, query answering is simple and just
requires a single projection per query. Thus, the time complexity of the Lauritzen-
Spiegelhalter architecture is:

O(|V| fw + 1)). (4.15)

In contrast to the Shenoy-Shafer architecture, messages do not need to be stored
until the end of the complete message-passing, but can be discarded once they have
been sent and divided out of the node content. But we again keep one factor in each
node whose size is bounded by the node label. This gives us the following space
complexity that is equal to the unimproved version of the collect algorithm:

0<|V| cglw* + 1)). (4.16)

The Lauritzen-Spiegelhalter architecture performs division during its collect phase.
One can easily imagine that a similar effect can be achieved by delaying the execution
of division to the distribute phase. This essentially is the idea of a further multi-query
local computation scheme called HUGIN architecture. It is then possible to perform
division on the separators between the join tree nodes that increases the performance
of this operation. The drawback is that we again need to remember the collect
messages until the end of the algorithm.

44 THE HUGIN ARCHITECTURE

The HUGIN architecture (Jensen et al., 1990) is a modification of Lauritzen-Spiegel-
halter to make the divisions less costly. It postpones division to the distribute phase
such that the collect phase again corresponds to the collect algorithm with the only
difference that every message pi;_, ; is stored in the separator between the neighbor-
ing nodes 7 and j. These separators have the label sep(i) = A(¢) N A(j) according to
Definition 3.12. They can be seen as components between join tree nodes, comparable
to the mailboxes in the Shenoy-Shafer architecture. A graphical illustration is shown
in Figure 4.9. Subsequently, we denote by S the set of all separators. In the follow-
ing distribute phase, the messages are computed as in the Lauritzen-Spiegethalter
architecture, but have to pass through the separator lying between the sending and
receiving nodes. The separator becomes activated by the crossing message and holds
it back in order to divide out its current content. Finally, the modified message is
delivered to the destination, and the original message is stored in the separator.
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- -—

Figure 4.9 Separator in the HUGIN architecture.

Formally, the message sent from node 4 to ch(¢) during the collect phase is
LwiNA(ch(4))

Hisch(iy = |(¥:i® ® Hj—sch(s)
j€pa(i)

This message is stored in the separator sep(i). In the distribute phase, node ch(i)
then sends the message

lsep(i)

/“L/ch(i)—n‘ = | Yerpy ® ® Hk—ch(s) = gteer(d)
k€ne(z)

towards 4. This message arrives at the separator where it is altered to

Beh()si = Heniy—i ® Bisen(sy: @.17)

The message ficp(;)—s; is sent to node ¢ and combined with the node content. This
formula also shows the advantage of the HUGIN architecture over the Lauritzen-
Spiegelhalter architecture. Divisions are performed in the separators exclusively and
these have in general smaller labels than the join tree nodes. In equation (4.14) we
have seen that the distribute messages in the Lauritzen-Spiegelhalter architecture
correspond already to the projection of the objective function to the separator. This
is also the case for the messages that are sent in the distribute phase of the HUGIN
architecture and that are stored in the separators. However, the message emitted by
the separator does not have this property anymore since division has been performed.

Theorem 4.3 At the end of the HUGIN architecture, each node i € V stores ¢**(9)
and every separator between i and j the projection HHAEONAG) provided that all
messages during an execution of the Shenoy-Shafer architecture can be computed.

The HUGIN algorithm imposes the identical restrictions on the valuation algebra
as the Lauritzen-Spiegelhalter architecture and has furthermore been identified as an
improvement of the latter that makes the division operation less costly. It is there-
fore not surprising that the above theorem underlies the same existential condition
regarding the messages of the Shenoy-Shafer architecture as Theorem 4.2. The proof
of this theorem can be found in Appendix D.2.2.
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Algorithm 4.5 HUGIN Architecture: Message-Passing

input: (V,E, A\, D) output: -

begin
for i=1...|[V|—1 do // Collect Phase:
Hioseh(s) = wiid(wz)ﬂ/\(ch(l))
Wsep(i) 1= Hisch(s)i
Yens) = Wen(s) ® Biosch(i)i
end;
for i={V|—-1...1 do // Distribute Phase:
' o A ENA(ch())
Hen(iy—i *= Yen(s) ;
Beh()—i 1= Mgy ys ® Yoepi
Vsep(i) 1= u;aah(i);
Yi 1= i ® pen(iy—ii
end;
end

We again summarize this local computation scheme by a pseudo-code algorithm.
Here, the factor 9/, refers to the content of the separator between node i and ch(i).
However, since both theorems 4.2 and 4.3 make equal statements about the result at
the end of the message-passing, we can reuse Algorithm 4.4 for the query answering
in the HUGIN architecture and just redefine the message-passing procedure:

Example 4.5 We illustrate the HUGIN architecture in the same setting as Lauritzen-
Spiegelhalter architecture in Example 4.4. However, since the collect phase of the
HUGIN architecture is identical to the generalized collect algorithm, we directly take
the messages from Examples 3.20 and 3.22. The node contents after the collect phase
corresponds to Example 4.4 but without the inverses of the messages. Instead, all
messages sent during the collect phase are assumed to be stored in the separators. In
the distribute phase, messages are sent from the root node down to the leaves. When a
message traverses a separator that stores the upward message from the collect phase,
the latter is divided out of the traversing message and the result is forwarded to the
receiving node. Let us consider these forwarded messages in detail:

e Node 6 obtains the message

prss = (1 @ peor)HEE @ g,

Note that the division was performed while traversing the separator node.
Then, node 6 updates its content to

Ve @ Us—s6 Q 156 = Yo ® fse ® (Y7 ® Ne—ﬂ)i{B’E} ® lg

_1 \UB.EL
(6 ® ts—r6 ® Y71 ® Ho—7 @ g 7) { )

= (Y6 ® psoe @ pr) EEL = gUBELY

The second equality follows from the combination axiom. For the remaining
nodes, we only give the messages that are obtained in the distribute phase.
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Node 5 obtains the message

toos = (U6 ® ta—e ® s ® pre) LY @ sl

Node 4 obtains the message

ts 4 = (Vs @ a—s @ ta—y ® N6—>5)J'{E} &® ,uZ_1,5

Node 3 obtains the message
to—s = (V6 ® pamse @ tsoe ® pre) B @ 13he
e Node 2 obtains the message
52 = (VY5 @ pams @ pass ® M6—>5)HE’L} ® #;is
® Node 1 obtains the message
o1 = (P2 O P12 ® Ns—»z)i{T} & /Ll__lﬂ

These messages consist of the messages from Example 4.4 from which the collect
message is divided out. We therefore see that the division only takes place on the
separator size and not on the node label itself.

4.4.1 Complexity of the HUGIN Architecture

Division is more efficient in the HUGIN architecture since it takes place on the
separators which are generally smaller than the node labels. On the other hand, we
additionally have to keep the inward messages in the memory that is not necessary
in the Lauritzen-Spiegelhalter architecture. Both changes do not affect the overall
complexity such that HUGIN is subject to the same time and space complexity
bounds as derived for the Lauritzen-Spiegelhalter architecture in Section 4.3.1. From
this point of view, the HUGIN architecture is generally preferred over Lauritzen-
Spiegelhalter. An analysis for the time-space trade-off between the HUGIN and
Shenoy-Shafer architecture based on Bayesian networks has been drawn by (Allen
& Darwiche, 2003), and we again refer to (Lepar & Shenoy, 1998) where all three
multi-query architectures are juxtaposed. We are now going to discuss one last local
computation scheme for the solution of multi-query inference problems that applies to
idempotent valuation algebras. In some sense, and this already foreshadows its proof,
this scheme is identical to the Lauritzen-Spiegelhalter architecture where division is
simply ignored because it has no effect in an idempotent valuation algebra.

4.5 THE IDEMPOTENT ARCHITECTURE

Section 4.2.1 introduces idempotency as a strong algebraic property under which
division becomes trivial. Thus, the Lauritzen-Spiegelhalter as well as the HUGIN
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architecture can both be applied to inference problems with factors from an idem-
potent valuation algebra. Clearly, if division in these architectures does not provoke
any effect, we can ignore its execution altogether. This leads to the most simple local
computation scheme called idempotent architecture (Kohlas, 2003).

In the Lauritzen-Spiegelhalter architecture, the message sent from i to ch(7) during
the collect phase is divided out of the node content. Since idempotent valuations are
their own inverses, this reduces to a simple combination. Hence, instead of dividing
out the emitted message, it is simply combined to the content of the sending node.
By idempotency, this combination has no effect. Thus, consider the collect message

dwiNA(ch(i))

Himsch(s) = | ® ® Hjss
J€pa(i)

This message is divided out of the node of ¢:

® Nj—n’®:ui__1,ch(i) = % ® ® Hj—i @ Lhisch(i)

J€pa(i) J€pa(i)
LwiNA(ch(i))
= ) ® ® Hisi | @ | ¥ ® ® Hjsi
Jj€pa(i) j€pa(s)
= ® Hj—i-
Jj€pa(i)

The last equality follows from idempotency. Consequently, the idempotent architec-
ture consists in the execution of the collect algorithm towards a previously fixed root
node m followed by a simple distribute phase where incoming messages are com-
bined to the node content without any further action. In particular, no division needs to
be performed. This derives the idempotent architecture from Lauritzen-Spiegelhalter,
but it also follows in a similar way from the HUGIN architecture (Pouly, 2008). To
sum it up, the architectures of Lauritzen-Spiegelhalter and HUGIN both simplify to
the same scheme where no division needs to be done.

Theorem 4.4 At the end of the idempotent architecture, node i contains ¢+,

This theorem follows from the correctness of the Lauritzen-Spiegelhalter architec-
ture and the above considerations. Further, there is no need to condition the statement
on the existence of the Shenoy-Shafer messages since idempotent valuation algebras
are always regular. This is shown in Appendix D.1.3. For the pseudo-code aigorithm,
we may again restrict ourselves to the message-passing part and refer to Algorithm
4.4 for the query answering procedure.
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Algorithm 4.6 Idempotent Architecture: Message-Passing

input: (V,E,\, D) output: -

begin
for t=1...|V|-1 do // Collect Phase:
Mimvongsy 1= PrAPONAERL)
Yen(i) = Yeh(i) ® Bisch(i)i
end;
for i=|V|—-1...1 do // Distribute Phase:

AN (ch(i
Beh(i)—i = wj,,(ﬁ.’;” (eh(0);

Vi i i @ Hen(s)rii
end;
end

Example 4.6 If we again call in the same setting as for the Lauritzen-Spiegelhalter
and HUGIN architecture in Example 4.4 and 4.5 for the illustration of the idempotent
architecture, things become particularly simple (as it is often the case with the idem-
potent architecture). The collect phase executed the generalized collect algorithm
whose messages can be found in Example 3.20 and 3.22. Then, the distribute phase
Jjust continues in exactly the same way:

o Node 6 obtains the message
6 = (Y7 ® ppr)HEF}
and updates its node content to
Vo ® Uss6 @ s = P ® fismrs @ (Y7 ® por) EF
= (16 ® fi556 ® 7 ® pgr) BF
= (Y6 @ 56 ® 1/}7)HB’E’L} = ¢HBEL}Y

The second equality follows from the combination axiom. Since jig—7 corre-
sponds to a projection of ¥e @ ps_¢ it follows from idempotency that

e @ s @ e = P @ Usse.

This explains the third equality. For the remaining nodes, we only give the
messages that are obtained in the distribute phase.

o Node 5 obtains the message
foms = (16 ® U3 @ fi56 @ pr—e)  EL)

o Node 4 obtains the message

fsma = (Vs ® tass ® Hass ® fe—s) LB}
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e Node 3 obtains the message

tosz = (6 ® ps—se ® ts—e @ pre) B}

o Node 2 obtains the message

tsoo = (s @ pass ® fasss ® pres ) EL)

e Node 1 obtains the message
a1 = (Yo ® 1o ® psoe) T

Observe that no division has been performed anywhere.

4.5.1 Complexity of the Idempotent Architecture

The idempotent architecture is absolutely symmetric concerning the number of exe-
cuted operations. There are 2(|V| — 1) exchanged messages, thus 2({V| — 1) projec-
tions and 2(]V| — 1) combinations to perform. No division is performed anywhere
in this architecture. Further, each message can directly be discarded once it has
been combined to the node content of its receiver. Thus, although we obtain the
same bounds for the time and space complexity as in the Lauritzen-Spiegelhalter
and HUGIN architecture, the idempotent architecture can be considered as getting
the best of both worlds. Since no division is performed, the idempotent architecture
even outperforms the HUGIN scheme and does not need to remember any messages.
Thus, if time is the more sensitive resource and idempotency holds, the idempo-
tent architecture becomes the best choice to solve multi-query inference problems
by local computation. Moreover, if we are dealing with a valuation algebra where
both complexities are polynomial, the idempotent architecture provides a specialized
query answering procedure for queries that are not covered by the join tree. This
procedure is presented in the following section.

4.6 ANSWERING UNCOVERED QUERIES

The concept of a covering join tree ensures that all queries from the original inference
problem can be answered after the completed distributed phase. But if later a new
query arrives that is not covered by any of the join tree nodes, it is generally necessary
to construct a new join tree and to execute the local computation architecture from
scratch. Alternatively, there are updating methods described in (Schneuwly, 2007)
that modify the join tree to cover the new query. Then, only a part of the complete
message-passing has to be re-processed. However, a third option that is especially
suited for formalisms with a polynomial complexity exists in the idempotent case.
This method is a consequence of an interesting property of the idempotent architecture
that is concerned with a particular factorization of the objective function. Initially,
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the original factorization of the objective function is given in the definition of the
inference problem. Then, a second factorization is obtained from Lemma 3.8 with the
property that the domain of each factor is covered by some specific node of the join
tree. In case of idempotency, we obtain a third factorization of the objective function
from the node contents after local computation:

Lemma 4.4 In an idempotent valuation algebra we have

¢ = Qo0 (4.18)
i=1

Proof: The proof of this lemma is based on the correctness of the Lauritzen-
Spiegelhalter architecture, which can always be executed when idempotency holds.
At the beginning, we clearly have

¢ = Qv
i=1

During the collect phase, each node computes the message for its child node and
divides it out of its node content. Then, the message is sent to the child node where
it is combined to the node content. Thus, each message that is divided out of some
node content is later combined to the content of another node. We therefore conclude
that the above equation still holds at the end of the collect phase in the Lauritzen-
Spiegelhalter architecture. Formally, equation (4.13) defines the node content at the
end of the collect phase in the Lauritzen-Spiegelhalter architecture and we thus have

r—1
¢ = ¢-L>\(r) ® ®w: ® p’i_—lmh(i)'

=1

By idempotency it further holds that
r—1
¢ = ¢® ® PO eh(D))
i=1

and therefore

r—1 r—1

b = ¢ @R PPINAD @ Rl @l 0
i=1 i=1
r—1

P & Qi © U7 gy © PROTNCRE),

=1

But the marginal of ¢ with respect to A(Z) N A(ch(i)) corresponds exactly to the
message sent from node ch(¢) to node 7 during the distribute phase of the Lauritzen-
Spiegelhalter architecture, see equation (4.14). We therefore have by the correctness
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of the Lauritzen-Spiegelhalter architecture

r—1

b = ¢P0 QUi U, © HONERD)

=1
r—1 T

— ¢l/\(r) ® ®¢¢/\(i) - ®¢M(i).
i=1 i=1

As a consequence of this result, we may consider local computation as a trans-
formation of the join tree factorization of Lemma 3.8 into a new factorization where
each factor corresponds to the projection of the objective function to some node label.
The following theorem provides a further generalization of this statement.

Theorem 4.5 Fori=1,...,r and
v = JA0G) (4.19)
j=i

it holds for an idempotent valuation algebra that

T

W = ®¢M(J’)_ (4.20)

j=i

Proof: We proceed by induction: For ¢ = 1 the statement follows from Lemma 4.4
and from the domain axiom. For i + 1 we observe that y; 1 C y; and obtain using
the induction hypothesis and the combination axiom

{yin A . i
¢¢yi+1 - (¢lyi) — (®¢i>\(1))

j=i
r 1yit1 r
— ((blz\(i)@ ® ¢M(J’)) —_ ¢L>\(i)ﬂyi+1 ® ® ¢l/\(1‘),
J=it+l : Jj=itl

From the running intersection property we further derive A(i)NA(ch(2)) = A(3)Nys+1
and obtain by idempotency

r

P+ = ¢¢/\(i)n,\(ch(i))®¢¢,\(ch(i))® ® ¢¢/\(j)
J=it1,5#ch(i)

HPAER(D) ® ¢¢A(j) _ ® A,
J=i+1,j7#ch(i) =i+l

www.it-ebooks.info


http://www.it-ebooks.info/

ANSWERING UNCOVERED QUERIES 137

We next observe that combining the node content of two neighboring nodes always
results in the objective function projected to their common domain.
Lemma 4.5 For1 < 4,5 <randj € ne(i) we have
POV = gIAD) g glA0),

Proof: We remark that if { and j are neighbors, then either i = ch(j) or j = ch(i).
It is therefore sufficient to prove the following statement:

¢l>\(i)U>\(ch(i)) — ¢l>\(i) ®-¢l>\(ch(i)). 4.21)

It follows from Theorem 4.5, idempotency and the combination axiom that

) . IAGEUA(ch (D)) T ) WADUAER@)
HPOUNCRE) (¢¢yi) - ®¢l/\(1)
j=i
- IA(E)UA(ch(5))
= (¢¢/\(i)®¢u(ch(i))® ® ¢¢>\(j)>
j=ti+1
, Ji+1N(AGUA(ch(2)))
¢¢A(i) ®¢M(ch(i)) ® ( ® ¢Lz\(j)>
j=i+1

= gD g glMeh() g (¢¢yi+1)iyi“”“(")wc"“)))'

We further conclude from equation (4.19) that

Yir1 N(AG UA(h(D)) = (s NAE)) U (Yig1 N A(ch(4)))
= (A@@) N X{ch(t))) U A(ch(i)) = Mch(i))
and finally obtain
FADUACRE) . 4IA0) g Ak g (¢¢yi+1)“(°h("”
= G0 g G g FACAE) = GG g SIACRE).
]

This lemma states that if a new query x C d(¢) arrives that is not covered by the
join tree, it can nevertheless be answered if we find two neighboring nodes whose
union label covers the query, i.e. z C A(i) U A(j). We then compute

v = (¢¢A(i>ux(j))“ _ (¢lA(i)® d,u(j))“”

Thus, we neither need a new join tree nor a new propagation to answer this query.
However, it is admittedly a rare case that two neighboring nodes can be found that
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cover some new query. The following lemma therefore generalizes this procedure to
paths connecting two arbitrary nodes in the join tree.

Lemma 4.6 Let (p1,...,px) be a path from node p; to node py, with p; € V for
1 < 4 < k. We then have for an idempotent valuation algebra

k
PPNV E) - ®¢i/\(m)_ (4.22)

i=1

Proof: We proceed by induction over the length of the path: For ¢ = 2 we have
p1 € ne(ps) and the statement follows from Lemma 4.5. For a path (py, ..., pg+1)
we merge the nodes {py, ..., px} to a single node called z to which all neighbors of
1 to py are connected. The label of node z is A(2) = A(p1) U ... U A(pk). Clearly,
the running intersection property is still satisfied in the new tree. Since py11 € ne(z)
we may again apply Lemma 4.5 and obtain,

¢l>\(Z)Uf\(Pk+1) = ¢J)\(Z) ® ¢-L/\(Pk+1) - (d)-lr/\(m) ®..® ¢)J)\(Pk)) ® ¢i/\(Pk+1)

The last equality follows from the induction hypothesis. ]

It then follows immediately from this lemma and the transitivity of projection that

(4.23)

k LA (P1)UA(pK)
¢lf\(P1)U/\(Pk) - <® ¢¢A(Pi)>
=1

This allows us to express the following yet rather inefficient procedure to answer a
query x C d{¢) that is covered by the union label of two arbitrary join tree nodes:

1. Find two nodes %, j € V such that & C A(3) U A(j).
2. Combine all node contents on the unique path between 7 and j.
3. Project the result to z.

We here assume for simplicity that the query is split over only two nodes. If more
than two nodes are necessary to cover the query, it is easily possibie to generalize
Lemma 4.6 to arbitrary subtrees of the join tree instead of only paths. Clearly, this
simple procedure is very inefficient and almost amounts to a naive computation of the
objective function itself, due to the combination of all node factors on the path between
i and j in the second step. However, there is a more intelligent way to perform these
computations that only requires combining the content of two neighboring nodes.
This is the statement of the following lemma:

Lemma 4.7 In an idempotent valuation algebra, it holds that

¢i/\(p1)U>\(pk) — ¢L/\(pk)®¢Lh(p1)u(/\(pkﬁ1)ﬂk(pk))_
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Proof : Tt follows from the transitivity axiom, Lemma 4.6, the combination axiom
and the running intersection property that

FRAEDAPL) (¢u(m)u‘..ux(m)“(””“”””

= (¢l/\(Pk) ® (bi)\(pl)U...U)\(pk_l))i)\(pl)u/\(pk)

- ¢~L>\(Pk) ® ¢~L(/\(P1)U"'U>‘(Pk—l))O(A(PI)U’\(Pk))
— ¢l/\(Pk) & ¢i>\(P1)U(>\(Pk~1)ﬁ/\(Pk)).

We now give an algorithm similar to the above procedure that exploits Lemma 4.7
to avoid the combination of all node factors on the path between node p; and py.

Algorithm 4.7 Specialized Query Answering
input: (V,E, X\, D), p1,px €V, = C A(p1)UA(px) output: ¢+*
begin
n = Girp1);
find a path (p1,...,Pk);
for i=1...k-1 do
n = ¢i>\(m+1) ®nl)‘(Pl)U()‘(Pi)n)‘(Pi-}—l));
end;
return 7i%;
end

Theorem 4.6 Algorithm 4.7 outputs n*® = ¢*= for x C A(p1) U A(pk)-

Proof: Let us first show that the projection of 77 in the loop is well-defined. After
repetition ¢ of the loop we have:

d(n) = AMpir1) UA(P1) U (A@:) N A(pir1)) = Ap1) UA(pis1). (4.24)

In loop i + 1, 7 is projected to A(p1) U (A(pi+1) N A(pi+2)) € A(p1) U AMpis1)-
Hence, this projection is feasible. We next prove that

n = ¢¢)\(p1)U)\(Pk) 4.25)

holds at the end of the loop. The statement of the theorem then follows by the
transitivity of projection. For k = 2 it follows from Lemma 4.6 that

¢,l,/\(p1)U/\(p2) — ¢lz\(p2) ® ¢i/\(p1)
PP @ = g P2) @ plAEHUAENOAE:)

The second equality follows by initialization and the third from the domain axiom.
This proves the correctness of the algorithm for paths of length 2. We now assume
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that equation (4.25) holds for paths of length k. For a path of length &k + 1, the last

repetition of the loop computes
n = ¢l«>‘(Pk+1) 2 (d)l)‘(pl)uA(pk))iz\(Pl)U(A(Pk)ﬁA(PkH))

— ¢l/\(17k+1) ® (Z,i/\(m)U()\(Pk)ﬂ}\(PkH))
¢M(1)1)U>\(Pk+1)

The first equality follows from the induction hypothesis, the second from transitivity
and the third from lemma 4.7. This proves the correctness of equation (4.25 and the
statement of the theorem follows by the transitivity of projection. n

Example 4.7 We want to answer the new query x = { A, B} in the join tree of Figure
4.3 after a complete run of the idempotent architecture. We immediately see that this
query is not covered by the join tree, but it is for example covered by the union label
of the two nodes 1 and 6, i.e. ¢ C A(1) U A(6) = {A, B, E, L, T'}. The path between
these two nodes has already been shown in Figure 4.10. The following three steps
are executed by Algorithm 4.7:

Step 1: UMD = $IM2) @ pIMD)

Step2:  FNDUAG) = HIA5) @ GADURRINAB)

Step 3:  FPMDUNE) — $IAE6) g FLALUAGEINAG)

Finally, the algorithm returns

{A,B} {A,B}
<¢~L)‘(1)U/\(6)) — <¢i{A,B,E,L,T}> — ¢i{AyB}

@@
{ELT) @ {B.EL}

Figure 4.10 The path between node 1 and node 6 in the join tree of Figure 4.3.

A closer look on Algorithm 4.7 or more precisely on equation (4.24) shows that
we may extract a lot more information from the intermediate results

n = ¢¢/\(P1)U>\(Pi)

for 1 < i < k. In fact, it is not only possible to compute the final query z C
A(p1) U A(px) as stated in Theorem 4.6, but we actually obtain all possible queries
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that are subsets of A(p;) U A(p;) by just one additional projection per query. This is
the statement of the following complement to Theorem 4.6.

Lemma 4.8 Let (p1, ..., pr) be a path from node p; to node py. Algorithm 4.7 can
be adapted to compute ¢** for all x C A\(p1) U X(p;) fori=2,... k.

Example 4.8 From the intermediate results of Example 4.7 we may compute all
possible queries that are subsets of {A,T,E,L,T} and {A,T,B,E,L} by just
one additional projection per query. This includes in particular the binary queries
{A, E},{A, L} and {T, B} which are not covered by the join tree in Figure 4.3.

A further extension of Algorithm 4.7 provides for a previously fixed node ¢ € V
a pre-compilation of the join tree such that all possible queries, that are subsets of
A(2) U A(7) for all nodes j € V, can be computed by just one additional projection
per query. To do so, we start with the selected node ¢ and compute for each neighbor
k € ne(i) the projection of ¢ to A(7) U A(k). This intermediate result is stored in the
neighbor node k. Then, the process continues for all neighbors of node & that have not
yet been considered. If I € ne(k) is such a neighbor of k, we compute the projection
to A(Z) U A(l) by reusing the intermediate result stored in k. This is possible due to
Lemma 4.7:

¢¢>\(1)U/\(l) = ¢l/\(l)®¢¢>\(i)U(>\(k)ﬂ>\(l)).

At the end of this process, each node j € V contains ¢+*HUAE) which allows us
to answer all queries that are subsets of A(i) U A(j) by just one additional projec-
tion. These projections setup another factorization of the objective function ¢ as a
consequence of Lemma 4.6.

Algorithm 4.8 Compilation for Specialized Query Answering
input: (V,E,\,D), i€V output: -

begin
ny 1= gD,
for each k € ne(i) do
visit (i, 3J);
end;
end

function visit (k,1)
begin
m 1= WA ®nt>\(1)u(>\(k)ﬁ>\(l));
for each j € ne(k) — {I} do
visit (1, 3);
end;
end

4.6.1 The Complexity of Answering Uncovered Queries

We first point out that finding the path between two nodes in a directed tree is
particularly easy. We simply compute the intersection of the two paths that connect
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both nodes with the root node. Due to equation (4.24) the loop statement of Algorithm
4.7 computes a factor of domain A(p;) U A(p;). Its number of repetitions is bounded
by the longest possible path in the join tree, which has at most |V'| nodes. We therefore
conclude that Algorithm 4.7 adopts a time complexity of

O<|V| : f<2(w* + 1))). 4.26)

Since only one combination of two node contents is kept in memory at every time,
we obtain for the space complexity

O<g (2(w* n 1))). 4.27)

Algorithm 4.8 combines the node content of each node with the content of one of its
neighbors. This clearly results in the same time complexity. But in contrast, we store
one such factor in each node, which gives us a space complexity of

O<|V| -g(2(w* + 1))) (4.28)

for Algorithm 4.8. At first glance, the complexities of these algorithms seem very bad
because they are controlled by the double of the treewidth. Especially for formalism
with exponential time or space behaviour, it could therefore be more efficient to
construct a new join tree that also covers the new queries and execute the complete
local computation process from scratch. But whenever we add new queries to the
inference problem, we risk obtaining a join tree with a larger treewidth. This makes
it difficult to directly compare the two approaches. The definition of a covering join
tree ensures that every query is covered by the label of a join tree node. Here, we
only require that every query is covered by the union of two arbitrary node labels.
We will see in Chapter 9 that important applications exist where this is always sat-
isfied. Imagine for example that our query set consists of all possible queries of two
variables {X, Y} with X, Y € d(¢) and X # Y. Building a covering join tree for
such an inference problem always leads a join tree whose largest node label contains
all variables. We then compute the objective function directly and the effect of local
computation disappears. On the other hand, it is always guaranteed that such queries
are covered by the union label of two join tree nodes. We can therefore ignore the
query set in the join tree construction process and obtain the best possible join tree
that can be found for the current knowledgebase. Later, queries are answered by
the above procedures which clearly is more efficient than computing the objective
function directly. Chapter 9 shows that such particular query sets frequently occur
when local computation is used for the solution of path problems in sparse networks.
Then, the query {X,Y'} for example represents the shortest distance between two
network hosts X and Y, and the query set of all possible pairs of variables models
the so-called all-pairs shortest path problem.

www.it-ebooks.info


http://www.it-ebooks.info/

SCALING AND NORMALIZATION 143

We have now seen several important concepts that are all related to a division
operator in the valuation algebra: namely, two local computation architectures that
directly exploit division and the particularly simple idempotent architecture, including
a specialized procedure to answer uncovered queries. In addition, the presence of
inverse elements allows us to introduce the notion of scaling or normalization on an
algebraic level and also to derive variations of local computation architectures that
directly compute scaled results. This is the subject of the next section.

4.7 SCALING AND NORMALIZATION

Scaling or normalization is an important notion in a couple of valuation algebra
instances. If, for example, we want to use arithmetic potentials to represent discrete
probability distributions, it is semantically important that all values sum up to one.
Only in this case are we allowed to talk about probabilities. Similarly, normalized set
potentials from Instance 1.4 adopt the semantics of belief functions (Shafer, 1976). As
mentioned above, the algebraic background for the introduction of a generic scaling
operator is a separative valuation algebra. It is shown in this section how scaling
can be introduced potentially in every valuation algebra that fulfills this mathemati-
cal property. Nevertheless, we emphasize that there must also be a semantical reason
that demands a scaling operator, and this cannot be treated on a purely algebraic level.

Following (Kohlas, 2003), we define the scaling or normalization of ¢ € ¢ by

P = 6 (¢”’)_1 . (4.29)

It is important to note that because separativity is assumed, scaled valuations do not
necessarily belong to ® but only to the separative embedding ®*. For simplicity and
because this holds for all instances presented in this book, we subsequently assume
that ¢* € @ for all ¢ € . This ensures that all projections of ¢* to t C d(¢) are
defined, although we are dealing with a valuation algebra with partial projection. We
refer to (Kohlas, 2003) for a more general study of scaling without this additional
assumption. However, to gain further insights into scalable valuation algebras, we
require some results derived for separative valuation algebras in Appendix D.1.1.
This is necessary to obtain the following equation and for the proof of Lemma 4.9.
Nevertheless, it is possible to understand these statements without knowledge of
separative valuation algebras.

Combining both sides of equation (4.29) with '? feads to
¢ = et (4.30)
according to the theory of separative valuation algebras. A valuation and its scale

are contained in the same group. The following lemma lists some further elementary
properties of scaling. It is important to note that these properties only apply if the
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scale ¢t of a valuation ¢ is again contained in the original algebra ®. This is required
since scaling is only defined for elements in ®.

Lemma 4.9

1. For ¢ € ® with ¢* € O we have
(") = o 4.31)
2. For ¢,% € ® with ¢+, 9+ € ® we have
@ey) = (Poyvht (4.32)
3. For ¢ € ® with ¢* € ® and t C d(¢) we have

()" = (s%)". (4.33)

The first property of Lemma 4.9 states that scaling an already scaled valuation
has no effect. Second, the combination of scaled valuations does not generally lead
to a scaled valuation anymore. But computing a scaled combination does not require
scaling the factors of the combination. Finally, the third statement states that projec-
tion and scaling are interchangeable. The proof can be found an Appendix D.3

In a separative valuation algebra with null elements, every null element 2, forms
itself a group that is a consequence of cancellativity. Therefore, null elements are
inverse to themselves and consequently

-1
zj = 2R (zjo) = zs®zal = 2, Q29 = Z5. (4.34)

If the separative valuation algebra has neutral elements according to Section 3.3,
their scale is generally not a neutral element anymore. This property however is
guaranteed if the valuation algebra is stable. It follows from (4.30) that

es = et el = et wey = el (4.35)

8

Let &+ be the set of all scaled valuations, i.e.
ot = {¢*:¢€ ) (4.36)

The operation of labeling is well-defined in ®*. If we assume furthermore that all
scales are element of ®, i.e. ¥ C &, we know from Lemma 4.9 that &+ is also closed
under projection. However, since a combination of scaled valuations does generally
not yield a scaled valuation anymore, we define

groypt = (@eyht (4.37)
Note that Lemma 4.9 also implies

treyt = (pey)t (4.38)
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The requirement that all scales are elements of ® holds in particular if the valuation
algebra is regular. If even idempotency holds, every valuation is the scale of itself,

-1
o =90 (6")  =oa(s?) =9 (439)
Consequently, we have &+ = & in case of idempotency.

Theorem 4.7 Assume &4 C ®. Then, (®, D) with the operations of labeling d,
combination @, and projection | is a valuation algebra.

Proof: We verify the axioms from Section 1.1 on (&%, D):

(A1) Commutative Semigroup: Commutativity of & follows directly from (4.37).
Associativity is derived as follows:

(¢* oyt @ x* @e)text = (409 ©x)*
(p® (¥ exX) = ¢ ® (¥ ex)
o' @ (vt o xh).
(A2) Labeling: Since a valuation and its scale both have the same domain,
d(¢* @ ¢*) = d((¢* @ vh)) = d(¢* @y’) = d(¢") Udyh).
(A3) Projection: For ¢+ € &t with d(¢%) = x we have
d((¢)") = d((¢*)) = d(¢**) = =

(A4) Transitivity: Fory C x C d(¢*) it follows that

(697 = (9" = (@) = @) = )™
(AS) Combination: For ¢*, Y+ € &+ with d(¢%) = =z, d(y*) = y and z € D such

thatx C 2 C z Uy, we have
@ o) = (o)) = (9®¥)*)
- (¢®¢lyW)l = ¢t wiym)l = ¢* D (wl)iyﬂz.
(A6) Domain: For ¢* € ®+ and d(¢') = =,
(BN = () = ¢%.

Accepting the requirement that & C &, the mapping ¢ — ¢* is a homomorphism
from (@, D) to (®*, D). The latter is called scaled valuation algebra associated with
(®, D). Finally, in a valuation algebra (®’, D) with adjoined identity element e, this
element is not affected from scaling. From e = e~! follows that

-1
et = e® (ew) —eRe l=c®e = e. (4.40)

Let us now consider two examples of separative valuation algebras with a seman-
tical requirement for scaling. A third example can be found in Appendix D.3 of this
chapter and in Appendix E.S of Chapter 5.
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B 4.4 Probability Potentials

Normalized arithmetic potentials often take a preferred position because they
adopt the interpretation of discrete probability distributions. An arithmetic
potential p with domain s is normalized if its values sum up to one, i.e. if

dopx) = 1L

xXEN,
This is achieved by applying the generic scaling operation of Definition 4.29:
-1
Lix) — 10 _ _ px)
pr(x) = p(x)- (p ) (0) = : (4.41)
Y yen, P(Y)

We illustrate this process by applying the scaling operation to the arithmetic
potential p3 from Instance 1.3. Since pém(o) = 2 we obtain

A B C A B C
a b c 0.12 a b c 0.060
a b c 0.48 a b c 0.240
a b ¢ | 036 a b ¢ | 0180
p3=|a b | 004| pi=|a & | o002
a b c 0.06 a b c 0.030
a b ¢l 024 @ b ¢ | 0120
@ b ¢ | 063 @ b ¢ | 0315
@ b ¢ | o007 @ b ¢ | 0035

B 4.5 Probability Density Functions

Continuous probability distributions are a particularly important class of den-
sity functions and motivate our interest in normalized densities. According to
equation (4.29), the scale of a density function f € ® with d(f) = s is

frx) = fx)e (f”’)_l(o) = % (4.42)

for x € §),. Consequently, we have for a scaled density
/ frx)dx = 1.

Obtaining scaled results from the computation of an inference problem is an
essential requirement for many applications. We may deduce from the second property
of Lemma 4.9 that the result of computing a query of an inference problem will not
necessarily lead to a scaled valuation again, even though the knowledgebase of the
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inference problem consists of only scaled valuations. This problem will be analyzed
in the following section. To do so, we should also be aware of the computational
effort of executing a scaling operation on some valuation ¢ € ®*. We know from
equation (4.29) that the scale of ¢ is obtained by combining ¢ with the inverse of its
projection to the empty domain. Scaling therefore requires executing one projection
and one combination. The inverse is computed on the empty domain for all valuations
and can therefore be neglected, i.e. this effort is constant for all valuations.

4.8 LOCAL COMPUTATION WITH SCALING

Let us now focus on the task of computing scaled queries {x1,...,z,;} from a
knowledgebase {¢;,...,¢,} where z; C d(¢p)and ¢ = ¢; ® ... ® ¢,,. We derive
from Lemma 4.9 that

(6) = ()" = (weos)”

T; T
= (Wheeh)) " = (se-adk)”
This derivation provides different possibilities. The first expression is the straightfor-
ward approach: we compute each query using some local computation architecture
and perform a scaling operation on the result. This requires |z| scaling operations,
thus |x| combinations but only one projection since the inverse of the objective func-
tion projected to the empty domain is identical for all queries. The second expression
performs only a single scaling operation on the total objective function. However, we
directly refuse this approach since it requires explicitly building the objective func-
tion ¢. A third approach follows from the last expression if we additionally suppose
that all scales are contained in ®, i.e. that ¢ C ®. We then know from Theorem
4.7 that we may directly compute in the valuation algebra (®*, D). However, this is
again worse than the straightforward approach since it executes one scaling operation
per combination during the local computation process as a result of equation (4.38).

A far more promising approach arises if we integrate scaling directly into the
local computation architectures. Since the underlying valuation algebra is assumed
to be separative, we can potentially use the Shenoy-Shafer, Lauritzen-Spiegelhalter
or HUGIN architecture. Furthermore, if the valuation algebra is idempotent, we do
not need to care about scaling at all because idempotent valuations are always scaled.
Thus, we are next going to reconsider the three architectures above and show that
only a single execution of scaling in the root node of the join tree is sufficient in each
of them to scale all query answers. This is well-known in the context of Bayesian
networks, and for general valuation algebras it was shown by (Kohlas, 2003).

4.8.1 The Scaled Shenoy-Shafer Architecture

The scaled Shenoy-Shafer architecture first executes the collect phase so that the
projection of the objective function ¢ to the root node label A(r) can be computed in
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the root node r € V. Then, the root content v, is replaced by

U ® (¢“’)_1 = % ® ((¢>W”)W’)_1 . (4.43)

When the distribute phase starts, the outgoing messages from the root node are
computed from this modified node content. The result of this process is stated in the
following theorem.

Theorem 4.8 At the end of the message-passing in the scaled Shenoy-Shafer archi-
tecture, we obtain at node i

(¢¢>\(i))¢ _ (¢¢)¢A(i) = % ® ® M;-m (4.44)

j€ne(i)

where p’;_,; are the modified messages from the scaled architecture.

Proof: The messages of the collect phase do not change, i.e. p; ey = 1 —reh(s)"
For the distribute messages, we show that

-1
ﬂ/ch(i)—»i = heh(s)—i © (qbw) . (4.45)

The distribute message sent by the root node to parent 7 is

err—»inA(i)
-1
ooy = P ® (¢W) ® ® Hi—r
jene(r),j#i
var—iinA(i)
-1
= v ® wor & (o)

JEne(r),j#i

Ur—; @ <¢w) - -

fi

This follows from the combination axiom. Hence, equation (4.45) holds for all
messages that are emitted by the root node. We proceed by induction and assume that
the proposition holds for ycp(;)—;. Then, by application of the combination axiom,
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we have for all j € pa(7)

wLwi—»jn’\(j)
Bis; = |¥:i® ® My
kene(i),k#j
{wi30A(F)
= Y ® u‘lch(i)—)i Y ® J )
kepa(i),k#j
dwis;NA(F)
-1
= Vi ® fheh(i)—i ® (¢w) ® ® Hk—i
kEpa(i),k#j
JwisiNAG)
-1
= | %o (¢w) ® X i
kene(i),k#j
{wins 30A(G) .
-1 —
= P ® ® He—i ® (¢¢0) = Wi; @ (¢W) .
kene(i),k#j
By Theorem 4.1 we finally conclude that
i ® ® Hini = Vi ® fone)o ® Hjoi
jEne(d) Jj€pa(i)
-1
= Vi ® Uen(iy—i ® (¢w) ® ® Hj—i
J€pa(i)
-1
= ¥ ® ® Hioi ® (¢¢0)
j€Ene(s)

_ ¢u<i)®(¢w>‘l _ (d,u(i))l = ()P
| |

To sum it up, the execution of one single scaling operation in the root node
scales all projections of the objective function in the Shenoy-Shafer architecture.
We summarize this modified Shenoy-Shafer architecture in terms of a pseudo-code
algorithm. Since the modification only concerns the message-passing, only Algorithm
4.1 must be adapted.

Algorithm 4.9 Scaled Shenoy-Shafer Architecture: Message-Passing
input: (V,E,\ D) output: -
begin

for i=1...|V|—-1 do // Collect Phase:
w = d(wi)UUjepa(i) d(ﬂj—)i);
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Bimven(s) = (Vi ® @ jepa(iy Bi—i) MM, // in mailbox
end;
o = (U @ ®jeparr) i) // Scaling:
Yr 1= ¢7‘®(¢J’0)_1;
for i=|V|{—1...1 do // Distribute Phase:
w = d(%i) UlUjeneen(iy)njps Ati—i)i _
Ben(@y—i 2= (Yen(i) ® Qjenech(i))njri pimi¥™MB /7 in mailbox
end;
end

4.8.2 The Scaled Lauritzen-Spiegelhalter Architecture

The Lauritzen-Spiegelhalter architecture first executes the collect algorithm with the
extension that emitted messages are divided out of the node content. At the end
of this collect phase, the root node directly contains the projection of the objective
function ¢ to the root node label A(r). We pursue a similar strategy as in the scaled
Shenoy-Shafer architecture and replace the root content by its scale

(d)i)i)\(r) — ¢L>\(T) ® (¢-L0)»1 ) (4.46)
Then, the distribute phase proceeds as usually.

Theorem 4.9 At the end of the scaled Lauritzen-Spiegelhalter architecture, node 1
contains (¢ = (oYY provided that all messages during an execution of the
Shenoy-Shafer architecture can be computed.

Proof: By equation (4.46), the theorem is satisfied for the root node. We proceed by
induction and assume that the proposition holds for the node ch(7) which therefore
contains (¢+)+*(¢h()) The content of node 4 in turn is given by equation (4.13).
Applying Theorem 4.2 gives

W ® Ul ey ® (¢7) IR

) 4 )
¥ ® ‘ui‘—l)ch(i) ® GPONACR) g (qbw)
— P g (¢w)‘1

— ((z,u(i))L - (w)“m_

Again, a single execution of scaling in the root node scales all results in the
Lauritzen-Spiegelhalter architecture. We again give the required modification of Al-
gorithm 4.3 explicitly:
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Algorithm 4.10 Scaled Lauritzen-Spiegelhalter Architecture: Message-Passing

input: (V,E,\, D) output: -

begin
for i=1...|V|-1 do // Collect Phase:
) = oy ke )NA(ch(D))
Wisch(sy = ¥;

Yenr(i) 1= Yeh(i) ® Biseh(i)i
c= -1 .
wi - = wz ® I’Li—N:h('i) ;

end;
Yr = P @ (W30 L; // Scaling:
for i=|V|-1...1 do // Distribute Phase:

A(S)A(ch(i
Beh(i)—i = wjhf,.;” (eh(®D)

Vi 1= i @ Pen(i)—ii
end;
end

4.8.3 The Scaled HUGIN Architecture

Scaling in the HUGIN architecture is equal to Lauritzen-Spiegelhalter. We again
execute the collect phase and modify the root content according to equation (4.46).
Then, the outward phase starts in the usual way.

Theorem 4.10 At the end of the computations in the HUGIN architecture, each node
i € V stores (¢+*(@) W = (¢4 and every separator between i and j the projection
(OGN = (IO provided that all messages during an execution of
the Shenoy-Shafer architecture can be computed.

Proof: By equation (4.46), the theorem is satisfied for the root node. We proceed by
induction and assume that the proposition holds for node ch(z). Then, the separator
lying between i and ch () will update its stored content to

(¢¢)¢,\(¢)m,\(ch(i)) ® L o = HAONA(CR() ®N7_1) oy ® (¢w)—1 .
1—ch{ 1—ch(2
Node 7 contains 1), when receiving the forwarded separator content and computes

W ® HPONACRE) g <¢w)_1 ® L

i—ch(z)

¢i/\(i)®(¢L0)_l — (¢~L)M(i) — (¢l/\(i))¢_

Once more, a single execution of scaling in the root node scales all results in the
HUGIN architecture. It follows the corresponding adaption of Algorithm 4.5.
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Algorithm 4.11 Scaled HUGIN Architecture: Message-Passing

input: (V,E,\, D) output: -

begin
for i=1...|[V|—-1 do // Collect Phase:
A(P:)NA(ch(i
Misych(i) = d)ii ($3)NA(eh ()

wsep(i) Bl e T
Yen(i) = Yen(s) @ Himsch(s)i

end;
Y = Yr ® ( 30)—1; // Scaling:
for i=|V|—-1...1 do // Distribute Phase:
’ Lo AN (ch (i) |
Hentiy—si *= Yen(s ;

-1
Heh(i)—i = lu’lch(i)~—->i®¢sep(i);
'wsep(i) = H;—bch(i);
Pi 1= Y @ Hen(i)-sii
end;
end

These adaptions for scaling close the discussion of local computation. Further local
computation schemes but for an extended computational task will be introduced in
Chapters 9 and 8.

4.9 CONCLUSION

The topic of this chapter was the solution of inference problems where multiple
queries have to be computed. We quickly remarked that a repeated application of the
generalized collect algorithm for each query leads to a lot of redundant computations.
On the other hand, a more detailed analysis has shown that two such runs differ only
in the messages sent between the two root nodes. This fact is exploited by the Shenoy-
Shafer architecture that solves a multi-query inference problem by only the double
number of messages used for the computation of a single query. In addition, since
the Shenoy-Shafer architecture stores messages in mailboxes instead of combining
them to the node content, we obtain the best possible space complexity one can
expect for a general local computation scheme. However, the prize we have to pay
is that a lot of redundant operations are still performed, unless particular join trees
such as binary join trees are used. This was the key motivation for the introduction
of further local computation procedure with a more sophisticated caching policy.
These architectures benefit from a division operation that is in general not present
in a valuation algebra. We therefore discussed three different, algebraic properties in
the appendix of this chapter that allow the introduction of division: if the valuation
algebra is separative, it can be embedded into a union of groups which naturally
provide inverse elements. This is the most general property and leads to an extension
of the original valuation algebra where division is possible but where projection is
only partially defined. Alternatively, if the valuation algebra is regular, it decomposes
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directly into a union of groups and full projection is conserved. The third and strongest
property is idempotency. In this case, every element is the inverse of itself and
division becomes trivial. Back to local computation, we developed two specialized
architectures that apply to separative (and hence regular) valuation algebras. The
Lauritzen-Spiegelhalter architecture executes the collect algorithm in its inward phase
but always divides the message for the child node out of each node content. This
ensures that no information is combined a second time when the distribute message
arrives. Here, the division takes place on the node content and all messages can be
discarded as soon as they have been combined to some node content. On the other
hand, we need to store one factor per node whose size is bounded by the node label.
Thus, we avoid the redundant computations of the Shenoy-Shafer architecture to
the expense of a considerably higher space requirement. The second scheme called
HUGIN architecture delays division to the distribute phase where it only takes place
on the separators. This makes division less costly but requires to store the collect
messages until the end of the message-passing. A fourth and last local computation
scheme called idempotent architecture can be applied if idempotency holds in the
valuation algebra. Essentially, it is equal to the Lauritzen-Spiegelhalter architecture
but passes on the execution of trivial division. Thus, no additional effort is spent in
division and no messages must be cached. The very strong property of idempotency
further enables a specialized procedure to answer queries which are not covered by
the join tree. This procedure becomes especially worthwhile when a large number of
queries has to be computed. Finally, we pointed out that scaling or normalization is an
important issue for many applications. From the algebraic point of view, we propose
a generic definition of scaling when division is present, i.e. if the valuation algebra is
at least separative. However, there must also be a semantical motivation for a scaling
operation in a valuation algebra which cannot be justified on a purely algebraic level.
If this requirement exists, we are naturally interested in computing scaled queries
and it turned out that a slight modification of local computation architectures allows
computing an arbitrary number of scaled queries with only one single execution of
the scaling operation in the root node of the join tree. Figure 4.11 summarizes the
local computation procedures and their algebraic requirements.

Appendix: Valuation Algebras with Division

In the first part of the appendix, we will study under which conditions valuation
algebras provide a division operation. It has already been mentioned that the pure
existence of inverse elements according to Definition 4.1 is not sufficient since this
only refers to combination. But in order to apply division in local computation archi-
tectures, we also need a property for the projection operation. However, the definition
of inverse elements is nevertheless a good starting point for the understanding of di-
vision in the context of valuation algebras, and it turns out that all properties studied
below imply their existence. (Kohlas, 2003) distinguishes three different cases: Sep-
arativity is the weakest requirement. It allows the valuation algebra to be embedded
into a union of groups that naturally include inverse elements. However, the price we
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Figure 4.11 A graphical summary of local computation architectures.

pay is that full projection gets lost and we therefore recommend reading Appendix
A.3 before entering the study of separative valuation algebras. Alternatively, regu-
larity is a stronger condition. In this case, the valuation algebra itself is decomposed
into groups, such that full projection is conserved. Finally, if the third and strongest
requirement called idempotency holds, every valuation turns out to be the inverse of
itself. This has already been shown in Section 4.2.1 but here we are going to treat
idempotency as a special case of regularity and thus separativity.

D.1 PROPERTIES FOR THE INTRODUCTION OF DIVISION

Equivalence relations play an important role in all three cases since they will be used
for the decomposition of ®. An equivalence relation vy is areflexive, symmetric and
transitive relation. Thus, we have for ¢, ¢, n € ®

1. Reflexivity: ¢ = ¢ (mod v),
2. Symmetry: ¢ =1 (mod <) implies ¥ = ¢ (mod ),
3. Transitivity: ¢ = ¢ (mod v) and ¢ = 7 (mod ) imply ¢ =7 (mod 7).

Since we want to partition a valuation algebra, equivalence relations that are compat-
ible with the operations in ® are of particular importance. Such relations are called
congruences and satisfy the following properties:

1. ¢ =¢ (mod =) implies d(¢) = d(¢).
2. ¢ =1 (mod ~) implies ¢** = *¥* (mod v) if z C d(d) = d().

3. ¢1 =91 (mod ) and ¢ = 1p2 (mod 7) imply 1 ®¢2 = ¥1®¢2 (mod 7).
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An intuitive motivation for the introduction of congruences in valuation algebras is
that different valuations sometimes represent the same knowledge. Thus, they are
pooled in equivalence classes that are induced by such a congruence relation .

D.1.1 Separative Valuation Algebras

The mathematical notion of a group involves a set with a binary operation that is
associative, has a unique identity and each element has an inverse. Thus, we may
obtain inverse elements in a valuation algebra if the latter can be embedded into
a union of groups. It is known from semigroup theory (Clifford & Preston, 1967)
that the property of cancellativity is sufficient to embed a semigroup into a union
of groups, and it is therefore reasonable to apply this technique also for valuation
algebras which, according to Axiom (Al), form a semigroup under combination
(Lauritzen & Jensen, 1997). See also Exercise A.4 in Chapter 1. However, (Kohlas,
2003) remarked that a more restrictive requirement is needed for valuation algebras
that also accounts for the operation of projection. These prerequisites are given in the
following definition of separativity where we assume a congruence - that divides ¢
into disjoint equivalence classes [¢], given by

6y, = {¥e@:9p=¢ (modn)}. (D.1)

Definition D.4 A valuation algebra (®, D) is called separative, if there is a congru-
ence y such that

e forall i,y € @], with¢ @Y = ¢ @Y, we have 1y =1/,
e forall¢ € ®andt C d(d);

'®¢ = ¢ (modn). (D.2)

From the properties of a congruence, it follows that all elements of an equiva-
lence class have the same domain. Further, the equivalence classes are closed under
combination. For ¢, v € [¢],, and thus ¢ =1 (mod =), we conclude from (D.2)

PR = ¢®¢ = ¢ (mod 7).

Additionally, since all [¢], are subsets of ®, combination within an equivalence class
is both associative and commutative. Hence, ® decomposes into a family of disjoint,
commutative semigroups

¢ = U[‘b]v-

oed

Semigroups obeying the first property in the definition of separativity are called
cancellative (Clifford & Preston, 1967) and it follows from semigroup theory that
every cancellative and commutative semigroup [¢],, can be embedded into a group.
These groups are denoted by v(¢) and contain pairs (¢, ) of elements from [¢],

www.it-ebooks.info


http://www.it-ebooks.info/

156 COMPUTING MULTIPLE QUERIES

(Croisot, 1953; Tamura & Kimura, 1954). This is similar to the introduction of
positive, rational numbers as pairs (numerator and denominator) of natural numbers.
Two group elements (¢, 1) and (¢, v’) are identified if ¢ @ ¥’ = ¢’ ® v. Further,
combination within v(¢) is defined by

() ® (¢, ¢) = (@ed,vey). (D.3)
Let ®* be the union of those groups y(¢), i.e.
o = | Jr9)
LIS

We define the combination ®* of elements (¢, ¢), (¢',¢') € &* by

(¢, 9)@" (¢',¥) = (s@¢ ¥ ®Y). (D4

It can easily be shown that this combination is well-defined, associative and commu-
tative (Kohlas, 2003). ®* is therefore a semigroup under ®*. Moreover, the mapping
from ® to ®* defined by

¢ = (¥®¢,9)

is a semigroup homomorphism which is furthermore one-to-one due to the cancella-
tivity of the semigroup [¢],. In this way, ® is embedded as a semigroup into ®*.
Subsequently, we identify ¢ € ® with its counterpart (¢ ® ¢, @) in ®*. Since v(¢p)
are groups, they contain both inverses and an identity element. We therefore write

o7t = ($,9©9)

for the inverse of group element ¢, and denote the identity element within v(¢) as
f+(¢)- Note that neither inverses nor identity elements necessarily belong to & but
only to ®*. The embedding of ® into a union of groups ®* via its decomposition into
commutative semigroups is illustrated in Figure D.1.

We next introduce a relation between the semigroups [¢],. Since vy is a congruence,
we may define the combination between congruence classes as

¥, @ [dly = ¢ ® ¢l (D.5)
and say that
Wy <lgly if [¥® ], =[] (D.6)

This relation is a partial order, i.e. reflexive, transitive and antisymmetric according
to Definition A.2, as shown in (Kohlas, 2003). It can further be carried over to y(¢)
by defining

V(@) <v(8) if [y <[4y
The following properties are proved in (Kohlas, 2003):
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o (99 ¢, 9)

o =Un(9)

Figure D.1  In a separative valuation algebra ® is decomposed into disjoint equivalence
classes, which are cancellative semigroups, by the congruence v and finally embedded into a
union of groups ®*.

Lemma D.10
L If () < v(o), then ¢' ® fyyy = ¢’ for all ¢’ € v(¢).
2. (¢*) < (¢) forall t C d(9).
3. Forall ¢,¢ € D it holds that y(¢) < ¥{¢ @ V).
4 (p@y) T =9 @yYL

It is now possible to extend (partially) the operations of labeling, projection and
combination from (&, D) to (®*, D):

e Labeling d* for elements in ®* is defined for n € ®* by d*(n) = d(v) for
some ¢ € ®, if ) € y(¢). Since + is a congruence, d* does not depend on the
representative 1 of the group (). Therefore, d* is well-defined. Further, the
label for an element ¢ € @ is d*(¢) = d(¢). In other words, d* is an extension
of d, and since 7 and 7! are contained in the same group, we directly get

d*(n) = d*(n71).

o We have already seen in equation (D.4) how the combination is carried out
among elements in ®*. This operator also extends &, since

P Y = (¢®¢,0)R" (VWY Y) = (PQYRPRY,9QY) = ¢QY

forelements ¢, 1) € ®, which are identified by (¢®¢, @) € &* and (Y@, ) €
®* respectively. With this extension of combination, we further remark that ¢
and ¢! are indeed inverses according to Definition 4.1, since

PR PTIR D = ¢R fy4) = ¢ (D.7)

and
6710 00 ¢ = 67 @ fuig) = 7 ©8)
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We therefore conclude that separativity is a sufficient property to guarantee the
existence of inverse elements.

e Finally, we partially extend the operator of projection. Given an element 1 €
®*, the projection |* of 7 to a domain s is defined by

= P ety (D.9)
if there are ¢, ¥ € ® with d(¢)) C s C d(¢) and v(¢») < v(¢) such that
n o= ¢ Yl

This definition will be justified using the following lemma.

Lemma D.11 Let 5 = (¢, 1) be the pair representation of an element 1 € ®* with
o, ¥ € ® and d(p) = d(v). Then 1) can be written as

n o= ¢yl
Proof: Because v is a congruence, we have d*(n) = d(¢) = d(v) and further

(¢,9) (PRPRYV,YRPRY)
(Pd®¢,6) Q" (v, @Y)
o YL

i

Note again the similarity to positive, rational numbers represented as pairs of
naturals. So, any element 77 € ®* can at least be projected to its own domain. It will
next be shown that |* is well-defined. Take two representations of the same element

M,n2 € ®* withny = (6,9), 12 = (¢',¢’) and ¢ ® 9" = 1) ® ¢’ such that 1 = n,.
Assume that both can be projected to a domain s, i.e. there are ¢1, ¢2,%1,%2 € P,

(1) < Y(b1), V(¥h2) < ¥(d2) and d(31) C s C d(¢1), d(tp2) C s C d(¢2) such
thatn; = ¢ ®* 1/11_1 and o = ¢z ®* 1&;1. We show that

mto= 0y (D.10)
First, we conclude from 7; = 7 that
¢ @ YT = @ Yy
We muitiply both sides with ¥); ®* 1/ and obtain
QO YR YR Y = 2 ® ¢y @Y ® Y,
thus

$1 @ fywr) ® U2 = 2@ fyp,) @ V1.
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Since y(t)1) < v(¢1) and v(¢2) < v(¢2), Lemma D.10 implies
1R Yy = $2®" Yy,

and because ®* extends the combination in @, ¢; ® P2 = ¢2 ® ¥; must hold. By
application of the combination axiom in (®, D)

PO = (p1 @) = (2 @1 = 5° @ 1. (D.11)
Next, it will be shown that
v(¥1) < Y(¢3°) and (¢2) < ¥(e1°). (D.12)

Since (y1) = Y(¥1") < v(¢1), equation (D.6) implies that y(¢1) = ¥(¢1 ® 1) =
v(¢1 @ 17 1) and therefore

Y(p1) = (b1 ® Y1) = v(d2®" Y3 ") = (o). (D.13)

On the other hand, the combination axiom in {®, D) yields

1(BY) = (¢ @ ¥1)*) = 1(8Y° @ ).

Therefore v(1) < v(#+°) and using equation (D.13) we obtain y(11) < 7(¢5°).
This proves the first relation of (D.12) and the second is obtained by symmetry.
Finally, we deduce from multiplying both sides of (D.11) with v, 1 g Py 1

¢,},s ®* d)2 ®* ¢f1 ®* w;l — d)i,s ®* ¢1 ®* 1/)1—1 ®* w2—1’
hence
O1" U ® for) = 05" O U3 @7 frw
and due to (D.12) and Lemma D.10 we finally obtain
n%*s — ¢J1,s ®* wl—l — ¢$s ®* wz—l — n%*s‘
This proves that projection in (®*, D) is well-defined.
It remains to be verified that |* is really an extension of |. Let ¢ € ®. In the first

step we have to guarantee that ¢*** is defined for all s C d(¢). The valuation ¢ can
be written as

o = (s (¢,
since

PP e (o) = foto
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and v(¢) > v(¢*?). According to Lemma D.10 we have v(¢*?) < ~(¢ ® ¢'9)
and d(¢w) = 0 C d(¢ ® ¢*?). Therefore, the projection |* of ¢ to any domain
5 C d(¢ ® ¢*?) = d(¢) is defined. Now, using the combination axiom in (®, D),

P = (90 " (o)
(¢ ® ¢*0) ®* (') !
o

Note that the extended domain operator AM* is directly induced by the definition
of the new projection operator, i.e. for n € ®*

M*(n) = {s:3¢,% € ®suchthatd(yp) C s C d(¢), (D.14)
¥(¥) < y(¢) andn = ¢ ®" $7'}.

Theorem D.11 (®*, D) with the operations of labeling d*, combination ®*, domain
M* and projection |* is a valuation algebra with partial projection.

Proof: We verify the axioms on (®*, D) given in Appendix A.3:

(A1") Commutative Semigroup: We have already seen that ®* is a commutative
semigroup under ®*.

(A2") Labeling: Consider two elements 7y, 77, € ®* with 7 € v{¢) and 72 € {2))
for ¢,7 € ®. It follows from the definition of the labeling operator that
d*(m) = d(¢) and d*(n2) = d(¢). We conclude from equation (D.4) that
m @ 12 € ¥(¢ @ 9). Indeed, m; and 1, can be written as pairs of elements
of [¢]y and [¢], respectively and therefore 7; ®* 72 as pairs of elements of
@]y ® [¥]y = [¢ ® ], Then, it follows that

d*(m ®" m2) = d¢®Y) = d@)UdY) = d*(m)Ud (n2).
(A3") Projection: If n € ®* can be projected to s, we have
ni*s . ¢.Ls ®* ,l/}—l
with d(¢) C s. It follows from the labeling axiom
d'(n"*) = d*(6" @ y7") = d(¢")Ud'(¥T') = d(¢*) = s.
(A4”") Transitivity: Let n € ®*,¢ C s C d(n) such that ¢ € M*(r7). We have
n o= ¢y

with &, € ©, () C ¢ and () < ~(@). Since () C ¢ C s C d(¢) it
follows s € M™*(n). The projection of 7 to the domain s yields

n,L*s — ¢l,s ®* d)_l'
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From Lemma D.10 and () < v(¢) we derive y(¢) = v(¢ ® ¢) and obtain
by application of the combination axiom in (&, D):

1(PP) = (@ ¥)*) = (" ® ).

Therefore v(¢)) < v(¢*®) holds. Since d(v)) C t we have shown that ¢ €
M*(n**#). By the transitivity axiom in (®, D) we finally get

(n,],*S)i,t — (¢J,3),J,t ®* w—l — ¢J,t ®* w—l — ni,*t.
Combination: Let ny,1m, € ®* withs =d(m),t =d(nz)and s C z C sUL.

We claim that z Nt € M*(n2) implies z € M*(n ®* 172). Assume that
zNt € M*(n), ie.

n = ¢2®" Yyt

with ¢o, 12 € ®, d(1p2) C 2Nt and y(¢¥2) < v(¢2). By Lemma D.11 there
are g1, € ® with y(¢1) = v(¢1) and d(¢1) = d(11) = s such that

mo= 41 Pt
We then get
me m = (61®¢2)® (Y1 ®P2)”!
with d(11 ® 92) = d(¢1) U d(¢p2) C z. Further

Y @ p2) = Y(P1 @Y1 ® P2 ®2)

and it follows y(1); ® ¥2) < (1 ® ¢2). So z € M* (1 ®* 72). We finally
get by the combination axiom in (®, D)

m ®* nézﬂt — (¢1 ® ¢%zﬁt) ®* 1111_1 ®* ,(/}2—1
= (1®¢) ® (Y1 @)
= (m &)
This holds because d(¢1 ® ¢2) = s Ut and v(¥1 ® ¥2) < ¥(d1 ® 2).

Domain: Let 5 € ®* with t = d*(n). By Lemma D.11, t € M*(7), that is
n = ¢ ¢y~ with d(¢)) C t and v(3)) < v(¢). Then, as a consequence of
the domain axiom in (®, D), we get

nl,*t — ¢J,t ®* w~l — ¢®* 1/}—1 = 7.
n

This shows that the property of separativity is sufficient to provide a valuation
algebra with a division operation. Again, we point out that we loose the property of
full projection by this construction. Therefore, we end with a valuation algebra with
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partial projection as stated by the above theorem. Before listing some instances of
separative valuation algebras, we remark that cases exist where we do not need to
worry about the existence of the projections in the combination axiom.

LemmaD.12 Letn € ®* and ¢ € ® with s = d*(n) and t = d{v)). For every
domain z € D such that s C z C sUt we have z € M(n ® ¢).

Proof: Since ¢ can be projected to any domain contained in d(v), especially to
z N, it follows from the combination axiom that z € M(n ® v). ]

It is shown in (Pouly, 2008) that an identity element e can also be adjoined to
a separative valuation algebra without affecting separativity. It always holds that
e = e~ ! that allows us to derive division-based local computation architectures from
the Shenoy-Shafer architecture of Section 4.1 that uses this particular element.

W D.6 Set Potentials and Separativity

In order to prove that set potentials are separative, we first introduce some
alternative representations. We define for a set potential m with domain d(m) =
sand A C Q,

bm(A) = > m(B) and gn(4) = > m(B). (D.15)

BCA BDA

Clearly, both functions b,, and q,, are themselves set potentials, It is further-
more shown in (Shafer, 1976) that the two transformation rules are one-to-one
with the following inverse transformations

m(4) = Y () Flb,(B) (D.16)
BCA
and
m(4) = Y (-1)F~*g.(B). (D.17)
BDA

Consequently, the operations of combination and projection can be carried over
from m-functions to b-functions and ¢-functions:

bm1 ®bm2 = bm1®m27 bﬁ = bm“a
Imi @ Qmy; = Gmi®mas Q;er = gmit-

To sum it up, m-functions, b-functions and g-functions describe the same sys-
tem, and since m-functions build a valuation algebra, the same holds for the
two other representations. Additionally, we also deduce that all properties that
hold for one of these representations naturally hold for the two others.
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It turns out that the operations of combination and projection simplify con-
siderably if they are expressed either in the system of g-functions or b-functions.
More concretely, combination reduces to simple multiplication in the system of
g-functions and projection does not need any computation at all in the system
of b-functions. This is the statement of the following theorem which is for
example proved in (Kohlas, 2003).

Theorem D.12

1. For qm,, with domain s and ¢,,, with domain t we have for all A C Q.
Gy @ Gma(A) = Gy (A7) - gy (A1) (D.18)

2. For by, with domain s and t C s we have for all A C €,

bH(A) = ba(AT). (D.19)

Now, we are able to show that set potentials are separative. For this purpose,
we change into the system of g-functions. Then, a congruence 7 is needed that
divides @ into cancellative equivalence classes. Let us therefore introduce the
support of a g-function ¢ € ® with d(q) = s by

supp(g) = {ACQs:q(A) >0}
q1 and gz with equal domain are equivalent if they have the same support, i.e.
@1 =¢q2 (modv) if d(q1)=d(q2) and supp(q1) = supp(gz).
In particular, we have ¢ = ¢ ® ¢** (mod ~) since

supp(q® q**) = {AC Qs :q(A)- ¢ (AM) >0}
{ACQ;:q(A4) >0}
= supp(q).

The second equality holds because m-functions are non-negative, projection of
m-functions is defined by a sum, and ¢-functions are defined by a sum over the
values of an m-function. Altogether, we have ¢‘'(A*t) = 0 implies g(A) = 0
because the non-negative terms of a sum giving zero must themselves be zero.
Hence,  is divided into disjoint equivalence classes of g-functions with equal
domain and support. These classes are cancellative since

9(4) - q(4) = q(4)-¢(4)

implies that ¢ (A) = g2(A) if ¢, g1, g2 all have the same domain and support.
This fulfills all requirements for separativity given in Definition D 4.

It should be mentioned that not every b-function or g-function transforms
into a set potential m using either equation (D.16) or (D.17). This is because
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both transformations can create negative values which shows that ®* is really
an extension of the system of g-functions.

B D.7 Density Functions and Separativity

In order to show that density functions are separative, we proceed similarly to
the foregoing example and define the support of a density f € ®, by

supp(f) = {x€Qs: f(x) > 0}.

Then, we again say that two densities f and g with equal domain are equivalent
if they have the same support. We conclude f = f ® f+ (mod =) since

supp(f® f*) = {x€Q: f(x)  fH(x*) >0}
= {xeQ: f(x)>0}
= supp(f).

The second equality holds because densities are non-negative and therefore
fH(x**) = 0 implies f(x) = 0. Hence, ® divides into disjoint equivalence
classes of densities with equal domain and support. These classes are cancella-
tive which fulfills all requirements for separativity given in Definition D.4.

D.1.2 Regular Valuation Algebras

We have just seen that a separative valuation algebra decomposes into disjoint semi-
groups which in turn can be embedded into groups. Thus, we obtain an extended
valuation algebra where every element has an inverse. However, (Kohlas, 2003)
remarked that in some cases, valuation algebras can directly be decomposed into
groups instead of only semigroups. This makes life much easier since we can avoid
the rather complicated embedding and, moreover, full projection is conserved. A
sufficient condition for this simplification is the property of regularity stated in the
following definition. Note also that it again extends the notion of regularity from
semigroup theory to incorporate the operation of projection.

Definition D.5

o An element ¢ € ® is called regular, if there exists for all t C d(¢) an element
x € ® with d(x) = t, such that

¢ = o"ex®s. (D.20)
o A valuation algebra (®, D) is called regular, if all its elements are regular.
In contrast to the more general case of separativity, we are now looking for a

congruence that decomposes ® directly into a union of groups. For this purpose, we
introduce the Green relation (Green, 1951) between valuations:

p=v (mody) if ¢R® = Q. (D.21)
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¢ @ ® denotes the set of valuations {¢ ® n : n € P}, i.e. the principal ideal
generated by ¢. (Kohlas, 2003) proves that the Green relation is actually a congruence
in a regular valuation algebra and that the corresponding equivalence classes [¢], are
directly groups which therefore provide inverse elements.

Lemma D.13 If ¢ is regular with ¢ = ¢ @ x Q ¢, then ¢ and x ® ¢ ® x are inverses.

Proof: From Definition 4.1 we obtain

PR(XRIRX)®P = DX (P®X®P)
PROXRP
¢

and

XRPX)RIQ(X®PRX) = XD(POXVP)RXRPRX
X®(¢Q X ®P) D x
= XQ¢X.

The equivalence classes [¢], are clearly cancellative since they are groups and
therefore contain inverse elements. Further, the Green relation clearly satisfies equa-
tion (D.2), which makes a regular valuation algebra also separative. From this point of
view, regular valuation algebras are special cases of separative valuation algebras and
since @ does not need to be extended, full projection is preserved. This construction
is illustrated in Figure D.2.

o = U[¢]'r

Figure D.2 A regular valuation algebra ® decomposes directly into a union of groups ®*
by the Green relation.

Idempotent elements play an important role in regular valuation algebras. These
are elements f € ®suchthat f® f = f. According to Definition 4.1 we may therefore
say that idempotent elements are inverse to themselves. Essentially, idempotents are
obtained by combining inverses. Thus, if ¢,1 € & are inverses, f = ¢ ® ¥ is
tdempotent since

fof =009 (¢3y) = 8929 Q¢ = 68y = f.
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These idempotents behave neutral with respect to ¢» and 1. We have

fed=(009)0¢ = ¢,

and the same holds equally for 7. The following important lemma states that every
principal ideal ¢ ® ® is generated by a unique idempotent valuation.

Lemma D.14 In a regular valuation algebra there exists for all ¢ € ® a unique
idempotent f € dwithp Q¢ = f Q@ ©.

Proof: Since ¢ is regular there is a x such that ¢ = ¢ ® x ® ¢ and we know from
Lemma D.13 that ¢ and x ® ¢ ® x are inverses. Thus, f = ¢ Q (X QPR X) = R x
is an idempotent such that f ® ¢ = ¢. Therefore, ¢ Q¢ = fR (¢ QY) € f @ P and
oY = ¢®(x®Y) € ¢® . Consequently, p@P = f® P must hold, and it remains
to prove that f is unique. Suppose that f; ® ® = f; ® ®. Then, there exists xy € ®
such that fo = f; ® x. This implies that {1 ® fo = iR (fi®x) = 1 @ x = fo.
Similarly, we derive f1 ® fo = fo and therefore it follows that f; = fs. ]

We again point out that we may also adjoin an identity element to a regular
valuation algebra without loosing this property. An explicit proof can be found in
(Pouly, 2008). Here, we now focus on an instance of a regular valuation algebra.
More examples will be given in Appendix E.2 of Chapter 5.

Bl D.8 Arithmetic Potentials and Regularity

In Instance 4.1 we used arithmetic potentials to give a simple example of inverse
clements in a valuation algebra. There, we also mentioned that arithmetic
potentials are in fact regular which induces these inverse elements. Now, we
are able to verify this claim. Let p be an arithmetic potential with domain s and
t C s. Then, the definition of regularity may be written as:

p(x) = p*@x®p(x) = pY(x*) - x(x*) - p(x).

So, defining

1 .
Wx) = 4w P >0
arbitrary otherwise

leads naturally to a solution of this equation. Hence, the inverse of a potential
p with domain s and x € €}, is given by

l .
p—l(x) — m lfp(x).> 07
0 otherwise.
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D.1.3 Idempotent Valuation Algebras

The property of regularity allows the decomposition of a valuation algebra into groups
such that inverses exist within ® directly. We also learned that every such group is
generated from a unique idempotent element. Therefore, the last simplifying condi-
tion for the introduction of division identifies valuation algebras where every element
is idempotent. This has been proposed in (Kohlas, 2003) and leads to a decomposition
where every valuation forms its own group. The property of idempotency has already
been defined in Definition 4.2. By choosing x = ¢ in Definition D.5, we directly
remark that every idempotent valuation algebra is regular too. Then, since principal
ideals are spanned by a unique idempotent, each element of an idempotent valuation
algebra generates its own principal ideal. Consequently, all groups [¢]., consist of the
single element ¢ which is therefore also the inverse of itself.

It is not surprising that also the property of idempotency remains conserved if an
identity element is adjoined to an idempotent valuation algebra. We again refer to
(Pouly, 2008) for the proof of this statement. Some examples of idempotent valuation
algebras have already been given in Section 4.2.1, others follow in Appendix E.4.

D.2 PROOFS OF DIVISION-BASED ARCHITECTURES

The proofs of the two division-based local computation schemes called Lauritzen-
Spiegelhalter architecture and HUGIN architectures were retained in Chapter 4 since
they are based on properties derived in Appendix D.1.

D.2.1 Proof of the Lauritzen-Spiegelhalter Architecture

The proof of the Lauritzen-Spiegelhalter architecture is based on the messages used in
the Shenoy-Shafer architecture. If they exist, Lauritzen-Spiegelhalter gives the correct
results because the inward messages are identical in both architectures. Further, the
Shenoy-Shafer messages are needed in equation (D.23) below for the application of
the combination axiom. However, (Schneuwly, 2007) weakens this requirement by
proving that the existence of the inward messages is in fact sufficient to make the
Shenoy-Shafer architecture and therefore also Lauritzen-Spiegelhalter work.

Proof of Theorem 4.2

Proof: Let i’ denote the messages sent during an execution of the Shenoy-Shafer
architecture. We know that

— !
Kiosg = HKinj

during the collect propagation and the theorem holds for the root node as a result of
the collect algorithm. We prove that it is correct for all nodes by induction over the
outward propagation phase using the correctness of Shenoy-Shafer. For this purpose,
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we schedule the distribute phase by taking the reverse node numbering. When a node
j is ready to send a message towards %, node ¢ stores

U ® (Win)'® Q) i (D.22)
kene(i),k#j
By the induction hypothesis, the incoming message at step ¢ is
Wi = GRENEG)

LAE)INAGE)

= ¢j® ® /‘;c-ej
kene(s)
l,w_jﬁ,iﬂk(’i)

= ({ve Q oy ® s,
kene(j),k#1
= WL ® i = WL ® s, (D.23)

The third equality follows from the combination axiom, and the assumption is needed
to ensure that yi; ,; exists. So we obtain at node 7, when the incoming message ;.
is combined with the actual content and using Theorem 4.1,

%@ Q) i ® W) ®p L ®u,; = PP f
k€ne(i),k#j

It follows from Lemma D.10 that

Y(Wing) < V(Wi ® pisy) = H(@PIND) < (@),
hence

IAG) , IPNEYC)
¢ ® fV(Hi_;j) d) N

D.2.2 Proof of the HUGIN Architecture
Proof of Theorem 4.3

Proof: The proof is based on the correctness of the Lauritzen-Spiegelhalter architec-
ture. First we consider the separators in the join tree (V, E, A, D) as real nodes. Thus,
let (V', E’, X', D) be such a modified join tree. We then adapt the assignment map-
ping a making it again surjective. We simply assign to every separator node in V' — V
the identity element e and name the extended assignment mapping a’. Now, the ex-
ecution of the Lauritzen-Spiegelhalter architecture is started using (V/, E/, M, D, a').
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Take a node ¢ € V which is not a separator in the original tree. It sends a message
i ; in the collect phase of Lauritzen-Spiegelhalter and divides it out of its current
content which we abbreviate with ;. By the construction of (V’, E’, X', D), the
receiving node j = ch(i) is a separator in (V, E, A, D), thatis j € (V' — V). Node ¢
contains 7; ® (pi—,;) " and j stores € ® fi;_,; = p1;; after this step. Then node j is
ready to send a message towards node k = ch(j). But we clearly have y1;_,; = it .
Since every emitted message is divided out of the store, the content of node j becomes

/’l‘l—)] ® (ll’j—)k)_l = f’y(yj_.k)'

We continue with Lauritzen-Spiegelhalter and assume that node % is ready to send
the message for node j during the distribute phase. This message equals ¢+ ()N A(G)
due to Theorem 4.2 and also becomes the new content of j according to equation
(D.23). The message sent from j towards i is finally ¢p+A(INAE) = @lARINAG) g0
that we get there

e ® (i) @ PPOME = A0,
This follows again from the correctness of Lauritzen-Spiegelhalter. But
(img) ™! @ PO

is also the message from k towards 7 in the HUGIN architecture using (V, E, A, D, a),
which has passed already through the separator ;. ]

The messages used throughout the proof correspond to the Lauritzen-Spiegelhalter
messages. Therefore, we may conclude that the existence of the collect messages
is also a sufficient condition for Theorem 4.3. If, on the other hand, the valuation
algebra is regular, this condition can again be dropped.

D.3 PROOF FOR SCALING IN VALUATION ALGEBRAS

Proof of Lemma 4.9

Proof :
1. By application of the combination axiom

(¢¢)w — <¢®(¢~L@)_1)w - ¢w®(¢¢0)_1 — f'y(¢¢0)'
Hence
-1

()" = ¢ o ((6)")

since y(¢*) = v(¢) > v(¢*?).

= ¢ & (fypmy) = ¢
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2. We first remark that ¢ = ¢* @ ¢*? since v(¢) > ~v(¢*?) and using the
combination axiom and equation (4.30) we have

PSP (¢ © 0" ® (v* @ y*?)

(¢* ) ® (0" @ *?)

(¢ @ vH) @ (¢* @ )P ® (6 @ 1Y)
(¢* @ vt ((cb“’ P ® (¢ @ vh))Y
(¢ @ Yh)' & ((¢* @ ¢*) ® (¢ @ ¥*9))1?
(¢* @y4) @ (p @ y)¥.

From this we conclude that

I

veve(eev)”

= e epey?e(penV)
= ('@ ® fypano)
= (¢t @yh)

because again v((¢* @ ¥*)*) > v((¢ @ ¥)**).
3. From equation (4.30) we conclude on the one hand
1 10 {
¢¢t — (¢¢t) ® ((pit) - (¢it) ®¢l0’

and on the other hand

M = (¢¢®¢w)“ = () et

(@)

-1

Hence
(") @ = (¢ @t

Since ¥(¢%) < y((#4)), ¥((9*)") it follows that

(d>“)l _ (¢¢)“®¢w®(¢w)‘l — (qsi)“.

B D.9 Scaling of Belief Functions

In Instance D.6 we derive the two alternative representations of set potentials as
b-functions and ¢-functions. These systems are isomorphic, which allows us to
conclude that they all form valuation algebras and satisfy the same additional
properties. Since combination corresponds to simple multiplication in the case

www.it-ebooks.info


http://www.it-ebooks.info/

PROOF FOR SCALING IN VALUATION ALGEBRAS 171

of g-functions, it is often convenient to study related algebraic properties in this
system. Thus, we obtain by applying the definition of scaling to a g-function:

-1
¢ = q®<qw> )

It is important to note that ¢*? consists of two values, ¢*? (#) and ¢*? ({o}). Since
the empty set can never be obtained from projecting a non-empty configuration
set, the formula can be written for the case where A # 0 and ¢*?({0}) # 0 as

aH(A) = ﬁ‘%{%' (D.24)

We then obtain for the denominator

¢’(fo}) = D m(4) = mP({o}).

A#0
Since
@) = D mP4) = m({e}) +m!(0)
ACQy
= Y mA)+m@) = S m(4) = q@),
A#Q A
we have for the empty set
_a® _ a®) _
0 = i I (D.25)

So, the scale of a g-function is obtained by equation (D.24) and (D.25), and it is
common to refer to non-negative, scaled g-functions as commonality functions.

We next translate the scaling operation for g-functions to the system of
m-functions using equation (D.17) and obtain

mt(A4) = Y (-1)E ¢4 (B) (D.26)
BDA
Ceoa=DP A g(B)  m4)  _ m(4)
> pzo m(B) Ypram(B)  m¥P({o})’
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if A # @ and m*®({c}) # 0. Finally, we obtain for m*(0)
mt @) = > (-1 "4

A
S aze(—1)!* q(4)
ZA;ew m(A)

_ ZaE)MgA) -a®)
ZA;éO) m(A)

_ m(0) _ m(0) + 3" 4o m(A) 41 = 0
ZA;&(D m(A) EA;&@ m(A) .

Thus, the scale of a set potential is given by equation (D.26) if A # () and
m*?({o}) # 0, and m*(P) = 0 otherwise. This satisfies the two properties:

m'@) =0 and ) mb4) = L (D.27)

ACQ,

In the theory of evidence, such potentials are called basic probability assign-
ments or mass functions. Intuitively, m(A) represents the part of our belief that
the actual world (i.e. some configuration) belongs to A — without supporting
any more specific subset, by lack of adequate information (Smets, 2000; Smets
& Kennes, 1994). Under this interpretation, the two normalization conditions
imply that no belief is held in the empty configuration set (which corresponds
to a closed world assumption) and that the total belief has measure 1. In a
similar way, the operation of scaling can also be translated to the system of
b-functions using equation (D.15). It is then common to refer to non-negative,
scaled b-functions as belief functions. A comprehensive theory of mass, belief
and commonality functions is contained in (Shafer, 1976). We also pointed
out in Lemma 4.9 that the combination of two normalized set potentials (mass
functions) does generally not lead to a mass function again. However, this can
be achieved using equation (4.32). Assume two mass functions 1 and mo
with domains s and ¢. We have for ) C A C Q.

my ®ma(A) = (m; @my)*(4)
_ mem(4) 1
- (m ®m2)ie({°}) B le@m&m)’
where
K = (m1®m2)w({°})
= zm1®m2(3) = Z m1(A;) - ma(Az).

B#@ AISUtnA;SUt¢m
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We further define m; @ ma () = 0 and, if K = 0, we set m; @ ma(A) = 0.
This operation is called Dempster’s rule of combination (Dempster, 1968).

We complete the study of scaling for set potentials and our excursion to
Dempster-Shafer theory by a small example of normalizing a set potential.
Let r = {A, B} be a set of variables with finite frames 4 = {a,a@} and
Qg = {b,b}, and m a set potentials with domain d(m) = { A, B} defined as:

0 0.6
{(a,b)} 0.1
B | o
B | 02

We then compute

w ] 0.6
T ey || 04

and obtain for its associated mass function

0 0
{(a,b)} 0.25
{@,b),(a,b)} || 0.25
{(a,b), (@, b)} || 0.50

mbt =

PROBLEM SETS AND EXERCISES

D.1 * Exercise B.4 in Chapter 2 asked to transform the fundamental computational
problems of filtering, prediction and smoothing in hidden Markov chains into an in-
ference problem. Show that the filtering and smoothing problem can simultaneously
be solved by a complete run of the Shenoy-Shafer, Lauritzen-Spiegelhalter or HUGIN
architecture, i.e. that filtering corresponds to the collect phase and smoothing to the
distribute phase in the three local computation architectures.

D.2 * Section 4.5 derives the idempotent architecture from the correctness of the
Lauritzen-Spiegelhalter architecture.

a) Provide an alternative proof by starting from the HUGIN architecture.
Indication: consider the separators in the HUGIN architecture as ordinary
join tree nodes and observe that HUGIN becomes identical to Lauritzen-
Spiegelhalter.

b) Derive the idempotent architecture directly from the generalized collect
algorithm in Section 3.10 without reference to another division-based ar-
chitecture. This is similar to the proof of the Shenoy-Shafer architecture.
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D.3 ** Consider a join tree (V, E, A, D) with |V| = r that is fully propagated by
the Shenoy-Shafer architecture, i.e. for each node i € V' we have

PO = (@ @YD = g0 Q) Hisi
j€Ene(z)
as stated in Theorem 4.1. Assume now that a new valuation € ® is combined to
some covering node k € V with d(n) = A(k). This is called a consistent update. If

the Shenoy-Shafer architecture is repeated from scratch, we obtain at the end of the
message-passing for eachnode i € V

@O = he--ep.end = ge & i,
jEne(t)

where ¢} = ; for ¢ # k and ¢}, = v ® 7. However, instead of recomputing all
messages [i;_,;, it is more appropriate to reuse the messages that do not change by
this updating process. Prove that during the collect phase, only the messages between
the node & and the root node change. In the distribute phase, all messages must be
recomputed. Perform the same analysis for the Lauritzen-Spiegelhalter, HUGIN and
idempotent architecture. The solution can be found in Chapter 6 of (Schneuwly, 2007).

D4* Let (d, D) be an idempotent valuation algebra. For ¢, 1) € ¢ we define
¢ >y if,andonlyif, ¢Qy = ¢. (D.28)

This expresses that the information piece ¢ is more informative than 1.

a) Prove that this relation is a partial order, i.e. verify the axioms of Definition
A.2 in the appendix of Chapter 1.

b) We further assume that (®, D) is an information algebra, i.e. that neutral
and null elements are present, see Definition 4.3. We then also have the
operation of vacuous extension given in equation (3.24) of Chapter 3. Prove
the following properties of relation (D.28) for ¢,¢ € ® and z,y € D:

L if ¢ < o then d(¢) C d(¥);
2. ifz Cythene; <eyand z; < 245

3. ifx C d(¢) then e, < ¢ and, if d{¢p) C x, then ¢ < z,;
$Y <P

¢ ® 1 = sup{¢, ¢ };

if z C d(¢) then ¢** < ¢;

if d(¢) C y then ¢ < ¢,

® N s

if £ C y = d(¢) then (¢+*)¥ < ¢;
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9. ¢1 < ¢z and ¢y < ¢y imply @1 ® 1 < d2 R Ya;
10. if € d(¢) N d()) then ¢ ® Yi* < (p @ )4+
11. if z C d(¢) then ¢ < 1 implies ¢** < Yi=;

12. if d(¢) C y then ¢ < v implies ¢T¥ < 1V,
13. if d(¢) C = C d()) then ¢ < 1 implies ¢ < .

The partial order together with Property 5 implies that ® is a semilattice.
Indications for this exercise can be found in Lemma 6.3 of (Kohlas, 2003).

D.5 ** Let (®, D) be an information algebra and suppose that the information
content of an element ¢ € ® has been asserted. Then, all information pieces which
are less informative than ¢ should also be true. The sets

I(¢) = {pe®:p>y} (D.29)

are called principal ideals. Observe that principal ideals are closed under combination,
ie. if ¥, v € I{¢) then v ® v € I(¢). We further define

lo = {1(6): 6€®)
and introduce the following operations in (I3, D):
1. Labeling: For I(¢) € Iy we define d(I1(¢)) = d(¢).
2. Combination: For I(¢1),I(¢2) € Ip we define
Lo, = {(ved:¢ ¢ > v}
3. Projection: For I(¢) € Iy and x C d(I(¢$)) we define
I = {Yed:¢* 2y}

Prove that the set of principal ideals I is closed under combination and projection,
and show that (I, D) satisfies the axioms of an information algebra. Indications can
be found in (Kohlas, 2003), Section 6.2.

D.6 ** Let s,t,u € D be disjoint sets of variables and assume that we want to
define a valuation ¢ € ® with d(¢) = s Ut U u by specifying its projections ¢, and
19 relative to s U u and ¢ U u. Of course, the projections must be consistent such
that " = 13" holds. The problem of finding such a valuation ¢ = ¥ ® V2 is
called marginal problem. Intuitively, this is similar to the specification of a building
by its floor, body and sheer plan. Prove that if (®, D) is a regular valuation algebra
according to Definition D.5, then there exists ¢ € ® with d(¢) = s Ut U w such that

GUU = g1 and MV = gy,
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The solution to this exercise can be found in (Kohlas, 2003), Theorem 5.15. Marginal
problems are closely related to the notion of conditional independence in valuation
algebras that is treated in Exercise D.7.

D.7 ** Let (®, D) be a valuation algebra and ¢ € ®. If s, ¢, u are disjoint subsets
of d(¢), we say that s is conditionally independent of t given u with respect to ¢, if
there exist 11,2 € ® such that d(¢,) = s U u,d(2) = t Uu and

¢J,sUtUu — 1/)1 ® w2. (D30)

If s is conditionally independent of ¢ given u, we write s 4t|u.

a) Show that conditional independence in valuation algebras coincides with
stochastic conditional independence in probability theory when applied
to the instances of probability potentials, density functions and Gaussian
potentials presented in Chapter 1.

b) Prove the following properties of conditional independence. Let ¢ € ¢ and
assume s,t, u, v C d(o) to be disjoint sets of variables. Then

1. Symmetry: s L 4t|u implies £1 4s|u. (GD

2. Decomposition: sL 4t U v|u implies s st|u. (G2)
If furthermore the valuation algebra has neutral elements, we have

3. Weak Union: s1 4t U vju implies s L 4t|u U v. (G3)

The solution to these exercises can be found in Section 5.1 of (Kohlas, 2003).

D.8 ** Consider the definition of conditional independence in Exercise D.7. For
u = {) we use the short notation sl 4t and say that s is independent of t with respect
to ¢ € ®. Let (P, D) be a regular valuation algebra, ¢ € ® and s,t € D disjoint
subsets of d(¢). Then, the valuation

bsp = (¢ '@t (D.31)

is called the conditional of ¢ for s given ¢.
a) Prove that the factors ¢ = ¢, and ¥, = ¢t satisfy equation (D.30) and
identify ¢y; in the valuation algebra or probability potentials.
b) Conditionals in regular valuation algebras have many properties that are
well-known from conditional probabilities. Prove the following identities
and rewrite them in the formalism of probability potentials:

1. f ¢ € ® and 5,1 C d(¢) are disjoint, then
1t
¢s|t =yt
2. If ¢ € ® and s,t,u C d(¢) are disjoint, then

¢sUt[u = ¢s|tUu®¢t|u-
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3. Ifp P, s,t Cd(¢) are disjoint and u C s, then
¢i|ttuu = ¢u[t-
4. If ¢ € ® and s,t,u C d(¢) are disjoint, then
(Guisue ® Bsj)M" = dype-
5. If ¢, € B, 5,t C d(¢) are disjoint, and d(1)) = ¢, then

(p"Y' @ Vst = Dsit ® Fyw)-

¢) Prove that if the valuation algebra is regular, Property (G3) holds even if
no neutral elements are present.
d) Prove that conditional independence in regular valuation algebras satisfies:

4. Contraction: s ytlu and s 4|t Uu imply s 4t U vlu. (G4)

The properties (G1) to (G4) may be considered as a system of axioms for
an abstract calculus of conditional independence.
The solution to these exercises can be found in Section 5.1 of (Kohlas, 2003).

D.9 ** Exercise D.8 can be generalized to separative valuation algebras, see Ap-
pendix D.1.1. The same definition of conditionals applies in this case, but in contrast,
the conditionals do generally not belong to ® but only to the separative embedding
®*. Also, the properties listed in Exercise D.8.b still hold in the separative case,
although we must pay attention to partial projection in the proofs. Identify the condi-
tional ¢ in the valuation algebras of density functions, Gaussian potentials and set
potentials. The solution to this exercises can be found in Section 5.3 of (Kohlas, 2003).
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CHAPTER 5

SEMIRING VALUATION ALGEBRAS

The mathematical framework of valuation algebras introduced in Chapter 1 provides
sufficient structure for the application of generic local computation methods. In the
process, the numerous advantages of such a general framework became clear, and
we have seen for ourselves that different formalisms are unified under this common
perspective. As a fundamental requirement for this generality, we did not assume any
further knowledge about the structure of valuations. They have only been considered
as mathematical objects that possess a domain and that can further be combined and
projected according to certain axioms. For certain applications, however, it is useful
to have additional knowledge about the structure of valuations. This amounts to the
identification of families of valuation algebra instances which share some common
structure. A first example of such a family of valuation algebras grows out of the
obvious similar structure of indicator functions and arithmetic potentials introduced
as Instances 1.1 and 1.3. On the one hand, both instances are obtained by assign-
ing values to tuples out of a finite set of tuples, but on the other hand, they differ
in their definitions of combination and projection. Yet, there is a common ground
between them. We will learn in this chapter that both examples belong to a family
of instances, called semiring valuation algebras. A commutative semiring is by itself
a fundamental algebraic structure that comprises a set of values and two operations

Generic Inference: A Unifying Theory for Automated Reasoning
First Edition. By Marc Pouly and Jiirg Kohlas
Copyright (© 2011 John Wiley & Sons, Inc. 181
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called addition and multiplication. Then, the values assigned to tuples are those of the
semiring, and the operations of combination and projection can both be expressed us-
ing the two semiring operations. In other words, every commutative semiring induces
a new valuation algebra, and the two examples of indicator functions and arithmetic
potentials are both members of this large family. The reasons why we are interested
in semiring valuation algebras are manifold. First and foremost, semiring instances
are very large in number and, because each commutative semiring gives rise to a
valuation algebra, we naturally obtain as many new valuation algebras as commuta-
tive semirings exist. Moreover, if we interpret valuation algebras as formalisms for
knowledge representation, we are not even able to explain for some of these instances
what kind of knowledge they model. Nevertheless, we have efficient algorithms for
their processing thanks to the local computation framework. Second, we will see that
a single verification proof of the valuation algebra axioms covers all formalisms that
adopt this common structure, and we are also relieved from searching each formalism
separately for neutral elements, null elements and the presence of a division operator.
Finally, semiring valuations also stimulate new applications of local computation
techniques that go beyond the pure computation of inference. Solution construction
in constraint systems is an example of such an application that will be discussed in
Chapter 8. Besides semiring valuation algebras, there are other families of formalisms
derived in a similar way from other algebraic structures. This powerful technique is
called generic construction and takes center stage in the second part of this book.

This chapter starts with a general introduction to semiring theory, accompanied
by a large catalogue of instances to convince the reader of the richness of semiring
examples. Section 5.2 then studies different classes of semirings that arise from the
properties of a canonical order relation. Following (Kohlas & Wilson, 2008), we
then show in Section 5.3 how semirings produce valuation algebras and we give an
extensive member list of this family of valuation algebras in Section 5.4. Section 5.5
deals with the algebraic properties of semiring valuations and show which properties
of the semiring guarantee the existence of neutral and null elements. The study of
division is again postponed to the chapter appendix. A second family of valuation
algebras, which is closely related to semiring valuations, is introduced in Section 5.7,
and its algebraic properties are analyzed in Section 5.8.

5.1 SEMIRINGS

A semiring is an algebraic structure consisting of a set provided with two operations,
called addition and multiplication, which satisfy the distributive law. In recent years,
the importance of semirings for computational purposes has grown significantly and
the distributive law is in fact the reason for this increasing popularity. From the simple
formula a x (b+ ¢) = a x b+ a x ¢, we can directly observe that the left-hand
side is computationally more efficient since we perform only one multiplication. The
distributive law is the cause of efficiency of local computation, since it induces the
combination axiom. However, let us start with a short introduction to semiring theory.
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Definition 5.1 A tuple (A, +, x,0,1) with binary operations + and X is called
semiring if the following properties hold:

e + and X are both associative; (S1)
o -+ is commutative; (52)
o fora,bce Arax(b+c)=axbt+axc (S3)
o fora,b,c€ A: (a+b)xc=axc+bxg (54)
e + has a neutral element 0, i.e. a +0 =a foralla € A; (S5)
® X has a neutral element 1, i.e.a x 1 =1 Xxa =aforalla € A; (S6)
e ax0=0xa=0forallac A (S7)

There are different definitions of semirings in the literature. This definition is
taken from (Golan, 1999) and assumes the existence of two neutral elements. The
neutral element 0 € A with respect to addition is sometimes called zero element. It
is a simple consequence of (S5) that a zero element is always unique. Moreover, if
an algebraic structure provides all properties of a semiring except the presence of a
zero element then the latter can always be adjoined artificially. The neutral element
1 € A with respect to multiplication is called unit element. It is also unique but in
contrast to the zero element, it can only be adjoined if the operation of addition is
idempotent (see Definition 5.2 below). The corresponding constructions are shown
in (Kohlas & Wilson, 2008).

Definition 5.2 Ler (A, +, x,0,1) be a semiring:
o it is called commutative ifa X b=>b x a foralla,b € A;
e itis called idempotent ifa +a = a forall a € A;

e it is called positive if a + b = O implies thata = b = 0 for all a,b € A;

Let us consider some examples of semirings:

Example 5.1 (Arithmetic Semirings) Consider the set of non-negative real num-
bers Rxq with + and x designating the usual operations of addition and multipli-
cation. This is clearly a positive, commutative semiring with the number ) as zero
element and the number 1 as unit element. In the same way, we could also take
the fields of complex, real or rational numbers, or alternatively only non-negative
integers or non-negative rationals. In the former three cases, the semiring would not
be positive anymore, whereas ordinary addition and multiplication on non-negative
integers and rationals yield again a positive semiring.

Example 5.2 (Boolean Semiring) Take the set B = {0, 1} with the intention that
0 designates the truth value “false* and 1”true“. Addition is defined as a + b =
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max{a, b} and represents the logical disjunction. Similarly, multiplication is defined
as a x b = min{a, b} which stands for the logical conjunction. This is a commutative,
positive and idempotent semiring with zero element 0 and unit element 1.

Example 5.3 (Bottleneck Semiring) A generalization of the Boolean semiring is
obtained if we take a + b = max{a, b} and a x b = min{a, b} over the set of real
numbers R U {+o00, —oc}. Then, —oo is the zero element, +00 the unity, and the
semiring remains commutative, positive and idempotent.

Example 5.4 (Tropical Semiring) An important semiring is defined over the set of
non-negative integers NU {0, co} with a+b = min{a, b} and the usual integer addi-
tion +n for X with the convention that a +n 00 = oo. This semiring is commutative,
positive and idempotent, oo is the zero element and the integer 0 is the unit element.

Example 5.5 (Arctic Semiring) The arctic semiring takes max for addition over
the set of real numbers R U {—oo}. Multiplication is +g with a +g (—00) = —o0.
This semiring is commutative, positive and idempotent, has —oo as zero element and
0 as unit element.

Example 5.6 (Truncation Semiring) An interesting variation of the tropical semi-
ring is obtained if we take A = {0, ..., k} for some integer k. Addition corresponds
again to minimization but this time, we take the truncated integer addition for X, i.e.
a x b = min{a +y b, k}. This is a commutative, positive and idempotent semiring
with k being the zero element and 0 the unit.

Example 5.7 (Semiring of Formal Languages) A string is a finite sequence of sym-
bols from a countable alphabet ¥ and a set of strings is called language. In partic-
ular, we refer to the language of all possible strings over the alphabet ¥ as ¥.*. For
A,B C X*wedefine A+ B=AUBand A x B = {ab|a € Aandb € B}. This
semiring of formal languages is idempotent with zero element ) and unit element {¢}.
It is also positive but not commutative.

Example 5.8 (Triangular Norm Semiring) Triangular norms (t-norms) were origi-
nally introduced in the context of probabilistic metric spaces (Menger, 1942; Schweizer
& Sklar, 1960). They represent binary operations on the unit interval [0, 1] which are
commutative, associative, nondecreasing in both arguments, and have the number 1
as unit and 0 as zero element:

1. Ya,b,c € [0,1] we have T(a,b) = T(b,a) and T(a,T(b,c)) = T(T(a,b),c),
2. a<d andb <V imply T(a,b) < T(d,¥),
3. Ya € {0,1] we have T(a,1) = T(1,a) = aand T(a,0) = T(0,a) = 0.

T-norms are used in fuzzy set theory and possibility theory. In order to obtain a
semiring, we define the operation X on the unit interval by a t-norm and + as max.
This is a commutative, positive and idempotent semiring with the number 0 as zero
element and 1 as unit. Here are some typical t-norms:
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Minimum T-Norm: T'(a,b) = min{a, b}.

Product T-Norm: T'(a,b) =a - b.

Lukasiewicz T-Norm: T'(a,b) = max{a +b—1,0}.

Drastic Product: T(a,1) = T(1,a) = a and T(a,b) = 0 in all other cases.

The semiring induced by the product t-norm is also called probabilistic semiring.
Instead of maximization, we may also take minimization for addition, which only
reverses the definition of zero and unit element.

In addition to these examples, we may also define structures to derive semirings
from other semirings. Vectors and matrices with semiring values are typical examples
that form themselves a semiring.

5.1.1 Multidimensional Semirings

Take n possibly different semirings (A4, +;, x4,0;,1;) fori = 1,...,n and define
A = A x---xA,
with corresponding, component-wise operations
(a1,.-yan) + (b1,.- ., bp) = (a1 +1b1,...,8n +nbp)
(ary...,0n) X (b1,...,by) (a1 X1 b1s...y8n Xp by).

These operations inherit associativity, commutativity and distributivity from their
components. Hence, (4, +, x,0,1) becomes itself a semiring with zero element
0=(04,...,0,) and unit 1 = (14,...,1,). If all A; are commutative, positive or
idempotent, then so is A.

5.1.2 Semiring Matrices

Given a semiring (A4, +, X, 0,1) and n € N, we consider the set M(A,n) of n x n
matrices with elements in A. Addition and multiplication of semiring matrices is
defined in the usual way:

(M; +M2)(i,7) = Mi(i,5) + Ma(i, j) (5.1)
and
(M x Ma)(3,5) = Mi(i,k) x Ma(k, 5) (5.2)
k=1

forl < 14,5 < n.ltis easy to see that square matrices over a semiring themselves form
a semiring. Also, we obtain the zero element for semiring matrices by O(Z,j) = 0
for 1 < i, < n and likewise, we obtain the unit element for the algebra of semiring
matrices by I(z, j) = 1if ¢ = j and I(¢, j) = O otherwise. Finally, if (4, +, %, 0, 1)
is positive or idempotent, then so are matrices over this semiring, but this does not
hold for commutativity. Note in particular that ordinary real-valued, square matrices
of the same order form a semiring.
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5.2 SEMIRINGS AND ORDER

The substructure (A, +) is a commutative monoid with neutral element, which makes
it always possible (Gondran & Minoux, 2008) to introduce a canonical preorder (see
Definition A.2 in the appendix of Chapter 1). We define for a,b € A:

a<b if,andonlyif Jc€ A:a+c=h. (5.3)

Lemma 5.1 The Relation (5.3) is a preorder, i.e. reflexive and transitive.

Proof: Reflexivity follows from the existence of a neutral element. Sincea+0 = a
we have a < a for all a € A. To prove transitivity, let us assume that ¢ < b and
b < d. Consequently, there exist ¢,¢’ € Asuchthata+c=bandb+ ¢ = d We
have a + ¢ + ¢’ = d and therefore a < d. [ ]

The following lemma ensures that the canonical preorder is compatible with both
semiring operations.

Lemma 5.2 The canonical preorder of a semiring (A, +, x,0, 1) satisfies:
1. a<bimpliesthata+c<b+cforalla,b,c € A; (SP1)
2. a<bimpliesthata x c<bxcandcxa<cxbforalla,b,ce A; (SP2)
3 0<ab<a+bforallabec A (SP3)
Proof :

1. Assume a < b, i.e. there exists x € Asuchthata+z = b. Then, (a+c¢)+z =
b+ cand thereforea+c<b+ec.

2. Assume a < b, i.e. thereexists z € Asuchthata+x = b.Then (a+z) X c =
(a x ¢)+ (z x ¢) = b x c and therefore a X ¢ < b X ¢. The proof of the second
statement is symmetric.

3. Since 0+ b = b we clearly have 0 < b. Using Property (SP1) we further derive
a+ 0 < a+b. Hence, a < a + b and a similar argument shows b < a + b.
]

The canonical preorder of a semiring is in general not antisymmetric. Take for
example the arithmetic semiring of integers (Z, +,-,0,1) and observe that a < b
and b < a # a = b. This is a consequence of the existence of additive inverses.
Antisymmetry is therefore compatible with the existence of additive inverses or, in
other words, with the ring structure of (A4, +). This is also indicated by Property (SP3)
of the above lemma. However, if the canonical preorder is antisymmetric, it is called
a partial order (see Definition A.2 in the appendix of Chapter 1) and the semiring
becomes a dioid (Gondran & Minoux, 2008). A sufficient condition is idempotency.

www.it-ebooks.info


http://www.it-ebooks.info/

SEMIRINGS AND ORDER 187

Lemma 5.3 If (A, +, x,0,1) is an idempotent semiring, we may characterize the
canonical preorder (5.3) as

a<b ifandonlyif a+b=>. B4

Proof: 1Tt is sufficient to show that ¢ < b according to (5.3) implies a + b = b.
Suppose @ < b, i.e. there exists ¢ € A such that a + ¢ = b. We then have by
idempotency a+b=a+a+c=a+c=b. ]

Lemma 5.4 The Relation (5.4) is a partial order.

Proof: Since the two relations (5.3) and (5.4) are equivalent in case of an idem-
potent semiring, we obtain reflexivity and transitivity from Lemma 5.1. To prove
antisymmetry, we assume that ¢ < band b < a,ie.a+b =band b+a = a.
Consequently, a = a + b = b and therefore a = b. ]

An idempotent semiring is therefore always a dioid and we refer to Relation (5.4)
as its canonical partial order.

Example 5.9 We already pointed out that the canonical preorder in the arithmetic
semiring (Z,+,-,0, 1) is not antisymmetric and therefore not a partial order. Restrict-
ing this semiring to non-negative integers (N U {0}, +,-,0, 1) turns the canonical
preorder into a partial order. This is an example of a dioid that is not idempotent
and shows that idempotency is indeed only a sufficient condition for a canonical
partial order. The examples 5.2 to 5.8 are all idempotent and thus dioids. However,
it is important to remark that the canonical semiring order does not necessarily
agree with the natural order between number. Take for example the tropical semiring
(N U {0, 00}, min, +, 0o, 0) where the relation (5.4) becomes a < b if, and only if,
min{a, b} = b. Here, the canonical semiring order corresponds to the inverse of the
natural order between natural numbers.

Two further properties of idempotent semirings are listed in the following lemma.
In particular, we learn from (SP5) why all idempotent semirings in the example
catalogue of Section 5.1 are positive.

Lemma 5.5 Let (A, +, X, 0,1) be an idempotent semiring.
1. We have a + b = sup{a, b} with respect to the canonical order. (SP4)

2. The semiring is positive. (SP5)
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Proof:

1. According to Property (SP3) a,b < a + b. Let ¢ € A be another upper bound
foraandb,i.e.a < cand b < ¢. We conclude from a+¢ = cand b+ ¢ = cthat
(¢ +¢)+ (b+ ¢) = ¢+ cand by idempotency (a + b) + ¢ = ¢. Consequently,
a + b < ¢ which implies that a + b is the least upper bound of a and b.

2. Suppose that a+b = 0. Applying Property (SP3) weobtain0 < a < a+b =10
and by transitivity and antisymmetry we conclude that ¢ = 0. Similarly, we
prove b = 0.

]

Definition 5.3 If a semiring (A, +, x,0,1) satisfiesa+ 1 = 1 forall a € A, then
it is called bounded semiring. If also commutativity holds, the semiring is called
c-semiring (constraint semiring).

This definition comes from (Mohri, 2002; Bistarelli et al., 2002) and characterizes
bounded semirings by the fact that the unit element is absorbing with respect to
addition. Also, bounded semirings are close to simple semirings in (Lehmann, 1976).
We first remark that bounded semirings are idempotent, since 1 +1 = 1 implies that
a+a = aforall a € A. This follows from distributivity: a +a =1 % (a + a) =
(1xa)+(1xa)=(1+1)xa=1xa = a. Consequently, the relation < is a
partial order which furthermore satisfies the following properties.

Lemma 5.6 Let (A, +, x,0,1) be a bounded semiring.

l. Foralla,be Awehave0 <axb<a,b<a+b<1. (SP6)
2. If x is idempotent, a x b = inf{a, b}. (SP7)
Proof :

1. From Definition 5.3 follows that a < 1 for all @ € A. Because Property (SP3)
still holds, it remains to be proved that a x b < a for all a,b € A. This claim
results from the distributive law since ¢ + (@ x b) = (a x 1) + (a x b) =
ax(1+b)=axl=a.

2. By Property (SP6) we have a x b < a,b. Let ¢ be another lower bound of a
and b, i.e. ¢ < a and ¢ < b. Then, by (SP2) ¢ x b < a x b. Similarly, we derive
from ¢ < b that ¢ = ¢ x ¢ < ¢ x b and therefore by transitivity ¢ < a x b.
Thus, a x b is the greatest lower bound.

]

With supremum and infimum according to (SP4) and (SP7), c-semirings with
idempotent multiplication adopt the structure of a lattice according to Definition A.5
in the appendix of Chapter 1. Moreover, the following theorem states that it is even
distributive. This has been remarked by (Bistarelli ez al., 1997), but in contrast to this
reference it is not necessarily complete since we do not assume infinite summation
in the definition of a c-semiring.
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Theorem 5.1 A c-semiring with idempotent multiplication is a bounded, distributive
lattice witha + b =sup{a,b} =aVbanda x b=inf{a,b} =aAb.

Proof: It remains to prove that the two operations + and X distribute over each
other in the case of an idempotent c-semiring. By definition, x distributes over +.
On the other hand, we have for a,b,c € A

(a+b)x(a+c) = ax{a+b)+cx(a+b)
= (axa)+{axb)+{axc)+(bxc)
= a+ax{b+c)+(bxc)
= ax(l+(b+c)+(bxc)
(ax1)+(bxc) =a+(bxc).

We therefore have a distributive lattice. Sincea+1 =1anda x 0 =0foralla € A
the lattice is bounded with bottom element 0 and top element 1. ]

Example 5.10 The Boolean semiring of Example 5.2, the bottleneck semiring of
Example 5.3, the tropical semiring of Example 5.4, the truncation semiring of Exam-
ple 5.6 and all t-norm semirings of Example 5.8 are c-semirings and therefore also
bounded. Among them, multiplication is idempotent in the Boolean semiring and in
the bottleneck semiring which therefore become bounded, distributive lattices. Note
also that if all semirings are c-semirings, then so is the induced multidimensional
semiring. A similar statement does not hold for the semiring of matrices.

Example 5.11 (Semiring of Boolean Functions) Consider a set of r € N proposi-
tional variables. Then, the set of all Boolean functions f : {0,1}" — {0,1} forms a
semiring with addition f + g = max{f, g} and multiplication f x g = min{f, g},
both being evaluated point-wise. If fo denotes the constant mapping to 0 and f, the
constant mapping to 1, then fo is the zero element and fy the unit element of the
semiring. The semiring is a c-semiring and since multiplication is also idempotent,
this semiring is a distributive lattice. In particular, the semiring of Boolean functions
with r = 0 corresponds to the Boolean semiring of Example 5.2 where the two and
only elements fo and fi are identified with their values 0 and 1.

Conversely to Theorem 5.1, we note that every bounded, distributive lattice (see
Definition A.6 in the appendix of Chapter 1) is an idempotent semiring with join for
+ and meet for x. The bottom element L of the lattice becomes the zero element and
the top element T becomes the unit element. Thus, this semiring is even a c-semiring
with idempotent multiplication. We therefore have an equivalence between the two
structures and conclude that the powerset lattice of Example A.2 and the division
lattice of Example A.3 are both c-semirings with idempotent multiplication. There
are naturally many other semiring examples that have not appeared in this chapter.
For example, we mention that every (unit) ring is a semiring with the additional
property that inverse additive elements exist. In the same breath, fields are rings with
multiplicative inverses. These remarks lead to further semiring examples such as the
ring of polynomials or the Galois field. We also refer to (Davey & Priestley, 1990) for
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a broad listing of further examples of distributive lattices and to the comprehensive
literature about semirings (Golan, 1999; Golan, 2003; Gondran & Minoux, 2008).

5.3 SEMIRING VALUATION ALGEBRAS

Equipped with this catalogue of semiring examples, we will now come to the main
part of this chapter and show how semirings induce valuation algebras by a mapping
from tuples to semiring values. This theory was developed in (Kohlas, 2004; Kohlas
& Wilson, 2006; Kohlas & Wilson, 2008), who also substantiated for the first time the
relationship between semiring properties and the attributes of their induced valuation
algebras. In particular, we will discover that formalisms for constraint modelling
are an important subgroup of semiring valuation algebras. For this reason, we sub-
sequently prefer the term configuration instead of tuple which is more common in
constraint literature. In this context, a similar framework to abstract constraint satis-
faction problems was introduced by (Bistarelli et al., 1997; Bistarelli et al., 2002).
The importance of such formalisms outside the field of constraint satisfaction was
furthermore explored by (Aji, 1999; Aji & McEliece, 2000), who also proved the
applicability of the Shenoy-Shafer architecture. However, this is only one of many
conclusions to which we come by showing that semiring-based formalisms satisfy
the valuation algebra axioms.

To start with, consider a commutative semiring (A, +, x,0,1) and a set r of
variables with finite frames. A semiring valuation ¢ with domain s C r is defined to
be a function that associates a value from A with each configuration x € €,

¢: Qs — A

Remember that 2y = {¢} such that a semiring valuation on the empty domain is
¢(0) € A. We subsequently denote the set of all semiring valuations with domain s
by &, and use ® for all semiring valuations whose domains belong to the powerset
lattice D = P(r). Next, the following operations in (@, D) are introduced:

1. Labeling: & — D: d(¢) = sif ¢ € D,.
2. Combination: ® x & — ®: for ¢,7 € ® and x € Qygyud(y) We define
(P@Y)(x) = G(xMP)xy(xHV). (5.5)

3. Projection: ® x D — ®: forp € &, ¢ C d(¢) and x € ), we define

') = D elxy)- (5.6)

yEQs—— t

Note that the definition of projection is well defined due to the associativity and
commutativity of semiring addition and the finiteness of the domains. We now arrive
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at the central theorem of this chapter which states that we obtain a valuation algebra
from every commutative semiring through the above generic construction:

Theorem 5.2 A system of semiring valuations (®, D) with respect to a commutative
semiring (A, +, X, 0, 1) with labeling, combination and projection as defined above,
satisfies the axioms of a valuation algebra.

Proof: We verify the Axioms (A1) to (A6) of a valuation algebra given in Section
1.1. Observe that the labeling (A2), projection (A3) and domain (A6) properties are
immediate consequences of the above definitions.

(A1) Commutative Semigroup: The commutativity of combination follows directly
from the commutativity of the x operation in the semiring A and the definition
of combination. To prove associativity, assume that ¢, 1 and 7 are valuations
with domains d(¢) = s, d(v)) =t and d(n) = u, then for x € Qutuu

@@ @Wen)(x) = ¢x*)x (¥ n) """
= (x**) x (P((xM)H) x p( ()Y
= (x**) x (p(x") x n(x**))
= ¢(x**) x P(x*) x p(x*).

The same result is obtained in exactly the same way for ((¢ ® ¥) ® n)(x)
which proves associativity.

(A4) Transitivity: Transitivity of projection means simply that we can sum out
variables in two steps. That is, if t C s C d(¢) = u, then, for all x € {,,

@*Mx) = ) ey = Y. D éxy2)

YEQ, ¢ YEQ,  ZEQ,
= 3 ¢xy,2) = ¢"(x)
(¥,2)EQu ¢

(AS) Combination: Suppose that ¢ has domain ¢ and ¥ domain u and x € (1,
where £ C s C t U u. Using the distributivity of semiring multiplication over
addition, we obtain for x € €,

@)X = Y (9@¥)(xy)
yeQ(tUu)—s
= Y (86 xp(x™,y)
YEQ, s
= o(x*)x > p(x*™y)
YEQu_s

= o(x!) x P M) = (P @ PHM)(x).
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To sum it up, a simple mapping from configurations to the values of a commutative
semiring provides sufficient structure to give rise to a valuation algebra. The listing
of semirings given in the two foregoing sections served to exemplify the semiring
concepts introduced beforehand. We are next going to reconsider these semirings in
order to show which valuation algebras they concretely induce. We will meet familiar
instances such as arithmetic potentials or indicator functions, but also many new
instances that considerably extend the valuation algebra catalogue of Chapter 1.

5.4 EXAMPLES OF SEMIRING VALUATION ALGEBRAS

If we consider the arithmetic semiring (R>o,+,,0,1) of non-negative real num-
bers presented in Section 5.1, we come across the valuation algebra of arithmetic
potentials introduced as Instance 1.3. It is easy to see that both operations defined
for semiring valuations correspond exactly to the operations for arithmetic potentials
in equation (1.10) and (1.11). Therefore, the proof of Theorem 5.2 also delivers the
promised argument that arithmetic potentials indeed satisfy the valuation algebra ax-
ioms. Moreover, since the arithmetic semiring can be built on complex numbers, we
also come to the conclusion that the formalism used for the discrete Fourier transform
in Instance 2.6 forms a valuation algebra. Similar statements hold for the valuation
algebras of indicator functions, Boolean functions, crisp constraints or the relational
algebra that are induced by the Boolean semiring ({0, 1}, max, min, 0, 1). Again, if
we replace semiring addition and multiplication in equation (5.5) and (5.6) by the
corresponding operations max and min, we obtain the combination and projection
rules given in Instance 1.1.

B 5.1 Weighted Constraints - Spohn Potentials - GAl Preferences

Besides crisp constraints, alternative constraint systems may be derived by ex-
amining other semirings: the tropical semiring (N U {0, oo}, min, +, 00, 0) of
Example 5.4 induces the valuation algebra of weighted constraints (Bistarelli
et al., 1997; Bistarelli ef al., 1999). This formalism also corresponds to Spohn
potentials (Spohn, 1988) which have been proposed as a dynamic theory of
graded belief states based on ordinary numbers. (Kohlas, 2003) delivers the
explicit proof that weighted constraints satisfy the valuation algebra axioms.
But in our context of semiring valuation algebras, this insight follows naturally
from Theorem 5.2. No further proof is necessary. We again refer to later sec-
tions for concrete applications based on weighted constraints that in turn give
birth to further inference problems. Here, we content ourselves with a small
example on how to compute with weighted constraints.

Letr = { A, B, C} be asetof three variables with finite frames 24 = {a,a},

Qp = {b,b} and Q¢ = {c,}. We define two weighted constraints ¢, and c;
with domain d(c;) = {A, B} and d(c2) = {B,C}:
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Alternatively to the tropical semiring, we may also take the arctic semiring
(R U {—00}, max, +, —00,0) of Example 5.5 to build weighted constraints,
which then corresponds to the formalism of generalized additive independent
preferences (GAI preferences) (Fishburn, 1974; Bacchus & Adam, 1995). The
modification of the above example to weighted constraints induced by the arctic
semiring is left to the reader.

B 5.2 Possibility Potentials - Probabilistic Constraints - Fuzzy Sets

The very popular valuation algebra of possibility potentials is induced by the tri-
angular norm semirings ([0, 1], max, t-norm, 0, 1) of Example 5.8. Historically,
possibility theory was proposed by (Zadeh, 1978) as an alternative approach to
probability theory, and (Shenoy, 1992a) furnished the explicit proof that this
formalism indeed satisfies the valuation algebra axioms. This was limited to
some specific t-norms and (Kohlas, 2003) generalized the proof to arbitrary
t-norms. However, thanks to the generic construction of semiring valuations,
the general statement that possibility potentials form a valuation algebra under
any t-norm follows immediately from Theorem 5.2. We also refer to (Schiex,
1992) which unified this and the foregoing instance to possibilistic constraints.

To give an example of how to compute with possibility potentials, we settle
for the use of the Lukasiewicz t-norm defined as a x b = max{a+b—1, 0} for
all a € [0,1]. Again, let r = {A, B, C} be a set of three variables with finite
frames Q4 = {a,a}, Qg = {b,b} and Q¢ = {c,¢}. We define two possibility
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potentials p; and pe with domain d(p;) = {A, B} and d(p2) = {B,C}:

A B B C
a b 0.6 b c 0.2
pr=|a bl 04 po=|b €| 08
@ b | 03 b ¢ | 09
a b | 07 b €| 01
We combine p; and p; and project the result to {A, C'}
A B C
a b c 0
a b €| 02 A C
a b ¢ 0 a c 0
ps=p®pr=|a b zlo2| p*V=]a =l o2
a b ¢ 0 a c || 0.6
a b c 0.1 a C 0.1
a b ¢ |06
a b ¢ 0

Particularly important among these t-norms is ordinary multiplication. The val-
uation algebra induced by the corresponding probabilistic semiring of Example
5.8 is known as the formalism of probabilistic constraints (Bistarelli & Rossi,
2008) or fuzzy subsets (Zadeh, 1978). An example can easily be obtained from
the arithmetic potentials presented as Instance 1.3. Combination is identical for
both instances such that only projection, which now consists of maximization
instead of summation, has to be recomputed.

B 5.3 Set-based Constraints - Assumption-based Constraints

The valuation algebra induced by the powerset lattice of Example A.2 in the
appendix of Chapter 1 corresponds to the formalism of set-based constraints
(Bistarelli et al., 1997). Imagine two propositional variables A; and A;. We then
build the powerset lattice from their configuration set P({(0,0),...,(1,1)})
and obtain a complete, distributive lattice according to Example A.2. To in-
troduce valuations that assign values from this semiring, let r = {4, B, C}
be a set of three variables with finite frames Q4 = {a,@}, Qp = {b,b}
and Q¢ = {¢,¢}. We define two set-based constraint ¢; and ¢y with domain
d(cy) = {A, B} and d(cp) = {B,C}:

A B B C

a b {(0,0),(1,0)} b ¢ | {(0,0),(0,1),(1,0)}
¢t =|a b 0 co=|b ¢ {(0,1)}

a b {(1, D)} b ¢ 0

a b | {(1,0),(0,1)} b ¢ {(0,0),(0,1)}
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We combine ¢; and ¢ and project the result to {4, C'}

{(0,0),(1,0)}
0

{(0,0),(1,0)}
0
0

{6, 1)}
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Let us give a particular interpretation to this example: The variables A and B
are considered as assumptions. Now, observing that (1,0) € ¢ (a, b), we may
say that the configuration (a, b) is possible under the assumption that A holds
but not B. Since (0,0) € ¢;(a, b) too, the configuration (a, b) is still possible
if neither A nor B holds. The constraint ¢, specifies that (b, ¢) is possible if
at most one of the assumptions is true. Combining the two constraints ¢; and
cg gives {(0,0),(1,0)} for the configuration {a, b, ). The assignment (0, 1) is
missing since ¢; does not hold under this assumption. So, a set-based constraint
can also be understood as an assumption-based constraint which relates this
formalism to assumption-based reasoning (de Kleer et al., 1986).

The number of valuation algebras obtained via the construction of semiring val-
nations is enormous. In fact, we obtain a different valuation algebra from every
commutative semiring and the instances presented just above are only the tip of the
iceberg. Generic constructions also produce formalisms for which we not even have a
slight idea of possible application fields. Nevertheless, we understand their algebraic
properties and also possess efficient algorithms for their processing thanks to the local
computation framework. One such example could be the valuation algebra induced
by the division lattice from Example A.3.

5.5 PROPERTIES OF SEMIRING VALUATION ALGEBRAS

Throughout the two foregoing chapters about local computation, we introduced ad-
ditional properties of valuation algebras which are interesting for computational and
semantical purposes. The potential presence of these properties had to be verified
for each formalism separately. A further gain of generic constructions is that such
properties can now be verified for whole families of valuation algebras instances. Fol-
lowing this guideline, we are now going to investigate which mathematical attributes
are needed in the semiring to guarantee the presence of neutral and null elements in
the induced valuation algebra. Again, the more technical discussion of division for
semiring valuations is postponed to the appendix of this chapter.
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5.5.1 Semiring Valuation Algebras with Neutral Elements

Section 3.3 introduced neutral elements as a (rather inefficient) possibility to initialize
join tree nodes or, in other words, to derive a join tree factorization from a given
knowledgebase. On the other hand, neutral elements represent an important seman-
tical aspect in a valuation algebra by expressing neutral knowledge with respect to
some domain. Since we presuppose the existence of a unit element in the underlying
semiring, we always get a neutral elements in the induced valuation algebra by the
definition es(x) = 1 for all x € {2, and s € D. This is the neutral valuation in the
semigroup @, with respect to combination, i.e. for all ¢ € &, we have

es ® ¢ =es(x) X ¢(x) = 1 x¢(x) = ¢
These neutral elements satisfy Property (A7) of Section 3.3:

(A7) Neutrality: We have by definition for all x € Qg ;:

(es ®e)(x) = es(x**) x ey(x¥) = 1x1 = 1. (5.7)

5.5.2 Stable Semiring Valuation Algebras

Although all semiring valuation algebras provide neutral elements, they generally
are not stable, i.e. neutral semiring valuations do not necessarily project to neutral
elements again. This has already been remarked in Instance 3.2 in Section 3.3.1 where
it is shown that the valuation algebra induced by the arithmetic semiring of Example
5.11s not stable. However, it turns out that idempotent addition is a sufficient semiring
property to induce a stable valuation algebra.

(A8) Stability: If the semiring is idempotent, we have e}t = e, fort C sandx € €

eft(x) = Z es(x,y) = Z 1 =1 (5.8)

yegs—t yensft
Let us summarize the insights of this section:

Theorem 5.3 All semiring valuation algebras provide neutral elements. If further-
more the semiring is idempotent, then the induced valuation algebra is stable.

In particular, all elements induced by c-semirings (or bounded, distributive lat-
tices) are stable since these properties always imply idempotency. From this new
perspective, we easily confirm the properties related to neutral elements of indicator
functions and arithmetic potentials that have been derived in Instance 3.1 and 3.2.
Let us consider some more instances:

B 5.4 Weighted Constraints and Neutral Elements

The valuation algebra of weighted constraints from Instance 5.1 is induced by
the tropical semiring of Example 5.4 which has the number 0 as unit element.
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The neutral weighted constraint e, for the domain s € D and x € ), is
therefore given by es(x) = 0. Further, this semiring is idempotent, which
directly implies stability in the valuation algebra of weighted constraints.

B 5.5 Probabilistic Constraints and Neutral Elements

The valuation algebra of probabilistic constraints from Instance 5.2 is induced
by the multiplicative t-norm semiring of Example 5.8 which has the number 1
as unit element. The neutral probabilistic constraint e, for the domain s € D
and x € €, is therefore given by e,(x) = 1. Further, this semiring is idempo-
tent, which again implies stability in this valuation algebra.

This gives a first indication of how easily the algebraic properties of a formalism
can be analysed through the perspective of generic construction. A second interest-
ing valuation algebra property that we are now going to study from the semiring
perspective is the existence of null elements.

5.5.3 Semiring Valuation Aigebras with Null Elements

Null elements have been introduced in Section 3.4 for pure semantical purposes. They
represent contradictory information with respect to a given domain and are significant
to interpret the possible results of inference problems. Since every semiring contains
a zero element, we can directly advise the candidate for a null semiring valuation in
®,. This is z;(x) = 0 for all x € €, and it clearly holds for ¢ € @, that

PR 2(x) = Pp(x) X 25(x) = 0

and therefore ¢ ® z; = 2. But this is not yet sufficient because the nullity axiom (A9)
must also be satisfied, and this comprises two requirements. First, remark that null
elements always project to null elements. More involved is the second requirement
which claims that only null elements project to null elements. Positivity of the
semiring is a sufficient condition to fulfill this axiom.

(A9) Nullity: In a positive semiring ¢** = z; always implies that ¢ = z. Indeed,
let x € 2 witht C s = d(¢). Then,

a(x) =0 = ¢"x) = > ¢(xy) (5.9
yerAt
implies that ¢(x,y) = O for all y € ,_,; and consequently, ¢ = z;.

To summarize:

Theorem 5.4 Semiring valuation algebras induced by commutative, positive semir-
ings provide null elements.

Remember that due to Property (SP5), idempotent semirings are always positive
and therefore induce valuation algebras with null elements. This again confirms what
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we have found out in Section 3.4: indicator functions are induced by the Boolean
semiring of Example 5.2 and therefore provide null elements. The valuation algebra
of arithmetic potentials is induced by the arithmetic semirings of Example 5.1 that
are, in certain cases, positive and, in others, not. In the latter case, no null elements
will be present. Let us add some further examples of valuation algebras with null
elements:

W 5.6 Weighted Constraints and Null Elements

The valuation algebra of weighted constraints from Instance 5.1 is induced
by the tropical semiring of Example 5.4 which has oo as zero element. This
semiring is idempotent, thus positive and therefore induces the null element
25(x) = oo for the domain s € D and x € §2;.

B 5.7 Possibility Potentials and Null Elements

Independently of the chosen t-norm, all t-norm semirings of Example 5.8 are
idempotent and therefore positive. Consequently, they all provide the same null
element z,(x) = 0 for the domain s € D and x € ;.

Bl 5.8 Set-based Constraints and Null Elements

The valuation algebra of set-based constraints from Instance 5.3 is induced by
the powerset lattice of Example A.2. This semiring is again positive with the
empty set as zero element. It therefore induces the null element z,(x) = @ for
the domain s € D and x € €.

In the appendix of this chapter, we provide a detailed analysis of division and
identify the semiring properties that either lead to separative, regular or idempotent
valuation algebras. Also, we revisit normalization or scaling which is an important
application of division in valuation algebras. Figure 5.1 summarizes the properties
related to neutral and null elements for each semiring valuation algebra studied in this
chapter. The properties related to division are shown in Figure E.4 in the appendix.

5.6 SOME COMPUTATIONAL ASPECTS

Examples of inference problems based on semiring valuations have already been con-
sidered in Instance 2.1 and Instance 2.4. Further examples from constraint reasoning
will be listed in Chapter 8. Given a multi-query inference problem with a knowledge-
base of semiring valuations, we may always apply the Shenoy-Shafer architecture
for the computation of the queries. The applicability of the other architectures from
Chapter 4 naturally depends on the presence of a division operator in the semiring
valuation algebra. Let us consider the complexity of the Shenoy-Shafer architecture
for semiring valuations in more detail. A possible weight predictor for semiring val-
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Instance Neutral Elements | Stability | Null Elements
1.1 | Indicator Functions Vv Vv v
1.3 | Arithmetic Potentials on Rx¢ Vv o v
1.3 | Arithmetic Potentials on R, C V4 ) )
5.1 | Weighted Constraints Vv Vv v
5.2 | Possibility Potentials v Vv v
5.3 | Set-based Constraints Vv v v

Figure 5.1 Semiring valuation algebras with neutral and null elements.

uations was already given in equation (3.17). Inserted into equation (4.8), we obtain
for the time complexity of the Shenoy-Shafer architecture

O<|V| -deg - d‘”‘“), (5.10)

where d denotes the size of the largest variable frame. Concerning the space com-
plexity, there is an important issue with respect to the general bound given in equation
(4.9). In the Shenoy-Shafer architecture, the message sent from node i to neighbor
j € ne(7) is obtained by first combining the node content of ¢ with all messages
received from all other neighbors of ¢ except j. Then, the result of this combination
is projected to the intersection of its domain and the node label of neighbor j. For
arbitrary valuation algebras, we must assume that the complete combination has to
be computed before the projection can be evaluated. This creates an intermediate
factor whose domain is bounded by the node label A(7). In the general space com-
plexity of equation (4.9) this corresponds to the first term. However, when dealing
with semiring valuations, the computation of the complete combination can be omit-
ted. For illustration, assume a set of semiring valuations {¢1,...,¢,} C & with
=d(¢1)U...Ud(¢p), t C sand x € §, then the projection

YY) = (419 @) = 3 (h18...86.)(xH, 2)

2€EQ,_y

can be computed as follows: We initialize ¢(y) = 0 for all y € ©; and compute for
each configuration x € {1,

d(x) = ¢i(x 1d{d1) )X ... X d)n(xld(%))_

Then, the semiring value ¢(x) is added to 1(x**). Clearly, this procedure determines
¥ completely. Since only one value ¢(x) exists at a time, the space complexity is
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bounded by the domain ¢ = d(v). Applying this technique in the Shenoy-Shafer
architecture therefore reduces the space complexity to the domain of the messages,
which in turn are bounded by the separator width sep™. Altogether, we obtain for the
space complexity of the Shenoy-Shafer architecture applied to semiring valuations

O(IVI -dsep‘). 5.11)
Note also that the time complexity is not affected by this procedure.

This brings the study of semiring valuation algebras to a first end. Semiring
valuations will again take center stage in Chapter 8 where it is shown that the inference
problem turns into an optimization task when dealing with valuation algebras induced
by idempotent semirings. In the following section, we focus on a second generic
construction that is closely related to semiring valuation algebras. But instead of
mapping configurations to semiring values, we consider sets of configurations that
are mapped to semiring values. An already known member of this new family of
valuation algebras is the formalism of set potentials from Instance 1.4 in Chapter 1.

5.7 SET-BASED SEMIRING VALUATION ALGEBRAS

The family of semiring valuation algebras is certainly extensive, but there are nev-
ertheless important formalisms that do not admit this particular structure. Some of
them have already been mentioned in Section 1; for example, densities or set poten-
tials. The last formalism is of particular interest in this context. Set potentials map
configuration sets on non-negative real numbers, whereas both valuation algebra op-
erations reduce to addition and multiplication. This is remarkably close to the buildup
of semiring valuation algebras, if we envisage a generalization from configurations
to configuration sets. In doing so, we hit upon a second family of valuation algebra
instances that covers such important formalisms as set potentials or possibility mea-
sures. This theory again produces a multiplicity of new valuation algebra instances
and also puts belief functions into a more general context. Here, we confine ourselves
to a short treatment of set-based semiring valuations, leaving out an inspection of the
more complex topic of division as performed for semiring valuations in the appendix
of this chapter.

Let us again consider a commutative semiring (E, +, X, 0, 1) and a countable set
r of variables with finite frames. A set-based semiring valuation ¢ with finite domain
s C 7 is defined to be a function that associates a semiring value from E with each
configuration subset of (g,
¢:P() > E.

The set of all set-based semiring valuations with domain s will subsequently be de-
noted by ®, and we use @ for all possible set-based semiring valuations whose domain
belongs to the lattice D = P(r). Next, the following operations are introduced:

1. Labeling: ® — D: d(¢p) = sif ¢ € ®,.
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2. Combination: ® x ® — ®: for ¢, € ® and A C Qy(¢)ud(y) We define

(@®¥)(A4) = Y é(B)xy(C). (5.12)

BaC=A

3. Projection: ® x D — ®: for ¢ € ®,t C d(¢) and A C ; we define
A = Y #(B) (5.13)

#(B)=A

Similar to Instance 1.4 we again use the operations from the relational algebra
(i.e. projection and natural join) to deal with configuration sets. The advantages
become apparent in the proof of the following theorem. Since relations are known to
form a valuation algebra, we may benefit from their algebraic properties to verify the
valuation algebra axioms for set-based semiring valuations. This makes the following
proof particularly elegant.

Theorem 5.5 A system of set-based semiring valuations (®, D) with respect to a
commutative semiring (E,+, X, 0, 1) with labeling, combination and projection as
defined above, satisfies the axioms of a valuation algebra.

Proof: We verify the valuation algebra axioms given in Section 1.1. The labeling
(A2) and projection axioms (A3) are direct consequences of the above definitions.

(A1) Commutative Semigroup: Commutativity of combination follows directly from
the commutativity of semiring multiplication and natural join. To prove asso-
ciativity we assume that ¢ € &, € &, v € ¢, and A C Q0100

e @ov)(A) = Y ¢B)x[Hev)(E)

BaE=A

S #B)x 3 %(C) x vD)

BE=A CD=FE

= Y. Y ¢(B)x¥(C)xv(D)

B<E=A C<D=E

= Y 6B xw(0) x u(D).

Br<aC<aD=A

The same result is obtained in exactly the same way for ((¢ ® ) ® v)(A)
which proves associativity of combination.

(A4) Transitivity: For ¢ € ® with s C t C d(¢) we have
@A) = D B = D D 40

ws(B)=A 7s(B)=An:(C)=B
= > 0= > 4(C) = ¢*(A).
s (m (C))=A ws(C)=A
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Observe that we used the transitivity of projection for relations.

(AS) Combination: Supposethat¢ € ®,,1 € ®,and A C 2, wheres C z C sUL.
Then, using the combination property of the relational algebra we obtain

@9} (A) = Y, o®¢B) = > Y 6C)xu(D)

7. (B)=A n,(B)=A CwD=B

= > dO)xypDd) = Y ¢C)xp(D)
7, (CraD)=A Cramsnz (D)=A

= Y dO)x > %D
CE=A menz(D)=E

= ) O xPMM(E) = g yptF(A).
C<E=A

(A6) Domain: For ¢ € ® and x = d(¢) we have

¢ (A) = > #(B) = $(A).
B=A .

Giving a first summary, commutative semirings possess enough structure to afford
this second family of valuation algebras. The best known example of such an algebra
are set potentials from Instance 1.4 (including their normalized variant called mass
functions and belief functions), and it is indeed interesting to see them as a member
of a more comprehensive family of formalisms. We list some further examples:

B 5.9 Possibility Measures

(Zadeh, 1979) originally introduced possibility measures compatible to our
framework of set-based semiring valuations over the product t-norm semiring
of Example 5.8. But it turned out that possibility functions are completely
specified by their values assigned to singleton configuration sets. Based on this
insight, (Shenoy, 1992a) derived the valuation algebra of possibility potentials
discussed as Instance 5.2. Working with possibility functions is therefore a bit
unusual but we can deduce from the above theorem that they nevertheless form
a valuation algebra themselves.

B 5.10 Disbelief Functions

A disbelief function according to (Spohn, 1988; Spohn, 1990) is again com-
patible to our framework of set-based semiring valuations over the tropical
semiring of Example 5.4. But similar to the foregoing instance, it was shown
by (Shenoy, 1992b) that disbelief functions are completely specified by their
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values assigned to singleton configuration sets. This corresponds to the valu-
ation algebra of weighted constraints discussed in Instance 5.1. It is therefore
again not usual to work with disbelief functions in practice, although they also
form a valuation algebra.

There are further attempts to connect belief functions with fuzzy set theory that
results in further instances of set-based semiring valuations over different t-norm
semirings. See for example (Biacino, 2007; Pichon & Denoeux, 2008).

5.8 PROPERTIES OF SET-BASED SEMIRING VALUATION ALGEBRAS

We are next going to investigate the necessary requirements for the underlying semi-
ring to guarantee neutral and null elements in the induced valuation algebra.

5.8.1 Neutral and Stable Set-Based Semiring Valuations

Derived from Instance 3.3 we identify the neutral element e, for the domain s € D:

es(A) = 1, if A=, (5.14)
* B 0, otherwise. '

Indeed, it holds for ¢ € ® with d(¢) = s that

$® es(A) > #(B) xe,(C)

BaC=A
= ¢(4) xe(Qs) = ¢(A) x 1 = $(A).

The second equality follows since for all other values of C' we have e,(C) = 0.
These elements also satisfy property (A7):

(A7) Neutrality: On the one hand we have

es®@er(Qout) = D eA) xe(B) = e,() x er() = 1.
AB=Q, ¢

On the other hand, if A tx B C Q,., then either A C ), or B C €2;. So, at
least one factor corresponds to the zero element of the semiring and therefore
es ® e,(C) = 0forall C C Q.

Set-based semiring valuation algebras are always stable.

(A8) Stability: On the one hand we have

ef() = Y eAd) = e(Q) = 1.

e (A)=82
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The second equality holds because e5(£25) = 1 is the only non-zero term
within this sum. On the other hand, we have e}!(A) = 0 for all A C
because e (§2,) does not occur in the sum of the projection.

These result are summarized in the following theorem:

Theorem 5.6 Set-based semiring valuation algebras provide neutral elements and
are always stable.

5.8.2 Null Set-Based Semiring Valuations

Because all semirings possess a zero element, we have for every domain s € D a
valuation z, such that ¢ ® z; = 2, ® ¢ = z,. This element is defined as z;(A4) = 0
for all A C ;. Indeed, we have for ¢ € @,

$®z(A) = D ¢(B) x z(C) = 0.
BeC=A
These candidates z; must additionally satisfy the nullity axiom that requires two
properties. The first condition that null elements project to null elements is clearly
satisfied. More involved is the second condition that only null elements project to
null elements. Positivity is again a sufficient condition.

(A9) Nullity: For ¢ € ®;and t C s, we have
0 =9¢"A4) = > B

ny(B)=A
implies that ¢(B) = 0 for all B with m,(B) = A. Hence, ¢ = z,.

Theorem 5.7 Set-based semiring valuation algebras induced by commutative, pos-
itive semirings provide null elements.

A question unanswered up to now concerns the relationship between traditional
semiring valuations and set-based semiring valuations. On the one hand, semiring
valuations might be seen as special cases of set-based semiring valuations where
only singleton configuration sets are allowed to have non-zero values. However, we
nevertheless desist from saying that set-based semiring valuations include the family
of traditional semiring valuations. The main reason for this is the inconsistency of
the definition of neutral elements in both formalisms. This is also underlined by the
fact that a semiring valuation algebra requires an idempotent semiring for stability,
whereas all set-based semiring valuation algebras with neutral elements are naturally
stable. We thus prefer to consider the two semiring related formalisms studied in this
chapter as disjoint subfamilies of valuation algebras.

5.9 CONCLUSION

A generic construction identifies a family of valuation algebra instances that share
a common structure. On the one hand, this relieves us from verifying the axiomatic
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system and algebraic properties individually for each member of such a family. On the
other hand, it also helps to search for new valuation algebra instances. This chapter
introduced two generic constructions related to semirings. Semiring valuations are
mappings from configurations to values of a commutative semiring. This allows
directly to assimilate the many important formalisms used in soft constraint reasoning
into the valuation algebra framework and to immediately conclude that they all
qualify for the application of local computation. Typical examples of such formalisms
are crisp constraints, weighted constraints, probabilistic constraints, possibilistic
constraint or assumption-based constraint, but it also includes other formalisms that
are not related to constraint systems such as probability potentials. A closer inspection
of semiring valuation algebras in general identified the sufficient properties of a
semiring to induce valuation algebras with neutral and null elements or with a division
and scaling operator (see appendix). This again discharges us from analysing each
formalism individually. The second family of valuation algebras studies in this chapter
are set-based semiring valuations, obtained from mapping sets of configurations to
semiring values. Its best known member is the formalism of set potentials.

Appendix: Semiring Valuation Algebras with Division

The presence of inverse valuations is of particular interest because they allow the
application of specialized local computation architectures. In Appendix D.1 we iden-
tified three different conditions for the existence of inverse valuations in general.
Namely, these conditions are separativity, regularity and idempotency. Following
(Kohlas & Wilson, 2006), we renew these considerations and investigate the re-
quirements for a semiring to induce a valuation algebra with inverse elements. More
precisely, it is effectual to identify the semiring properties that either induce separa-
tive, regular or idempotent valuation algebras. Then, the theory developed in Section
4.2 can be applied to identify the inverse valuations. We start again with the most
general requirement called separativity.

E.1 SEPARATIVE SEMIRING VALUATION ALGEBRAS

According to (Hewitt & Zuckerman, 1956), a commutative semigroup A with opera-
tion x can be embedded into a semigroup which is a union of disjoint groups if, and
only if, it is separative. This means that for all a,b € A,

axb =axa=">bxb (E.1)

implies a = b. Thus, let {G, : @ € Y’} be such a family of disjoint groups with
index set Y, whose union

¢ = |Jcé.

acY
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is a semigroup into which the commutative semigroup A is embedded. Hence, there
exists an injective mapping h : A — G such that

h(axb) = h(a) x h(b).

Note that the left-hand multiplication refers to the semigroup operation in A whereas
the right-hand operation stands for the semigroup operation in G. If we identify every
semigroup element a € A with its image h(a) € G, we may assume without loss of
generality that A C G.

Every group GG, contains a unit element, which we denote by f,. These units are
idempotent since f, X fo = fo.Let f € G be an arbitrary idempotent element. Then,
f must belong to some group G,. Consequently, f x f = f x f,, which implies
that f = f, due to equation (E.1). Thus, the group units are the only idempotent
elements in G.

Next, it is clear that f, x fg is also an idempotent element and consequently the
unit of some group G, i.e. fo X fg = f,. We define o < B if

faxfﬂ = fa-

This relation is clearly reflexive, antisymmetric and transitive, i.e. a partial order

between the elements of Y. Now, if f, x fg = f,, then it follows that v < «, 8. Let -
d € Y be another lower bound of & and 8. We have f, x fs = fs and fz x f5s = fs.

Then, f, X fs = fo X fo X fs = fa X fs = f5. S0 d < v and y is therefore the

greatest lower bound of « and 3. We write v = a A # and hence

faxfﬂ = fa/\ﬂ‘

To sum it up, Y forms a semilattice, a partially ordered set where the infimum exists
between any pair of elements.

Subsequently, we denote the inverse of a group element a € G,, by a™ 1. Suppose
a,a”! € Goand b,b~! € Gg, then (a x b) x (a™! x b™1) = fa X fg = fanp, and
it follows that

(axb)™ = atxbl

Suppose now a x b € G.,. Thus (a x b)~! € G, and (a x b) X (a x b)~! = f,. But
as we have just seen f., = fong, hence y = aABanda x b,a™ x b™! € Gang.

We next introduce an equivalence relation between semigroup elements of A and
say that ¢ = b if a and b belong to the same group G . This is a congruence relation
with respect to x, since a = o’ and b = b’ imply that a x b = o’ x ¥/, which in turn
implies that the congruence classes are semigroups. Consequently, A decomposes
into a family of disjoint semigroups,

A = U[a].

acA
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Also, the partial order of Y carries over to equivalence classes by defining [a] < [b]
if, and only if, [a x b] = [a]. Further, we have [a x b] = [a] A [b] for all a,b € A
which shows that the semigroups [a] form a semilattice, isomorph to Y. We call
the equivalence class [a] the support of a. Observe also that [0] = {0}. This holds
because if a € [0] = G, thena =0and f, =0.Hence,a =a x f, =0x0=0.

The result of the support decomposition of A is summarized in Figure E.1. The
following definition given in (Kohlas & Wilson, 2006) is crucial since it summarizes
all requirements for a semiring to give rise to a separative valuation algebra. Together
with the requirement of a separative semigroup, it demands a decomposition that is
monotonic under addition. This is needed to make allowance for the projection in
equation (D.2), as shown beneath.

¢=UG, A=Uld]

Figure E.1 A separative semigroup A is embedded into a semigroup G that consists of
disjoint groups G,. The support decomposition of A is then derived by defining two semigroup
elements as equivalent if they belong to the same group G.

Definition E.4 A semiring (A, +, x,0,1) is called separative, if
o its multiplicative semigroup is separative,

o there is an embedding into a union of groups such that for all a,b € A

[a] < Ja+b]. (E.2)

The second condition expresses a kind of strengthening of positivity. This is the
statement of the following lemma.

Lemma E.7 A separative semiring is positive.

Proof: From equation (E.2) we conclude [0] < [a] for all a € A. Then, assume
a+ b= 0. Hence, [0] < [a], [b] < [a + b] = [0] and consequently,a =b=0. =

The following theorem states that a separative semiring is sufficient to guarantee
that the induced valuation algebra is separative in the sense of Definition D.4.

Theorem E.8 Let (®, D) be a valuation algebra induced by a separative semiring.
Then (®, D) is separative.
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Proof: Since the semiring is separative, the same holds for the combination semi-
groupof @, i.e. R = ¢ ¢ = Y ®1 implies ¢ = . Consequently, this semigroup
can also be embedded into a semigroup that is a union of disjoint groups. In fact,
the decomposition which is interesting for our purposes is the one induced by the
decomposition of the underlying semiring. We say that ¢ = ¥, if

o d(¢) =d(¢)) = s, and
o H(x) = YP(x) forall x € Q.

This is clearly an equivalence relation in ®. Let ¢, %, 7 € ®and ¢ = nwithd(¢) = s
and d(v) = d(n) = t. Then, it follows that d(¢ ® 1) = d(¢ ® n) = s Ut and for all
x € ;¢ we have

P(xt) x p(x) = (x*) x m(xM).

We therefore have a combination congruence in . It then follows that the equiva-
lence classes [¢] are subsemigroups of the combination semigroup of .

Next, we define for a valuation ¢ € ®, the mapping spj4) : 2 — Y by

spig)(x) =a if @(x) € G,

where Y is the semilattice of the group decomposition of the separative semiring. This
mapping is well-defined since spj4) = spyy if [¢] = [4)]. We define for a valuation ¢
with d(¢) = s

Gy = {9:2%—>G:V¥xeQ,, g(x) € Gsp[¢](X)}'

It follows that G|y is a group, if we define g x f by g x f(x) = g(x) x f(x),
and the semigroup [¢] is embedded in it. The unit element fi4) of G4 is given by
f161(X) = fopiyy(x) and the inverse of ¢ is defined by ¢~ 1(x) = (¢(x))~1. This
induces again a partial order [¢] < [¢/] if fi4)(x) < fiy)(x) for all x € Q, or if
(¢ ® ] = [¢]. It is even a semilattice with figey] = flg) A fiy)-

The union of these groups

¢ = |JGy

ped

is a commutative semigroup because, if g1 € G|} and g2 € G|y}, then g1 ® g2 is
defined for x € Q,u1, d(¢) = sand d(v)) =t by

a®gx) = g (Xis) X 92(X¢t)

and belongs to G4gy) and is commutative as well as associative.
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We have the equivalence ¢ ® ¢ = ¢ because [¢)] is closed under combination.
From equation (E.2) it follows that for t C d(¢) and all x € Q;,

[b(x)] < [¢*(xM)).

This means that [¢] < [¢*!] or also

Pree = ¢

We thus derived the second requirement for a separative valuation algebra given in
Definition D.4 for the congruence induced by the separative semiring. It remains
to show that the cancellativity property holds in every equivalence class [¢]. Thus,
assume 1,9’ € [¢], d(¢) = s and for all x € €2,

$(x) xP(x) = ¢(x) x ¢/ (x).

Since all elements ¢(x), ¥(x) and ¢’ (x) are contained in the same group, it follows
that 9/(x) = 9’(x) by multiplication with ¢(x) . Therefore, 1 = 1’ which proves
cancellativity of [¢]. [

Let us consider an example of a separative semiring and its induced valuation
algebra. Subsequently, we then show that although separativity is again the weakest
condition to allow for a division operation in the induced valuation algebra, there are
still formalisms that do not even possess this structure.

B E.11 Arithmetic Potentials and Separativity

The particular arithmetic semiring of non-negative integers NU{0} is separative
and decomposes into the semigroups {0} and N. The first is already a trivial
group, whereas N is embedded into the group of positive rational numbers.
Note also that [0 x a] = [0], hence [0] < [a] and [0] < [0 + a] < [a]. So,
equation (E.2) holds. Thus, it induces a particular subalgebra of the valuation
algebra of arithmetic potentials that is separative.

B E.12 Possibility Potentials and Separativity

The Lukasiewicz and drastic product t-norm semirings of Example 5.8 are not
separative. Consequently, we cannot deduce anything about a possible division
operation in their induced valuation algebras. This, however, does not hold for
all t-norm semirings as shown in the following section.

E.2 REGULAR SEMIRING VALUATION ALGEBRAS

In the previous case, we exploited the fact that the multiplicative semigroup of a
separative semiring can be embedded into a semigroup consisting of a union of
disjoint groups. This allows introduction of a particular equivalence relation between
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semiring elements which in turn leads to a decomposition of the induced valuation
algebra into cancellative semigroups with the corresponding congruence relation
satisfying the requirement of a separative valuation algebra. In this section, we start
with a semiring whose multiplicative semigroup decomposes directly into a union of
groups. The mathematical requirement is captured by the following definition.

Definition E.5 A semigroup A with an operation x is called regular if foralla € A
there is an element b € A such that

axbxa = a.

Appendix D.1.2 introduced the Green relation in the context of a regular valuation
algebra and we learned that the corresponding congruence classes are directly groups.
This technique can be generalized to regular semigroups. We define

a=b if,andonlyif, ax A=bx A,

and obtain a decomposition of A into disjoint congruence classes,
A = U [a].
acEA

These classes are commutative groups under x, where every element a has a unique
inverse denoted by a~'. Further, we write fla for the identity element in the group [a]
and take up the partial order defined by fi,) < fj) if, and only if, fig) X fip} = fla-
This is again a semilattice as we know from Section E.1. Finally, we obtain an
induced partial order between the decomposition groups by [a] < [b] if, and only if,
fia) < fie)- This is summarized in Figure E.2.

Definition E.6 A semiring (A, +, X, 0, 1) is called regular if
e its multiplicative semigroup is regular,

o foralla,be A [a] < [a+1]

™S

A=Upd

Figure E.2 A regular semigroup A decomposes directly into a union of disjoint groups
using the Green relation.

Theorem E.9 Let (@, D) be a valuation algebra induced by a regular semiring.
Then (®, D) is regular.
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Proof: Suppose ¢ € & witht C s = d(¢) and y € ;. We define
x(y) = (")~

Then, it follows that for any x € €2,

(p@" @ x)(x) = @(x)x o (xM) x x(x*)
= ¢(x) x ¢+ (x") x (M (xH))
= ¢(x) X fgu.

Here, the abbreviations fy and fy.: are used for fig(x)) and flsie(xit) respectively.
Since the semiring is regular, we have [¢(x)] < [¢* (x*')] and f < fyi.. Thus

A(x) X foir = (d(X) X fo) X foue
= ¢(x) X (fo X fyut)
o(x) x fo = ¢(x).

This proves the requirement of Definition D.5. ]

We remark that regular semirings are also separative. Regularity of the multi-
plicative semigroup implies that every element in A has an inverse and we derive
froma x @ = a X b = b x b that a and b are contained in the same group of the
semiring decomposition, i.e. [a] = [b]. Multiplying with the inverse of a gives then
a = f[q) X b = b. This proves that the multiplicative semigroup of a regular semiring
is separative. Requirement (E.2) follows from the strengthening of positivity in Def-
inition E.6.

Let us again consider some concrete examples of regular semirings and their
induced regular valuation algebra. As a confirmation of what we found out in Instance
D.8, we first show that the arithmetic semiring is regular.

B E.13 Arithmetic Potentials and Regularity

The arithmetic semiring of non-negative real numbers is regular. It decomposes
into a union of two disjoint groups R~ and {0}, and we clearly have [0] < [a]
for all semiring elements a. Applying Theorem E.9 we conclude that its induced
valuation algebra called arithmetic potentials is regular. However, we have also
seen in Instance E.11 that this property changes if we define the arithmetic
semiring over different sets of numbers. On this note, the semiring view affords a
whole family of valuation algebra instances that are closely related to arithmetic
potentials but differ in their properties.

B E.14 Probabilistic Constraints and Regularity

The t-norm semiring with usual multiplication as t-norm is regular too as
we may deduce from the foregoing example. Therefore, its induced valuation
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algebra called probabilistic constraints is also regular. In fact, it is the only
example of the t-norms listed in Example 5.8 that leads to a valuation algebra
with a non-trivial division. The two t-norm discussed in Instance E.12 do not
allow division at all, and the minimum t-norm induces an idempotent valuation
algebra as shown in Instance E.19 below.

MW E.15 Spohn Potentials and Regularity

The tropical semiring (N U {0, oo}, min, +, 0o, 0} is not regular because the
solution b = —a of the regularity equation in Definition E.5 is not contained
in the semiring. But if we extend the tropical semiring to all integers, then
semiring is regular. The induced regular valuations of this extended semiring
are called quasi-Spohn potentials.

E.3 CANCELLATIVE SEMIRING VALUATION ALGEBRAS

In Appendix E.1, we started from a separative semigroup, which can be embedded
into a semigroup consisting of a union of disjoint groups. Here, we discuss a special
case in which the semigroup is embedded into a single group. The required property
for the application of this technique is cancellativity. A semigroup A with operation
X is called cancellative, if for a, b, c € A,

axb = axec

implies b = ¢. Such a semigroup can be embedded into a group G by application
of essentially the same technique as in Appendix D.1.1. We consider pairs (a, b) of
elements a,b € A and define equality:

(a,b) =(¢,d) if axd=bxec.
Multiplication between pairs of semigroup elements is defined component-wise,
(a,b) x (c,d) = (axebxd).

This operation is well-defined, since (a,b) = (a/,V’) and (¢,d) = (¢, d’) implies
{a,b) x (¢,d) = (&', V') x (¢, d'). It is furthermore associative, commutative and the
multiplicative unit e is given by the pairs (a, a) for all a € A. Note that all these pairs
are equal with respect to the above definition. We further have

(a,b) x (b,a) = (axb,axb),

which shows that (a, b) and (b, a) are inverses. Consequently, the set G of pairs (a, b)
is a group into which A is embedded by the mapping a — (a X a, a). If A itself has
a unit, then 1 — (1,1) = e. Without loss of generality, we may therefore consider A
as a subset of GG. This is summarized in Figure E.3.
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G = {(a,b) : a,b e A}

Figure E.3 A cancellative semigroup A is embedded into a group G consisting of pairs of
elements from A.

Let us return to semirings and show how cancellative semirings induce valuation
algebras with inverse elements.

Definition E.7 A semiring (A, 4+, x,0,1) is called cancellative if its multiplicative
semigroup is cancellative.

A cancellative semiring is also separative since from a x a = a x b it follows that
a = b. We know that cancellative semirings can be embedded into a single group
consisting of pairs of semiring elements, and since we have only one group, (E.2)
is trivially fulfilled. Thus, cancellative semirings represent a particularly simple case
of separative semirings and consequently induce separative valuation algebras due
to Appendix E.1. We also point out that no direct relationship between cancellative
and regular semirings exist. Cancellative semirings are embedded into a single group
whereas regular semirings decompose into a union of groups. These considerations
prove the following theorem:

Theorem E.10 Cancellative semirings induce separative valuation algebras.

We now examine an important example of a separative valuation algebra that is
induced by a cancellative semiring.

B E.16 Weighted Constraints and Cancellativity

The tropical semiring of Example 5.4 is cancellative. Since the semiring values
are non-negative and multiplication corresponds to addition, we always have
that @ x b = a x ¢ implies b = ¢. To any pair of numbers a,b € A we assign
the difference a — b, which is not necessarily in the semiring artymore. In other
words, the tropical semiring is embedded into the additive group of all integers.

E.4 IDEMPOTENT SEMIRING VALUATION ALGEBRAS

Section 4.2.1 and Appendix D.1.3 introduced idempotency as a very strong additional
condition. If this property is present in a valuation algebra, then every valuation
becomes the inverse of itself, which allows us to simplify inference algorithms
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considerably. This lead to the very simple and time-efficient idempotent architecture
of Section 4.5. Thus, we next go about studying which semiring properties give rise
to idempotent valuation algebras.

Theorem E.11 c-semirings with idempotent multiplication induce idempotent valu-
ation algebras.

Proof: From Lemma 5.6, (SP6) we conclude that

P(x) x p*(xM) < P(x).

On the other hand, we have by Lemma 5.5, (SP4) and idempotency

$(x) x g (x*) = p(x) x Y o(x > ¢(x) x ¢(x) = $(x).

YEQs—y

This holds because ¢(x) is a term of the sum. We therefore have ¢(x) x ¢+t (x¥t) =
¢(x) which proves idempotency. u

Idempotency of a semiring (A, +, X, 0,1) directly implies the regularity of its
multiplicative semigroup. Additionally, all groups [a] consist of a unique element as
we learned in Appendix D.1.3. Since for all a¢,b € A we have

x(a+b) = (axa)+{(axb) = a+(axbh)
= ax(1+b)=a><1:a

This implies [a] < [a + b], from which we conclude that idempotent semirings
are regular. Moreover, Lemma 5.5, (SP5) states that idempotent semirings are also
positive which ensures the existence of neutral elements, null elements and stability
in the induced valuation algebra as shown in Section 5.5.1 and 5.5.3. Altogether, this
proves the following lemma:

Lemma E.8 c-semirings with idempotent x induce information algebras.

Theorem E.11 states that a c-semiring with idempotent multiplication is a sufficient
condition for an idempotent semiring valuation algebra. It will next be shown that
it is also necessary, if two additional conditions hold. In order to make a statement
about all semiring elements starting from a semiring valuation algebra, all semiring
elements must occur in the valuation algebra. In other words, & must be the set of all
possible valuations taking values from a given semiring, whereas in other contexts it
is often sufficient that ® is only closed under combination and projection. The second
condition excludes trivial lattices where the operation of projection has no effect.

Theorem E.12 Let (A, +, x,0,1) be a semiring, v a set of variables and ® the set
of all possible semiring valuations defined over A and r. If (®,P(r)) is idempotent,
then the semiring has idempotent multiplication. Moreover, if r contains at least one
variable X € r with |Qx| > 1, then the semiring is also a c-semiring.
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Proof: Since @ is the set of all possible valuations, there exists aforalla € A a
valuation ¢ € ® with d(¢) = @ and ¢(o) = a. Idempotency implies that

p(0) = ¢ © B(0) = ¢(0) x p(0).

We therefore have a x a = a for all a € A with proves idempotency of semiring
multiplication. Next, assume that there exists X € r with Qx = {z1,z2,...,Zn}.
For all a € A, we then have a valuation ¢ € @ with d(¢) = {X} and ¢(z1) = 1,
¢(z2) = a and ¢(z;) = O for all ¢ > 2. Idempotency implies that

1 = ¢(z1) = $(21)x$*(0) = (1) x ((x1) +¢(x2)) = 1x(1+a) = 1+a.

This shows that the semiring is a c-semiring. "

Let us again consider some examples of c-semirings with idempotent multipli-
cation and their induced information algebras. First, we apply this analysis to the
Boolean semiring to confirm what we have found out in Instance 4.2.

B E.17 Indicator Functions and ldempotency

It has been shown in Example 5.10 that the Boolean semiring is a c-semiring.
Since multiplication corresponds to minimization, this semiring is also idem-
potent. We therefore conclude from Lemma E.8§, the induced valuation algebra
of indicator functions must be an information algebra.

B E.18 Bottleneck Constraints and Idempotency
The bottleneck semiring of Example 5.3 is clearly a c-semiring with idempotent

multiplication. Its induced valuation algebra is therefore another example of an
information algebra.

B E.19 Possibility Potentials and Idempotency

We already pointed out in Example 5.10 that all t-norm semirings are c-
semirings. However, only the minimum t-norm among them is idempotent
which again turns its induced valuation algebra into an information algebra.
This example is very similar to the Bottleneck constraints above.

A summary of the division-related properties of different semiring valuation alge-
bras is shown in Figure E.4.

E.5 SCALABLE SEMIRING VALUATION ALGEBRAS

As a last complement on division for semiring valuation algebras, we recall from
Section 4.7 that scaling or normalization may be an important semantical issue
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Instance Separative | Cancellative | Regular | Idempotent
1.1 | Indicator Functions V V4 Vv Vv
1.3 | Arithmetic Potentials on R3¢ Vv o Vv o
1.3 | Arithmetic Potentials on N3¢ V4 o ) o
5.1 | Weighted Constraints Vv Vv ° o
5.2 | Probabilistic Constraints Vv o v o
5.2 | Lukasiewicz Constraints o o o o
5.3 | Set-based Constraints Vv Vv v v
E.15 | Quasi-Spohn Potentials Vv o V4 o

Figure E.4 Semiring valuation algebras and division-related properties.

for some valuation algebras. The algebraic requirement that makes scaling possible
is separativity. Thus, we may conclude that separative semirings induce valuation
algebra with scaling if there exists a semantical need for this operation. Among the
instances discussed in this appendix, we have seen that the arithmetic semiring is
regular and allows scaling in its induced valuation algebra. This leads again to the
probability potentials introduced in Instance 4.4. Here are two further examples of

scalable valuation algebras:

B E.20 Normalized Weighted Constraints

Weighted constraints are induced by the cancellative tropical semiring and are
therefore separative. According to equation (4.29), the scale of a weighted

constraint ¢ € ®; is given by

tHx) = e(x) + (cw)—l (0) = e(x)

Y€Qs

— min c(y).

This operation ensures that the minimum weight is always zero.

B E.21 Normalized Probabilistic Constraints

The product t-norm semiring induces probabilistic constraints which naturally
explains the interest in scaling. This semiring is regular and therefore also
fulfills the algebraic requirement. According to equation (4.29), the scale of
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the probabilistic potential p € ®, is given by

pH(x) = :D(X)'(:v“”)_1 (0) = __px)

maxyeq, p(y)

PROBLEM SETS AND EXERCISES

E.1 * Section 5.6 shows that the space complexity of the Shenoy-Shafer architec-
ture of equation (4.9) can be improved when dealing with semiring valuations. Think
about a similar improvement for set-based semiring valuation algebras.

E.2 * Consider mappings from singleton configuration sets to the values of a com-
mutative semiring and prove that they form a subalgebra of the valuation algebra
of set-based semiring valuations. Identify the requirements for neutral and null ele-
ments and observe that neutral elements are different in the two algebras. Compare
the results with usual semiring valuations.

E.3* Exercise D.4 in Chapter 4 introduced a partial order between valuations in an
information algebra. We-know from Lemma E.§ that c-semirings with idempotent x
induce information algebras. How is the semiring order of equation (5.4) related to
the partial order between valuations in the induced information algebra?

E.4* We claim in Example 5.8 and 5.10 that ([0, 1], max, x, 0, 1) always forms a
c-semiring when an arbitrary t-norm is taken for multiplication. Prove this statement.
The definition of a t-norm requires that the number 1 is the unit element. Without this
condition the structure it is called a uninorm. Prove that we still obtain a semiring,
albeit not a c-semiring, when a uninorm is taken instead of a t-norm. Finally, show
that we may also replace maximization for semiring addition by an arbitrary uninorm.

E.5 ** Exercise D.8 in Chapter 4 introduced conditionals @s|¢ for disjoint sets
8,t C d(¢) in regular valuation algebras (@, D).
a) Identify the conditionals in the valuation algebras of probabilistic con-
straints from Instance 5.2 and quasi-Spohn potentials of Instance E.15.
b) Prove that if ¢ € ® and s, t,u C d(¢) are disjoint sets we have

¢¢sUtUu = ¢s|u ® ¢tlu ® 45“' (E.3)

¢) Convince yourself that the arctic semiring is regular and therefore also the
induced valuation algebra of GAI preferences from Instance 5.1. Show that
equation (E.3) corresponds to Bellman’s principle of optimality (Bellman,
1957) when it is expressed in the valuation algebra of GAI preferences.
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The solution to these exercises is given in Section 5.2 of (Kohlas, 2003).

E.6 ** Identify the algebraic properties (i.e. division, neutral and null elements) for
the valuation algebras induced by the t-norm semirings with the following t-norms:

1. Nil-potent maximum: For a,b € [0,1]

T(a,b) = min{a,b} a+b>1,
’ B 0 otherwise.

2. Hamacher product: For a,b € [0, 1]

T(a,b) = 0 a=b=0,
’ ﬁ—‘;iﬁ otherwise.

E.7 *** Exercise E.4 defines a uninorm as a generalization of a t-norm where
the unit element does not necessarily correspond to the number 1. If we have a
uninorm with the number 0 as unit element, then it is called a z-conorm. We directly
conclude from Exercise E.4 that we obtain a semiring when we take a t-conorm for
multiplication and maximization for addition. Give a t-norm 7" and a, b € [0, 1], we
define its associated t-conorm by

Cla,b) = 1-T(1—a,1-b). (E.4)

Is it possible to conclude the form of division in a valuation algebra induced by a
t-conorm semiring from the form of division that is present in the valuation algebra
induced by the corresponding t-norm semiring?

E.8 *** [nstance D.6 shows that the valuation algebra of set potentials is separative.
Generalize these considerations to set-based semiring valuations and identify the
algebraic requirements for a semiring to induce separative, regular and idempotent
set-based semiring valuation algebras.
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CHAPTER 6

VALUATION ALGEBRAS FOR PATH
PROBLEMS

Together with semiring constraint systems introduced in Chapter 5, the solution of
path problems in graphs surely ranks among the most popular and important appli-
cation fields of semiring theory in computer science. In fact, the history of research
in path problems strongly resembles that of valuation algebras and local computation
in its search for genericity and generality. In the beginning, people studied specific
path problems which quickly brought out a large number of seemingly different algo-
rithms. Based on this research, it was then observed that path problems often provide
a common algebraic structure. This gave birth of an abstract framework called al-
gebraic path problem which unifies the formerly isolated tasks. Typical instances of
this framework include the computation of shortest distances, maximum capacities
or reliabilities, but also other problems that are not directly related to graphs such
as partial differentiation or the determination of the language accepted by a finite
automaton. This common algebraic viewpoint initiated the development of generic
procedures for the solution of the algebraic path problem, similar to our strategy of
defining generic local computation architectures for the solution of inference prob-
lems. Since the algebraic path problem is not limited to graph related applications,
its definition is based on a matrix of semiring values instead. We will show in this
chapter that depending on the semiring properties, such matrices induce valuation

Generic Inference: A Unifying Theory for Automated Reasoning
First Edition. By Marc Pouly and Jiirg Kohlas
Copyright © 2011 John Wiley & Sons, Inc. 219
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algebras. This has several important consequences: on the one hand, we then know
that matrices over special families of semirings provide further generic constructions
that deliver many new valuation algebra instances. These instances are very different
from the semiring valuation algebras of Chapter 5, because they are subject to a pure
polynomial time and space complexity. On the other hand, we will see in Chapter
9 that inference problems over such valuation algebras model path problems that
directly enables their solution by local computation. This comes along with many
existing approaches that focus on solving path problems by sparse matrix techniques.

The first section introduces the algebraic path problem from a topological perspec-
tive and later points out an alternative description as a particular solution to a fixpoint
equation, which generally is more adequate for an algebraic manipulation. Section
6.3 then discusses quasi-regular semirings that always guarantee the existence of at
least one solution to this equation. Moreover, it will be shown that a particular quasi-
inverse matrix can be computed from the quasi-inverses of the underlying semiring.
This leads in Section 6.4 to the first generic construction related to the solution of
path problems. Since quasi-regular semirings are very general and only possess little
algebraic structure, it will be remarked in Section 6.5 that the same holds for their
induced valuation algebras. We therefore present in Section 6.6 a special family of
quasi-regular semirings called Kleene algebras that uncover a second generic con-
struction related to path problems in Section 6.7. This approach always leads to
idempotent valuation algebras and also distinguishes itself in other important aspects
from quasi-regular valuation algebras, as pointed out in Section 6.8.

6.1 SOME PATH PROBLEM EXAMPLES

The algebraic path problem establishes the connection between semiring theory and
path problems. To motivate a closer investigation of this combination, let us first look
at some typical examples of path problems.

B 6.1 The Connectivity Problem

The graph of Figure 6.1 represents a traffic network where nodes model junc-
tions and arrows one-way streets. Every street is labeled with a Boolean value
where 1 stands for an accessible street and 0 for a blocked street due to con-
struction works. The connectivity problem now asks the question whether node
T can still be reached from node S. This is computed by taking the maximum
value over all possible paths leading from S to T', where the value of a path
corresponds to the minimum of all its edge values. We compute for the three
possible paths from S to T

min{0,1} = 0
min{1,1,1} =
min{1,1,0,1} = 0
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and then
max{0,1,0} = L.

Thus, node T can still be reached from node S.

Figure 6.1 The connectivity path problem.

B 6.2 The Shortest and Longest Distance Problem

A similar traffic network is shown in Figure 6.2. This time, however, edges
are labeled with natural numbers to express the distance between neighboring
nodes. The shortest distance problem then asks for the minimum distance
between node S and node 7', which corresponds to the minimum value of all
possible paths leading from S to T, where the value of a path consists of the
sum of all its edge values. We compute

9+4 = 13
1+46+5 = 12
1+2+3+5 = 11
and then
min{13,12,11} = 11.

Thus, the shortest distance from node S to node 7" is 11. We could also replace
minimization by maximization to determine the longest or most critical path.

B 6.3 The Maximum Capacity Problem

Let us next interpret Figure 6.3 as a communication network where edges
represent communication channels between network hosts. Every channel is
labeled with its capacity. The maximum capacity problem requires to compute
the maximum capacity of the communication path between node .S and node
T, where the capacity of a communication path is determined by the minimum
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Figure 6.2 The shortest distance problem.

capacity over all channels in this path. Similar to Instance 6.1 we compute

min{3.4,4.5} = 34
min{3.6,5.5,5.1} = 3.6
min{3.6,4.2,3.5,5.1} = 3.5
and then
max{3.4,3.6,3.5} = 3.6.

Thus, the maximum capacity over all channels connecting S and T is 3.6.

Figure 6.3 The maximum capacity problem.

B 6.4 The Maximum Reliability Problem

We again consider Figure 6.4 as a communication network where edges repre-
sent communication channels. Such channels may fail and are therefore labeled
with a probability value to express their probability of availability. Thus, we
are interested in the most reliable communication path between node S and
node T', where the reliability of a path is obtained by multiplying all its channel
probabilities. We compute

04.-08 = 0.32
09-02-07 = 0.126
09-09-10-0.7 = 0.567
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and then
max{0.32,0.126,0.567} = 0.567.

Thus, the most reliable communication path has a reliability of 0.567.

Figure 6.4 The maximum reliability problem.

B 6.5 The Language of an Automaton

Finally, we consider the automaton of Figure 6.5 where nodes represent states,
and the edge values input words that bring the automaton into the neighbor state.
Here, the task consists in determining the language that brings the automaton
from state .S to T". This is achieved by collecting the strings of each path from
S to T', which are obtained by concatenating their edge values. We compute

{a}-{c} = {ac}
{a} - {b} - {a} {aba}
{a}-{c}-{b}-{a} = {acba}

1l

and then
U{{ac}, {aba},{acba}} = {ac,aba,acha}.
Thus, the language that brings the automaton from state S to T is {ac, aba, acba}.

Further examples of path problems will be given at the end of this chapter.

6.2 THE ALGEBRAIC PATH PROBLEM

We next introduce a common formal background of these well-known path problems:
Consider a weighted, directed graph (V, E, A, w) where (V, E) is a directed graph
and w a weight function that assigns a value from an arbitrary semiring (A4, +, x,0,1)
to each edge of the graph, w : £ — A.Ifp = (Vp,..., V,,) denotes a path of length
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Figure 6.5 Determining the language of an automaton.

n between a source node S = Vj and a target node T' = V,,, the path weight w(p) is
defined as the product of all semiring values that are assigned to its edges,

’U}(p) = IU(V(),Vl) X ’w(Vl,Vz) XX U)(Vn_l,Vn). (61)

Since we later identify graph nodes with variables, we here use capital letters to refer
to graph nodes. It is important to note that we assumed an arbitrary semiring where
multiplication is not necessarily commutative, which forces us to mind the order of
multiplication. Also, many paths between S and 7" may exist. We write Pg  for the
set of all possible paths connecting a source S with a terminal T'. Solving the path
problem for S # T then consists in computing

D(S,T) = @ w(p). (6.2)

pEPs,T

If S = T we simply define D(S,T) = 1 as the weight of the empty path. This
is the unit element of the semiring with respect to multiplication and ensures that
path weights are not affected by cycling an arbitrary number of times within an
intermediate node. If no path exists between the two nodes S and T, equation (6.2)
sums over the empty set which, by definition, returns the zero element of the semiring.
Alternatively, we may define Pg ;- as the set of all paths from node S to node T of
length r» > 0. We obtain ’

Psr = UPg,T
r>0
and consequently for S # T
D(S,T) = P P ) (6.3)
r>0 pEP .

Example 6.1 The connectivity problem of Instance 6.1 is based on the Boolean se-
miring of Example 5.2. Finding shortest distances according to Instance 6.2 amounts
to computing in the tropical semiring of Example 5.4 where semiring multiplication
corresponds to addition and semiring addition to minimization. The maximum capac-
ity problem of Instance 6.3 is induced by the bottleneck semiring of Example 5.3, and
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the product t-norm semiring of Example 5.8 allows to compute the most reliable path
in Instance 6.4. Finally, the language of the automaton in Instance 6.5 is computed
by the semiring of regular languages of Example 5.7. Observe that this semiring is
not commutative.

There are several critical points regarding the equations (6.2) and (6.3): First,
these formulas is entirely based on a graph related conception due to the explicit use
of a path set. This may be sufficient for the examples given above, but we already
pointed out in the introduction of this chapter that other applications without this
interpretation exist. Second, it may well be that an infinite number of paths between
two nodes exists, as it is for example the case in graphs with cycles. We then obtain
an infinite sum in both equations that is not necessarily defined. These are the two
major topics for the remaining part of this section. To start with, we develop a more
general definition of path problems based on semiring matrices instead of path sets.

Example 6.2 The graph in Figure 6.6 contains a cycle between the nodes 1 and 6.
The path set Py ¢ therefore contains an infinite number of paths. Depending on the
semiring, the sum in equation (6.2) is not defined.

O Qé@ﬂ

Figure 6.6 Path sets in cycled graphs may be infinite.

From now on, we again identify graph nodes with natural numbers {1,...,n}
with n = |V|. The advantage of this convention is that we may represent a weighted
graph in terms of its adjacency matrix M € M( A, n) defined as follows:

w(X,Y), if(X,Y)eE

. (6.4)
0, otherwise.

M(X,Y) = {

Due to the particular node numbering, the matrix entries directly identify the edge
weights in the graph. It is sometimes common to set the diagonal elements of this
semiring matrix to the unit element 1, if no other weight is specified in the graph.
This, however, is not necessary for our purposes. Note that an adjacency matrix
describes a full graph where any two nodes are linked, although some edges have
weight zero. As a consequence, any sequence of nodes describes a path, but only the
paths of weight different from zero describe paths in the underlying graph. Also, the
definition of an adjacency matrix excludes multigraphs where multiple edges with
identical directions but different weights may exist between two nodes. But this can
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be taken into consideration by assigning the sum of all weights of edges leading from
node X toY to M(X,Y).

Example 6.3 Figure 6.7 shows a directed, weighted graph defined over the tropical
semiring (NU {0, oo}, min, +, 0o, 0) and its associated adjacency matrix. Unknown
distances are set to the zero element of the semiring, which here corresponds to co.

g 88
8 88w®
88 o>
8 N8 38

Figure 6.7 The adjacency matrix of a directed, weighted graph.

The solution of path problems based on adjacency matrices uses semiring matrix
addition and multiplication as introduced in Section 5.1.2. Remember that matrices
over semirings form themselves a semiring with the identity matrix as unit and
the zero matrix as zero element. Let us next consider the successive powers of the
adjacency matrix:

M?(S,T) = > M(S K1) x M(Ky,T)
Kle{l,...,n}
M3(S,T) = > M(S, K1) x M(Ky, Kp) x M(K3, T)

K,,K2€{1,...,n}

and more generally

M’ (S,T) = > M(S, K1) x M(K1, K3) x ... x M(K,_,,T).
Ky, . ,K-_1€{1,...,n}

We immediately observe that M" (S, T') corresponds to the sum of all path weights
of length » € N between the selected source and target node. It therefore holds that

M (S,T) = € w)

pEPS 1
and we obtain the sum of all path weights of length at most » > 0 by
MM = I+M+M?*+... +M". (6.5)

The identity matrix handles paths of length 0 by defining I{X,Y) = MO (X, Y) = 1
if X =Y and I(X,Y) = M®(X,Y) = 0 otherwise. Its importance will be
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illustrated in Example 6.4 below. For r > 0, this sum of matrix powers can also be
seen as the sum of the weights of all paths between .S and T that visit at most r — 1
intermediate nodes. We are tempted to express the matrix D of equation (6.3) as the
infinite sum

D = @MT=I+M+M2+... (6.6)
r>0

This corresponds to the sum of all paths between S and 1" visiting an arbitrary
and unrestricted number of nodes. Contrary to equation (6.3) we have now derived
a description of path problems that is independent of path sets and therefore not
restricted to graph based applications anymore. On the other hand, we still face the
problem of infinite sums of semiring values. Subsequently, we therefore introduce
a topology on partially ordered semirings that allows us to define and study such
formal sequences.

Example 6.4 We reconsider the adjacency matrix from Example 6.3 and compute
its successive powers for 1 < r < 4 based on the tropical semiring with addition for
semiring multiplication and minimization for semiring addition.

[0 9 8 oo ]
1 o© oo 6 o™
M= oo oo oo T
_5 00 00 00 |
[0 9 8 o] [ 9 8 o] [0 oo 15 15
9 oo oo 6 o oo oo 6 ™ oo oo oo 13
M* = N =
o oo oo 7 o0 oo oo 7 12 0o oo oo
| 5 00 00 00 | _5 00 00 00 | | 14 13 oo
0 9 8 oo] [0 o0 15 15] [ 20 00 o0 22
M — © oo 6 o | ® o 13 _ |18 o0 o0 o0
o oo oo oo T 12 oo o0 oo | | o 21 20
_5 00 00 00| | o0 14 13 o0 | | 00 20 20
[0 9 8 oo [20 0o o0 227 [27 29 28
MY = oo oo 6 oo « 18 oo o0 oo | | o0 27 26 o0
- oo oo oo T oo 21 20 o | | oo > 27 27
| 5 o o0 o0 | | o0 o0 20 20 | | 25 o0 oo 27

M*(1, 3) = 28 for example means that the distance of the shortest path from node 1
to node 3 containing exactly 4 edges is 28. Using equation (6.5) we compute M(*)
that contains all shortest paths of at most 4 edges:
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M® = I1+M+M?+M34+M*
[0 o0 00 0] [oo 9 8 o] [ o0 15 15
oo 0 o0 o oo oo 6 oo oo o oo 13
= + +
oo oo 0 oo oo o oo T 12 o0 o0
| 0© o0 oo 0 | | O 00 00 o0 | | o0 14 13 oo
(20 o 00 227 [27 29 28 o] [ O 9 8 15
n 18 oo oo o0 L ® 27 26 oo | _ | 18 0 6 13
oo 21 20 o0 oo oo 27 27 12 21 0 7
| o0 oo 20 20 | | 25 oo oo 27 | | 5 14 13 0

Here, M) (1, 3) = 8 means that the distance of the shortest path from node 1 to node
3 containing at most 4 edges is 8. In this very special case, M® already contains
all shortest paths in the graph of Figure 6.7 which is not generally the case. Also,
we observe the importance of the identity matrix to ensure that each node can reach
itself with a shortest distance of 0.

We next generalize the power sequence of semiring matrices to arbitrary semirings
A and define forr > 0and a € A:

a” = 14+a+d®+a¥+...+a". 6.7
The following recursions are direct consequences of this definition:
a™) = axa™+1 = o 4t (6.8)
From Lemma 5.2, (SP3) follows that the power sequence is non-decreasing,
a™ < gy, (6.9)

This refers to the canonical preorder of semirings introduced in equation (5.3). We
also remember that if this relation is a partial order, the semiring is called a dioid.
Idempotency of addition is always a sufficient condition to turn the preorder into a par-
tial order which then is equivalently expressed by equation (5.4). Following (Bétréma,
1982) dioids can be equipped with a particular topology called sup-topology, where
a sequence of dioid values is convergent, if it is non-decreasing, bounded from above
and if it has a least upper bound. The limit of a convergent sequence then corresponds
to its least upper bound. However, the simple presence of the sup-topology is not yet
sufficient for our purposes. Instead, two additional properties must hold which are
summarized in the definition of a fopological dioid (Gondran & Minoux, 2008).

Definition 6.1 A dioid endowed with the sup-topology with respect to its canonical
partial order is called topological dioid if the following properties hold:

1. Every non-decreasing sequence bounded from above has a least upper bound.
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2. Taking the limit is compatible with semiring addition and multiplication, i.e.

lim (™ +b™) = lim o + lim ™
=00 r—00 =00
lim (a x by = lim a™ x lim ™.
7—00 r—00 T—00

Thus, if the semiring is a topological dioid and if the power sequence is bounded
from above, it follows from Definition 6.1 that the sequence has a least upper bound.
We then know that the sequence is convergent with respect to the sup-topology and
that its limit corresponds to the least upper bound. We subsequently denote the limit
of the power sequence by

a* = sup{a(r)} = lim . (6.10)
>0 T—00

Example 6.5 Bounded semirings of Definition 5.3 satisfya+ 1 =1 forall a € A.
They are idempotent since 1 + 1 = 1 always implies that a + a = a. Thus, bounded
semirings are dioids, and since a < 1 we also have a” < 1 and therefore am =
14+ a+...4+a" < 1. This shows that power sequences over bounded semirings are
always non-decreasing and bounded from above. If we further have a topological
dioid, then the limit of this sequence exists for each a € A. Some instances of bounded
semirings were given in Example 5.10.

The following theorem links the limit of a power sequence in a topological dioid to
the solution of a linear fixpoint equation. Semiring elements that satisfy this equation
are generally referred to as quasi-inverses. Note that we subsequently write ab for
a x b whenever it is contextually clear that we refer to semiring multiplication. Also,
we keep our convention to refer to variables by capital letters.

Theorem 6.1 If a* exists in a topological dioid, it is always the least solution to the
fixpoint equations

X =aX+1 and X = Xa+1. 6.11)
Let us first prove the following intermediate result:
Lemma 6.1 Let A be an arbitrary semiring and y € A a solution to (6.11). We have
y = atly+a” 6.12)
and the solution y is an upper bound for the sequence a(™.

Proof: We proceed by induction: For » = 0 we have y = ay + 1. This holds
because y is a solution to equation (6.11). Assume now that equation (6.12) holds for
r. For r 4 1 it then follows from equation (6.8) and the induction hypothesis that

ar+2y+a(r+l) — ar+2y+aa(r) +1
al@y+a)+1 = ay+1 = .
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Using Lemma 5.2, (SP3) we finally conclude that alm < 1. [

Using this result we next prove Theorem 6.1:

Proof: Taking the limit in a topological dioid is compatible with semiring addition
and multiplication. We thus conclude that the limit of aa(") is aa* and that aa(") 4 1
is convergent with limit aa* + 1. It follows from equation (6.8) that ¢* = aa* + 1
and similarly that a* = a*a + 1. This shows that ¢* is a solution to equation (6.11).
From Lemma 6.1 follows that for all solutions i we have o™ < y. Due to equation
(6.10) the particular solution a* is the least upper bound of the power sequence and
therefore also the least solution to both fixpoint equations. ]

There may be several solutions to these fixpoint equations and thus several quasi-
inverses for a semiring element as shown in Example 6.6 below. But if we have
a topological dioid where the power sequence converges, then its limit is the least
element among them. Further, we show in Lemma 6.2 below that the limit also
determines the least solution to more general fixpoint equations.

Example 6.6 Consider the tropical semiring (R U {o0}, min, +, 00, 0) of Example
5.4. We then obtain for equation (6.11) x = min{a + z,0}. For a > ( this equation
always has a unique solution x = 0. If a < 0 there is no solution and if a = 0, then
every x < 0 is a solution to this fixpoint equation.

Lemma 6.2

1. Ifz is a solution to the fixpoint equation X = aX + 1 in an arbitrary semiring
A, then xb is a solutionto X = aX + bwithb € A. Likewise, if x is a solution
to X = Xa+ 1, then bz is a solutionto X = Xa + b.

2. Ifthe limit a* exists in a topological dioid, then a*b is always the least solution
to X = aX + b. Likewise, ba™ is always the least solution to X = Xa + b.

Proof :
1. If z satisfies £ = ax + 1 we have
axb+b = (ax +1)b = xb.
Thus, zb is a solution to X = aX + b. The second statement follows similarly.

2. If a* exists, it is a solution to X = aX + 1 by Theorem 6.1. By the first
statement, a*b is a solution to X = aX + b. In order to prove that it is the least
solution, assume y € A to be another solution to X = aX + b. An induction
proof similar to Lemma 6.1 shows that a(¥)b < y for all k € N U {0}. The
solution y is therefore an upper bound for the sequence {a*)b} and since this
sequence is non-decreasing and bounded from above, it converges towards the
least upper bound a*b of the sequence. We therefore have a*b < y.

(]
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Let us return to the solution of path problems and the power sequence of semiring
matrices in equation (6.6). We first recall that matrices with values from a semiring
themselves form a semiring with a component-wise definition of the canonical pre-
order. Thus, if this relation is a partial order, then the corresponding semiring of
matrices is also a dioid. Moreover, if the semiring is a topological dioid, then so is
the semiring of matrices (Gondran & Minoux, 2008). We conclude from equation
(6.10) that if the power sequence of semiring matrices with values from a topological
dioid converges, then solving a path problem is equivalent to computing the least
quasi-inverse matrix. This computational task is stated by the following definition:

Definition 6.2 Let M € M(A,n) be a square matrix over a topological dioid A. If
the limit exists, the algebraic path problem consists in computing
M* = lim M". (6.13)
=00
We now have a formally correct and general description of a path problem that is
not restricted to graph related applications anymore. However, it is based on the limit
of an infinite sequence and therefore rather inconvenient for computational purposes.
An alternative way to express the algebraic path problem by means of the least
solution to a linear fixpoint equation is indicated by Theorem 6.1. For that purpose,
we first derive a converse result to this theorem:

Lemma 6.3 If in a topological dioid y is the least solution to the fixpoint equations
X =aX+1 and X = Xa+1, (6.14)
then it corresponds to the quasi-inverse of a € A satisfying

y = lim alm.
=00
Proof: We recall from equation (6.9) that the sequence a(™ is non-decreasing.
Further, because we have assumed the existence of a least solution, the sequence
is also bounded by Lemma 6.1. Definition 6.1 then assures that the sequence has a
least upper bound which corresponds to the limit of the power sequence. But then,
this limit is the least solution to the fixpoint equation according to Theorem 6.1 and
corresponds to y since the least element is uniquely determined. ]

We obtain from Theorem 6.1 and Lemma 6.3 the following alternative but equiv-
alent definition of the algebraic path problem:

Definition 6.3 Let M € M(A,n) be a square matrix over a topological dioid A.
The algebraic path problem consists in computing the least solution to

X =MX+I=XM+1, (6.15)
if such a solution exists.

Here, the variable X refers to an unknown matrix in M(A4, n). It is important to
note that this definition is still conditioned on the existence of a solution, respectively
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on the convergence of the power sequence. Imagine for example that we solve a
shortest distance problem on the cyclic graph of Figure 6.6 with negative values
assigned to the edges of the cycle. If we then consider the path weights between the
source and target node, we obtain a shorter total distance for each additional rotation
in the cycle. In this case, the limit of equation (6.13) does not exist or, in other words,
the fixpoint equations have no solution. This is comparable to the case a < 0 in
Example 6.6. Investigating the requirements for the existence of quasi-inverses is
an ongoing research topic. Many approaches impose restrictions on graphs which
for example forbid cycles of negative path weights in case of the shortest distance
problem. But this naturally only captures graph related applications. Alternatively,
we may ensure the existence of quasi-inverses axiomatically which also covers other
applications. Then, the semiring of Example 6.6, where no quasi-inverses exist for
negative elements, would not be part of the framework anymore. However, we can
easily imagine that shortest distances can still be found in graphs with negative
values, as long as there are no cycles with negative path weights. In many cases we
can adjoin an additional element to the semiring that acts as an artificial limit for
those sequences that are divergent in the original semiring. Reconsider the shortest
distance problem with edge weights from the semiring (R U {oo}, min, +, oc, 0}.
Here, it is reasonable to define M*(S,T) = —oo, if the path from node S to T
contains a cycle of negative weight. This amounts to computing in the extended
semiring (R U {—o00, 00}, min, +, 00, 0) with —o0o + 0o = 0o. Then, the problem of
non-existence in Definition 6.3 is avoided and the algebraic path problem reduces to
finding a particular solution to a semiring fixpoint equation.

6.3 QUASI-REGULAR SEMIRINGS

We now focus on semirings where each element has at least one quasi-inverse. Then,
it is always possible to introduce a third semiring operation called star operation
that delivers a particular quasi-inverse for each semiring element. Such semirings
are called closed semirings in (Lehmann, 1976) but to avoid confusions with other
semiring structures, we prefer to call them quasi-regular semirings.

Definition 6.4 A quasi-regular semiring (A, +, x,*,0, 1) is an algebraic structure
where (A, +, X,0,1) is a semiring and * an unary operation such that fora € A

a* = aa*+1 = a*a+1.

Restricting Example 6.6 to non-negative integers, we see that quasi-inverse ele-
ments are not necessarily unique in a semiring. Consequently, there may be different
ways of defining the star operation which each time leads to a different quasi-regular
semiring. Here, we list some possible extensions to quasi-regular semirings for the
examples that marked the beginning of this chapter:

Example 6.7 The tropical semiring (R>oU{oo}, min, +, 0o, 0) of non-negative real
numbers (or integers) introduced in Example 5.4 is quasi-regular with a* = 0 for all
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a € Rxq U {o0}. This can be extended to the tropical semiring of all real numbers
(R U {—o00, 00}, min, +,00,0) by a* = 0 fora > 0 and a* = —o0 for a < 0.
Similarly, the arctic semiring from Example 5.5 (R>o U {—o0, 00}, max, +, —00, )
is quasi-regular with a* = oo for a > 0 and a* = 0 for a € {—00,0}. The Boolean
semiring ({0, 1}, max, min, 0, 1) of Example 5.2 is quasi-regular with 0* = 1* = 1.
This also holds for the bottleneck semiring (RU{—oo0, 0o}, max, min, —0o, 0o) from
Example 5.3 where a* = oo for all elements. The probabilistic or product t-norm
semiring ([0, 1], max, -, 0, 1) of Example 5.8 is extended to a quasi-regular semiring
by defining a* = 1 for all a € |0,1]. Finally, the semiring of formal languages
(P(X%),Y, -, 0, {€}) presented in Example 5.7 is quasi-regular with

a* = Uai = aUaaUaaa ... (6.16)
i>1

Example 6.1 showed that these semirings were used in the introductory path problems
of this chapter which are thus based on quasi-regular semirings.

If we consider matrices with values from a quasi-regular semiring, then it is
possible to derive quasi-inverse matrices from the star operation in the underlying
semiring through the following induction:

e For n = 1 we define [a]* = [a*].

¢ Forn > 1 we decompose the matrix M into submatrices B, C, D, E such that
B and E are square and define

(6.17)

M~ | B C * [ B*+B*CF‘DB* B*CF*
~|D E| F*DB* F*

where F = E + DB*C.

It is important to note that equation (6.17) does not depend on the way how the
matrix M is decomposed. This can easily be proved by applying equation (6.17) to
a matrix with nine submatrices, decomposed in two different ways:

B/ C D B C|D
E|F G and E F|G
H|J K H J|K

and by verifying nine identities using the semiring properties from Definition 5.1. A
graph based justification of equation (6.17) will later be given in Example 6.12. The
following theorem has been proposed by (Lehmann, 1976):

Theorem 6.2 Let M € M(A,n) be a matrix with values from a quasi-regular
semiring A. Then, the matrix M* obtained from equation (6.17) satisfies

M"=MM"+1I =MM+1 (6.18)
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Proof: Because the two equalities in (6.18) are symmetric we only prove the first
one. Let us proceed by induction: For n = 1 the equality holds by Definition 6.4.
The induction hypothesis is that equation (6.18) holds for matrices of size less than
n. For n > 1 suppose the decomposition

BC]

Mz[DE

with B € M(A, k) for some n > k > 0. By equation (6.17) we have
F*DB* F*

M = [B +B*CF*DB BCF]

and therefore

MM* = BB* + BB*CF*DB* + CF*DB* BB*CF* + CF*
- DB* + DB*CF*DB* + EF*DB* DB*CF* + EF*

By the induction hypothesis we have
B* =1, +BB* and F* = I, ; +FF*

This together with F = E + DB*C gives us the following four equalities:

CF*'DB* + BB'CF*'DB* = (I, +BB")CF*'DB* = B*CF*DB*
CF* + BB*CF* = (I, +BB*)CF* = B*CF*
DB* + DB*CF*DB* + EF*DB* = DB* + FF'DB* =

(I,-x + FF*)DB* = F*DB"
DB*CF* + EF* = FF~*

We finally obtain
) I, + BB* + B°*CF*DB*  B*CF*
In + MM [ F*DB* I, +FF* ]
_ [B*+B'CF'DB* B'CF*] _ .
= F*DB* F* = M

Thus, given a quasi-regular semiring, we can find a quasi-inverse for each matrix
defined over this semiring. In other words, each quasi-regular semiring induces a
particular quasi-regular semiring of matrices through the above construction. Algo-
rithms to compute such quasi-inverse matrices will be presented in Chapter 9. Here,
we benefit from this important result to reformulate the algebraic path problem of
Definition 6.3 for matrices over quasi-regular semirings.

Definition 6.5 For a matrix M € M(A,n) over a quasi-regular semiring A, the
algebraic path problem consists in computing M* defined by equation (6.17).
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It is important to note that the two Definitions 6.3 and 6.5 of the algebraic path
problem are not equivalent and in fact difficult to compare. We mentioned several
times that quasi-inverses do not need to be unique. Definition 6.3 presupposes a
partial order and focusses on the computation of the least quasi-inverse with respect
to this order. Quasi-regular semirings do not necessarily provide a partial order such
that we obtain an arbitrary quasi-inverse from solving the algebraic path problem in
Definition 6.5. But even if we assume a partial order in the quasi-regular semiring
of Definition 6.5 and also that all sequences in Definition 6.3 converge (Aho et al.,
1974), we do not necessarily have equality between the two quasi-inverses (Kozen,
1990). We can therefore only observe that a solution to the algebraic path problem
with respect to Definition 6.5 always satisfies the fixpoint equation of Theorem 6.1,
although it is not necessarily the least element of the solution set. In Section 6.6 we
will introduce a further semiring structure that extends quasi-regular semirings by
idempotency and also adds a monotonicity property with respect to the star operation.
In this setting, the quasi-inverse matrix obtained from equation (6.17) will again be the
least solution to the fixpoint equation. We will now give an example of a quasi-inverse
matrix which is obtained from the above construction:

Example 6.8 We have seen in Example 6.7 that the tropical semiring of non-negative
integers (N U {0, oo}, min, +, 00, 0) is quasi-regular with a* = 0 for all a € NU
{0, 00}. Let us assume the following matrix defined over this semiring and compute
its quasi-inverse by equation (6.17). The following decomposition is chosen:

oof| 7 1

M = 4 |oo o0 = [ B C ] .
D E
ool 2 o0

With semiring addition as minimization, semiring multiplication as integer addition
and oo* = 0 we first compute

F = E+DB'C = [Oo °°]+[4][oo]*[7 1]

Applying equation (6.17) we obtain
., _ 1 57 _TJo
o= [ 2 oo ] - [ 2

Since B* = [0] we directly conclude

B* + B*CF*DB* = [0
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and compute for the two remaining submatrices:

B'CF* = CF' = [7 1][0 5] =[3 1]

Bollel -]

Putting these results together, we obtain the quasi-inverse matrix M*:

F'DB* = F'D

0 3 1
M = 4 0 5
6 2 0

If we interpret M as a distance matrix, we immediately observe that M* contains
all shortest distances. An explanation why the above construction for quasi-inverse
matrices always leads to shortest distances in case of the tropical semiring over
non-negative numbers will be given in Section 6.6.

To conclude this section, Example 6.9 alludes to an alternative way of deriving
the fixpoint equation of Definition 6.5 which is not motivated by the semiring power
sequence, but instead uses Bellmann’s principle of optimality (Bellman, 1957).

Example 6.9 Let M be the adjacency matrix of a directed, weighted graph with
edge weights from the tropical semiring (NU {0, 0o}, min, +, oo, 0) of non-negative
integers. We may then write equation (6.18) for X # Y suchthat I(X,Y) = occ as

M*(X,Y) = mZin<M(X,Z)+M*(Z,Y)).

Similarly, we obtain for X =Y
M*(X,Y) = min <mZin(M(X, Z)+M*(Z, Y)), o) = 0.

The first equation states that the shortest path from node X to node Y corresponds
to the minimum sum of the direct distance to an intermediate node Z and the shortest
path from Z to the terminal node Y. This is Bellmann’s principle of optimality. The
second equality states that each node can reach itself with distance zero.

The complete matrix M* of Example 6.9 contains the shortest distances between
all pairs of graph nodes. It is therefore common to refer to the generalized com-
putational task of Definition 6.3 as the all-pairs algebraic path problem. If we are
only interested in the shortest distances between a selected source node S and all
possible target nodes, it is sufficient to compute the row of the matrix M* that cor-
responds to this source node, i.e. we compute bM* where b is a row vector with
b(S) =1and b(Y) = 0forall Y # S. It then follows from M* = MM* + I that
bM* = bMM* + b. This shows that bM* is a solution to

X = XM+b, (6.19)
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where X is a variable row vector. Hence, we refer to the task of computing bM*
defined by equation (6.17) as the single-source algebraic path problem. In a similar
manner, the column vector M*b is a solution to

X = MX+b (6.20)

and refers in the above instantiation to the shortest distances between all possible
source nodes and the selected target node. The task of computing equation M*b
defined by equation (6.17) is therefore called single-target algebraic path problem.
Clearly, instead of solving the all-pairs problem directly, we can either solve the
single-source or single-target problem for each possible vector b, i.e. for each possible
source or target node. We will see in the following section that matrices over quasi-
regular semirings induce a family of valuation algebras called quasi-regular valuation
algebras. It will be shown in Chapter 9 that the single-source algebraic path problem
can be solved by local computation with quasi-regular valuation algebras.

6.4 QUASI-REGULAR VALUATION ALGEBRAS

In this section, we are going to derive a generic construction that leads to a new
valuation algebra for each quasi-regular semiring. These formalisms, called guasi-
regular valuation algebras, are related to the solution of the single-target algebraic
path problem or, in other words, to the computation of a single column of the quasi-
inverse matrix that results from equation (6.17). Until now, we have dealt in this
chapter with ordinary semiring matrices. But for the study of generic constructions
and valuation algebras, we will reconsider labeled matrices as introduced in Chapter
1 for real numbers. This time, however, we assume labeled matrices with values
from a quasi-regular semiring A. Thus, let r be a set of variables, s C r and
M(A, s) the set of labeled matrices M : s X s — A. Inspired by (Lehmann, 1976;
Radhakrishnan et al., 1992; Backhouse & Carré, 1975), we observe that the pair
(M, b) for M € M(A, s) and an s-vector b : s — A sets up the fixpoint equation

X = MX+b (6.21)

where X denotes a variable column vector with domain s. This equation can be
regarded as a labeled version of equation (6.20) generalized to vectors b of arbitrary
values from a quasi-regular semiring. We further define the set

® = {(M,b)|MeM(A,s)andb:s— Afors Cr} (6.22)
and also write d(M, b) = s if M € M(A4,s).

In order to introduce a projection operator for the elements in ®, we first decompose
the above system with respect to ¢ C s and obtain

X,Ls—t MJ,s—t,s—t MJ,sft,t X.Ls*t bl,s—t
Xt = Mits—t Mitt Xt + bt
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from which we derive the two equations
Xttt = ppbs—hsotxbs—t L pple—tixt 4 pls—t
and
XM = MsmtxXbs—t 4 pplitxlE 4 it
Lemma 6.2 points out that (M+$~:5=t)*b¥s~t with
pis—t = Mls—ttxit | pls—t

provides a solution to the first equation. Note, however, that b5t isnot a semiring
value, so that our discussion so far is only informal. Nevertheless, let us proceed with
this expression and insert it into the second equation. After regrouping of variables
we obtain

x,l,t — (Mi,t,t+Mit,s~t(Mis—t,s—t)*Mis—t,t)X,Lt
n <b,],t+M,Lt,s~t(M.Ls~t,s-t)*bi,s—t)‘

For (M, b) € ® with d(M,b) = s and ¢ C s this indicates that we could define

(M,b)¥ = (M,,b,) (6.23)
with
Mt — M,Lt,t+M,Lt,s—t(M,Ls—t,s—t)*MLs—t,t (624)
and
bt — bit+M.J,t,s—t(MJ,s—t,s—t)*b,Ls—t (625)
such that
X¥ = MXY+b,.

The following theorem justifies this informal argument. It states that if a particular
solution to equation (6.21) is given, then the restriction of this solution to the subdo-
main also solves the projected equation system. Conversely, it is always possible to
reconstruct the solution to the original system from the projected solution.

Theorem 6.3 For a quasi-regular semiring A with M € M(A,s),b:s— Aand
t C s, the following statements hold:

1. If x = M*b is a solution to X = MX + b then

xt = (My)*b, (6.26)
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is a solution to X't = M X! + b,.
2. Ifx = (My)*by is a solution to X' = M, X% + b, and
y = (Misﬁt,s—t)*(M,Ls—t,tx + biS—t) (627)

then (y,x) = M*b is a solution to X = MX + b.
Proof:

1. We first consider the submatrices of M* with respect to s — ¢ and ¢. From

M = Mis—ts—t  Pis—6t ]* _ [ (M*)ls—t,s—t (M*)J«s—t,t
B L

MJ,t,s—t Mit,t M*).Lt,s—t (M*),Lt,t
we derive the following identity using equation (6.17) and (6.24):

F = M,Lt,t + Mlt,s‘t (M,Ls~t,s—t)*Ml,s—t,t — Mt
and then further:

(M*)lsht,s—t — (M.Ls—t,s-t)* +
(Mls—t,s-t)*M¢sft,t(Mt)*MJ,t,s~t(M,Ls—t,s—t)*

(M*)Ls—t,t — (Mis—t,s—t)*Mis—t,t(Mt)*
(M*)U-»S—t — (Mt)*MJ,t,s—t(MJ,s—t,s—t)*
(M*)J,t,t — (Mt)*

(6.28)
If x = M*b is a solution to X = MX + b we have

M*b = MM'b+b.
Decomposing the system with respect to s — t and ¢ gives

(M*)is—t,s—t (M*)ls—t,t bJ,s—t bJ,S’t
(M*)it,s—t (M*).Lt,t bt = bit

Mis—t,s—t Mis—t,t (M*)is—t,s—t (M*>,Ls—t,t b.J,s—t
Mit,SAt Mit,t (M* )it,s~t (M* )Lt,t b.Lt

We identify the following subsystem for ¢:

(M*)J,L,s—th,s—t + (M*)J,t,tblt — M,Lt,s—t(M*)ls—t,sﬁtb,Ls—t

+ M,Lt,t(M*),Lt,s—tb.Ls—t
+ M,Lt,s—t(M*)l,s—t,tbt
+ MJ,t,t(M*)J,t,tblt + bit.
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If we insert the above identities for the left-hand side of this equation, we obtain

(M*)it,s—tbis—t + (M*)J,t,tblt (Mt)*M.Lt,s—t(Mis—t,s—t)*b.l,s—t
+ (Mt)*b,j,t
— (Mt)*(M.Lt,s—t(M¢s—t,s—t)*b¢s~t 4 b,Lt)
= (Mt)*bt.

This follows from equation (6.25). Similarly, we obtain for the right-hand part:

Mlt,S—t(M*)lS—i,S—iblS—t + Mit,t(M*),Lt,s—th,s—t +

M.Lt,s—t(M*).Ls—t,tb.Lt + Mu,t(M*)u,tbu + bt

M=t (Vbs—tis—tyrpla—t
Ml,t,s—t(M,Ls—t‘s—t)*Mis—t,t(Mt)*M,Lt,s—t(Mis—t,s—t)*bis—t
M.Lt,t(Mt)*M,Lt,s—t(M.Ls—t,s—t)*bJ,s—t

+ + + +

M,l,t,s—t(Mis—t,s—t)*Ml,s—t,t(Mt)*bit
M¥H(M,)*b*t + bit.

Reordering the terms of this expression gives:

(Mu,t n M,Lt,s—t(Mls—t,s—t)*MLs—t,t)(Mt)*

(blt + Mlt,s—t(Mis—t,s—t)*bls—t) — M,(M,)b,.
The last equality follows from equations (6.24) and (6.25).

(M¢)™b; = M¢(M;)*by
which by Lemma 6.2 proves that (M, )*b, is a solution to
XH = MX'Y+b,.
This proves the first statement of the theorem.
2. It follows from equations (6.25) and (6.28) that
(Mo)'by = (M) (b & M=t (M tost)plet)

(Mt)*bit + (Mt)*Mit,s—t(Mis-—t,s—t)*bis—t
(M*)it,tbit + (M*)lt,s-—tbj,s—t.

It
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Similarly, we derive
y = (Mis—t,s—t)*(MLs—t,tx+bls—t) _

(Mls—t,s—t)* (Mis—t,t(Mt)*bt n b,Ls—t) -

(MFs=ts =t M= 6EH M, ) by + (M ~Es—t)*pbst =
(M.Ls—t,s—t)*M.Ls—t,t(Mt)* (b“ + MJ,t,s—t(M¢s—t,s—t)*b¢s—t) +
(Mbs—ts—tyspho=t

(Mls—t,s—t)*M,Ls—t,:(Mt)*bu
((M.Ls—t,s—t)*MLs—t,t(Mt)*MLt,s—t(Mis—t,s—t)*

+ +

(M.Ls_t,s—t)*)b,l,s—t
(M*)bstitpdt 4 (M*)bs—tie—tpla—t,
We therefore obtain:
(y,x) = ((M*).Ls—t,tbu + (M*).Ls—t,s—tbis—t7
(M*).Lt,tbi,t + (M*)u,s—tbu—t)

(M*),Ls—t,s—t (M*)J,s—t,t b‘Ls_t B .
= [ (M*).Lt,s—t (M*)u,t bit = M'b.

But according to Lemma 6.2 M*b is always a solution to the fixpoint equation
X = MX+b.

This proves the second statement of the theorem.
n

Subsequently, we use to say that x is a solution to (M, b) € & if x is a solution
to the fixpoint equation X = MX + b. The following lemma highlights a direct
consequence of the above theorem:

Lemma 6.4 [fx = M*b is a solution to (M, b) and t C 5 = d(M, b) then
X = ((Mt)*bu (Ms—t)*bs—t>~
Proof: 1f M*Db is a solution to (M, b), then (M;)*b; and (M;_;)*b,_; are

solutions to (M, b;) and (M;_;, b;_;) by the first statement of Theorem 6.3. On
the other hand, if (M;)*b; is a solution to (M, b;} and

yi = (M.Ls—t,s—t)*(Mis-t,t(Mt)*bt_+_b.l,s—t),
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then ((M,;)*b;,y1) = M*b, which follows from the second statement of Theorem
6.3. Likewise, if (M_;)*b;_; is asolution to (M;_,, b,_;), there exists an extension
y2 such that (y2, (M;_;)*bs_;) = M*b. We conclude from

x = ((Mt)*bta YI) = (Y27 (Ms—t)*bs—t> = M'b

that y; = (M_¢)*bs_; and y2 = (M;)*b,. =

We next prove that the projection operator is transitive.

Lemma 6.5 For (M, b) € & withd(M,b) = sandt C u C s we have

(M, b)¥ = ((M, b)W)“. (6.29)

Proof :  Since projection is defined component-wise in equation (6.23), we can prove
the statement for M and b separately. Thus, consider the following decomposition:

MLS—U»S—U M¢s—u,u—t Mis—u,t
M = MLu—t,s-—u M.Lu—t,u—t Miuft,t
M.Lt,s—u M,Lt,u—t M.Lt,t
Applying equation (6.24) gives
Mu — M,Lu,u + M,l,u,s—u(M.Ls—u,s-—u)*Mis—u,u

which corresponds to

M,Lu—t,u—t M.Lu—t,t Miu—t,s—u sk B B ot
{Mit,u—t Mt Mito—u | (MPTRET)T[Memuunt Mt ]
Executing the second projection to £ C u gives

(Mu>t = (Mlt,t_+_M.Lt,s—u(Mls—u,s~u)*Mis—u,t) +
(Mit,u—t +Mlt,s—u(M.Ls—u,s—u)*MJ,s—u,u—t>
(Mlu—t,u—t +Ml’u_t’s_u(M‘Ls_u’s_u)*]_\/_[ls—u,u—t)*

M,Lu-t,t + Miu—t,s-u(Mls~u,s—U)*Mls—u,t) .
We define

* lu—t,u—t lu—t,s—u ls—u,s—uyspngls—u,u—t *
= (M +M M M
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and obtain by rearranging the above expression

(M),

MJ,t,t + Mlt,s—u ((Mls—u,s—u)*
ls—u,s—u\* ds—u,u—tg* Ju—t,s—u ls—u,s—u\* ls—u,t
(M M F*M (M Y

MLt,s—u(Mis—u,s—u)*Mis—u,u—tF*Miu—t,t

+ o+ o+

tau—tprpgdu—t,s—u ls—u,s—u\xngds—u,t
MU=t M (M )M
+ MR Mbe bt

Using equation (6.17) we further conclude that

(), = e

ls—u,s—u

+ M.Lts u M.l,s t,s— t M‘LS u,t

t,s—t
fu—ts— is—u,t

+ M.Ltu t M.Ls t,s— t

(( ’)

4+ Mt u(M,Ls ts—t )is "“tM‘Lu it
(( ’)

4 M- t(

Mbs—ts—t )iu;t’u% Mbu—tit
and because s — t = (s — u) U (u — t) we finally obtain

Is—u,
(M")t - MMt 4 [ Mt~ Mbu—t ](Mls—t,S—t)* [ Mis—ut ]

M,Lu—t,t
— M,Lt,t + M.Lt,sft(M,Lsft,s—-t)*MJ,s—t,t — Mt
A similar derivation proves the statement for the vector component. |

Complementary to the operation of projection for the elements ®, we next intro-
duce an operation of vacuous extension. For (M, b) € ® with d(M,b) = s and
t 2 s, this operation corresponds for both components to the operation of matrix and
tuple extension introduced in Chapter 1. However, instead of assigning the number
0 € R to the variables in ¢ — s, we take the zero element 0 € A of the quasi-regular
semiring. We therefore have

(M, b))t = (M™! b,

This operation is used for the introduction of combination: Assume (M;,b;) € ®
and (Mg, b)) € ® with d(My, b;) = s and d(Ma, ba) = t. We define

(M;,b1) ® (M3,by) = (M, b)TYt + (Mjy, by)sY! (6.30)

— (M‘{sut,sut + M;sut,sut’ bIsUt + bgsut).

www.it-ebooks.info


http://www.it-ebooks.info/

244 VALUATION ALGEBRAS FOR PATH PROBLEMS

The operation of combination just extends both matrices and vectors to their union
domain and performs a component-wise addition. We show next that the combination
axiom is satisfied by this definition.

Lemma 6.6 For (M;,b;),(Ma,bs) € ® withd(M;,b;) = s, d(Mg2,bs) =t and
s C z C sUt it holds that

((Ml,bl) ® (M2,b2))¢z = (My,b1) ® (Mg, b)),

Proof: We again consider the statement for both components separately. Consider
the following decomposition with respect to z and (s Ut) — 2z =t — z and 2 N .
Here, O € M(A, s Ut) denotes the zero matrix for the domain s U ¢.

O.Lz—t,t—z

M.Lzﬁt,t—z
2
OJ,t—z,z—t M%t—z,zﬁt M%t—z,t—z

12,z lzNt,zNtytz,2
tsUt,sUt +sUt,sUt M;™* + (M3 )
M + M,

Applying equation (6.24) gives

1z Olz—tit-z
t,sUt t,sUt , 2Nty Tz,
(MISU sU + M'gsu sU ) = MIZ z + (M%zﬂt zMn )Tz z + [ :l

Mézﬂt,t—z
(Mét—z,t—Z)* [ Qlt-z=—t M%t—z,zﬂt ]

_ MIz,z + ((Mézﬂt,zﬂt)‘]‘z,z

v (Mézﬂt,t—z(Miz,t—z,t—z)*M,2Lt—-z,zﬁt)Tz,z)

= MIZ’Z + ((Mézﬂt,zﬁt)

n M%zﬁt,t—z(M.lz,t—z,t—Z)*M%t—z,zﬂt>Tz’z

= M7+ (Mg .0)T™

This proves that the combination axiom holds for the matrix components and a similar
derivation applies to the vector components. =

All these properties imply the following theorem if D denotes the lattice of finite
subsets of the countable set r of variables:

Theorem 6.4 The system (®, D) with labeling, projection (6.23) and combination
(6.30) satisfies the axioms of a valuation algebra.

Proof: Since combination reduces to semiring addition, we conclude that ® is
a commutative semigroup under combination. Further, the axioms (A2), (A3) and
(A6) follow directly from the definition of projection. Transitivity (A4) is proved in
Lemma 6.5 and the combination axiom (AS5) corresponds to Lemma 6.6. [
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How quasi-regular valuation algebras are used to solve path problems will be
discussed in Section 9.3.2. There, we also compare this approach with the traditional
way of solving path problems and with another generic construction that will be
presented in Section 6.7 of this chapter. Knowing that labeled fixpoint equations
over quasi-regular semirings satisfy the valuation algebra axioms allows us to apply
the local computation architectures of Chapter 3 and 4 for their processing. But
some architectures require additional properties such as, for example, the presence
of neutral elements or idempotency of combination. Therefore, we next look for such
properties in quasi-regular valuation algebras.

6.5 PROPERTIES OF QUASI-REGULAR VALUATION ALGEBRAS

Since combination simply corresponds to matrix addition, we directly identify the
neutral element for the domain s C 7 by the pair (O, o) of null matrix O € M(A4, s)
and null vector o : s — A such that o(X) = O for all X € s. It is clear that
this element behaves neutrally with respect to all other valuations of domain s and
also that the combination of two neutral elements again results in a neutral element.
Moreover, it follows directly from equation (6.23) that neural elements project to
neutral elements. Together, this proves the following lemma.

Lemma 6.7 Quasi-regular valuation algebras have neutral elements and are stable.

In contrast to neutral elements, quasi-regular valuation algebras do not provide
null elements, although the supplementary semiring property a+1 = 1 foralla € A
would in fact be sufficient to obtain an absorbing element for each domain. Such
semirings were called bounded or simple semirings in Section 5.2. The corresponding
absorbing elements also project to absorbing elements as a consequence of the sum
in the definition of projection. But this sum also makes it possible that non-absorbing
elements may project to absorbing elements which contradicts the nullity axiom of
Section 3.4. Second, we also point out that quasi-regular valuation algebras are not
idempotent, not even when semiring addition is idempotent due to the quasi-inverse
in the definition of projection. These considerations show that quasi-regular valuation
algebras do not provide a lot of interesting properties and are therefore rather poor
in structure. First and foremost, it is the property of idempotency that would be
desirable, since it enables the simple local computation architecture of Section 4.5
which is especially suited for valuation algebras with polynomial time and space
complexity. But we have just seen that imposing additional semiring properties such
as idempotent addition is not sufficient to obtain an idempotent valuation algebra.
In Section 6.7, we therefore introduce another family of valuation algebras for the
solution of path problems which, besides tackling the all-pairs algebraic path problem
directly, are always idempotent. This is achieved by moving the computational effort
from the projection to the combination operation. However, the prize we pay is that
more algebraic structure is needed in the underlying semiring as it is the case in a
Kleene algebra presented in the following section. We will therefore dispose of two
different families of valuation algebras for the solution of path problems. How path
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problems are solved with local computation, and how the two approaches differ from
each other will be discussed in Chapter 9.

6.6 KLEENE ALGEBRAS

This section introduces a special family of quasi-regular semirings called Kleene
algebras (Conway, 1971; Kozen, 1990) which have many interesting properties. First,
Kleene algebras are idempotent semirings and therefore partially ordered. Based on
this order, they further satisfy a monotonicity law with respect to the star operation
to guarantee that it always returns the least solution to the fixpoint equation (6.11).
This provides the yet missing interpretation of quasi-inverse elements as a solution
of path problems. Another important consequence of the monotonicity property is
that the star operation in a Kleene algebra satisfies the axioms of a closure operator
(Davey & Priestley, 1990). This important insight enables to derive a new generic
construction based on matrix closures which always produces idempotent valuation
algebras. However, let us first give a formal introduction to Kleene algebras and
derive their most important properties:

Definition 6.6 A ruple (A, +, x,*,0,1) is called Kleene algebra if:

o (A, +,%,0,1) is an idempotent semiring;

o 1+aa* <a*foracA; (K1)
e 1l+a*a<a*forac A; (K2)
e ax < x implies that a*x < x for a,x € A; (K3)
e xa < x implies that xa* < x fora,x € A. (K4)

Here, the relation < refers to the canonical partial order of an idempotent semiring
defined in equation (5.4). The following properties are immediate consequences of
the above axioms:

Lemma 6.8 In a Kleene algebra (A, +, x,*,0, 1) we have:

1. 1 <a*foralla € A; (KP1)

2. a<a*foralla € A; (KP2)

300=1=1% (KP3)

4. a*a* =a* foralla € A; (KP4)

5. (a*)* =a* foralla € A; (KPS)

6. a < bimplies that a* < b* forall a,b € A. (KP6)
Proof :
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1. From (SP3) of Lemma 5.2 and Axiom (K1) we conclude 1 < 1 + aa* < a*.
2. By (SP2), (SP3) and Axiom (K1), 1 < a* implies a < aa* < aa* +1 < a™.

3. 1 < 0* follows from (KP1) and 0* < 1 from Axiom (K3) taking ¢ = 0 and
x = 1. So, 0* = 1. Further, we conclude from (KP2), 1 < 1*and 1* < 1
follows again from Axiom (K3) takinga = x = 1, hence 1* = 1.

4. Using (SP3) and (K1) we derive aa® < 1 + aa™ < a*. From Axiom (K3) it
follows that aa™ < a* implies a*a* < a*. Conversely, we have 1 < a* by
(KP1) and thus a* < a*a* by (SP2).

5. From (KP2) follows that a* < (a*)*. Further, we derive from (KP4) and
Axiom (K3) that a*a* < a* implies (a*)*a* < a*. We finally conclude from
(KP1) and (SP2) that 1 < o* implies (a*)* < (a*)*a* < a*. Hence, it follows
that (a*)* = a*.

6. Let a < band thus a < b* due to (KP2). Using (SP2) and (KP4) we then have
ab* < b*b* = b* which implies a*b* < b* by (K3). Finally, we conclude from
(KP1) and (SP2) that a* = a*1 < a*b* < b*. .

We will next see that the star operation in a Kleene algebra is uniquely determined.

Lemma 6.9 For each element a € A in a Kleene algebra (A, +, X, %,0, 1), there is
a unique element a* € A that satisfies (K1) to (K4).

Proof: Letr € A be another element for a that satisfies (K1) to (K4). From (K1)
and (SP3) we conclude that ar < r which in turn implies a*r < r by Axiom (K3).
Since 1 < r we obtain using (SP2) that ¢* < a*r < r and therefore ¢* < 7. On the
other hand, we also have aa™ < @* from (K1) and (SP3) which implies that ra* < a*
by (K3). Since 1 < a* we conclude using (SP2) that r < re* < a* and therefore
r < a*. Together, the two arguments prove r = a*. ]

Lemma 6.10 In a Kleene algebra it always holds that
(a+b)* = a*(ba™)".
Proof: From (SP3) and (KP6) we derive

a*(ba™)” (a+8)"((a+b)(at+ b))

<
< (a+0)*((a+b)") = (a+b) (a+b)" = (a+b)".

The second inequality follows from (K1) and (SP3), and the two equalities from
(KP5) and (KP4). On the other hand, (K1) and (SP3) imply that aa* < a*, hence
aa*(ba*)* < a*(ba*)* by (SP2). aa* < a* also implies ba*(ba*)* < (ba*)* which
together with (KP1) gives ba*(ba*)* < a*(ba*)*. Adding the two results gives:

aa*(ba*)* + ba*(ba™)* < a*(ba*)* +a*(ba*)"
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thus by distributivity and idempotency
(a +b)a*(ba™)* < a*(ba*)*
which due to (K3) implies
(a+b)*a*(ba*)* < a*(ba™)*.
Finally, we conclude from 1 < a*(ba*)* that
(a+b)" < (a+b)*a*(ba*)* < a*(ba*)".

The statement of Lemma 6.10 follows now by antisymmetry. ]
Lemma 6.11 In a Kleene algebra it always holds that

(a+b) = (a*+b)" = (a+b")" = (a" +b")".
Proof: Using Lemma 6.10 and Property (KP5) we derive

(@a+b)* = a*(ba*)* = a™(ba**)* = (a* +b)".
The other equalities follow directly from the commutativity of addition. ]

The following lemma states what we have already mentioned in the introduction
of this section. Namely, that Kleene algebras are quasi-regular semirings.

Lemma 6.12 In a Kieene algebra we have for all a € A
a* = aa*+1 = a%a+1.

Proof: Using (KP1), (SP1) and (SP2) we have 1 + aa* < a* implies that a(1 +
aa*) < aa* and then 1 + a(1 + aa*) < (1 + aa*). We conclude from (SP3) that
a(l + aa*) < (1 + aa*). Applying (K3) we obtain a*(1 + aa*) < (1 + aa*) and
finally derive from 1 < 1 + aa* that a* < a*(1 + aa*) < (1 + aa*). It follows that
a* < 1 + aa* which together with (K1) implies equality. The second statement is
proved in a similar manner. L]

Thus, the star operation always provides a solution to the fixpoint equation (6.11)
which allows us to consider Kleene algebras as special cases of quasi-regular semir-
ings. We again point out that multiple solutions to this equation may exist in a Kleene
algebra, but due to Lemma 6.9, a* is the only solution among them that satisfies the
properties (K3) and (K4). As shown in the following lemma, this implies that a* is
the least element of the solution set.

Lemma 6.13 The element a* in a Kleene algebra is the least solution to
X =aX+1 and X = Xa+1.

Proof: Weknow from Lemma 6.12 that a* is a solution to the two fixpoint equations.
Let r € A be another solution such that » = ar + 1. From (SP3) we conclude ar < r
which implies a*r < r by (K3). Since 1 < r we obtaina® < a*r <rby (SP2). =
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As a consequence of idempotency, all Kleene algebras are dioids. If we further
assume that a particular Kleene algebra is a topological dioid according to Definition
6.1 where the power sequence of equation (6.7) converges, then its limit is equal to the
result of the star operation. The converse direction of this statement is not true: (Kozen,
1990) gives a very artificial example of a Kleene algebra whose star operation does
not correspond to the limit of the corresponding power sequence. However, besides
being quasi-regular, all semirings of Example 6.7 are idempotent, and it can be shown
that they all are topological dioids. Further, Example 6.10 identifies them as Kleene
algebras under the particular definition of the star operation. This finally explains
why the algebraic path problem of Definition 6.3 applied to these semirings results
in minimum distances, maximum capacities, maximum reliabilities, etc.

Example 6.10 All quasi-regular semirings of Example 6.7 are idempotent and their
star operation satisfies (K1) and (K2). We therefore only focus on the two axiom (K3)
and (K4). Let us look at the tropical semiring in more detail: Taking non-negative
numbers (R>oU {00}, min, +, *, 00, 0) with a* = 0 property (K3) is always satisfied
since a* + x < x trivially holds. If we take all real numbers (R U {—o0, 00},
min, +, x,00,0) with a* = 0 for a > 0 and a* = —oo for a < 0 the property
does still hold: For a < 0 we always have o* +r = —o0o+ 1z < z, fora = 0
the statement holds as above and for a > 0, the assumption a + x < x cannot be
satisfied. These tropical semirings are therefore Kleene algebras and we can show in
the same manner that all other semirings from Example 6.7 are Kleene algebras too.

Example 6.11 A important example of a quasi-regular semiring that is not a Kleene
algebra is given by the arithmetic semiring (NU{0, 00}, +, -, *,0, 1) of non-negative
integers. To make sure that O is indeed the zero element of this semiring, we define
ax 0o = oo forall a > 0and 0 x co = 0. Then, the star operation is defined
as a* = oo for all a > 0 and 0* = 1. It can easily be shown that this satisfies
the definition of a quasi-regular semiring. Alternatively, we may take the arithmetic
semiring (R U {00}, +, -, *,0, 1) of real numbers with the definition

1
l1—-a

at =

fora # 1 and a* = oo for a = 1. This again fulfills the requirements for a quasi-
regular semiring and also explains why a* is called a quasi-inverse. We observe that
both semirings are not idempotent and can therefore not be Kleene algebras.

6.6.1 Matrices over Kleene Algebras

Let us now consider matrices with values from a Kleene algebra. We already observed
in Section 5.1.2 that matrices over idempotent semirings again form an idempotent
semiring. Further, all Kleene algebras are quasi-regular, which implies by Theorem
6.2 that the result of the construction (6.17) applied to matrices with values from a
Kleene algebra satisfies axiom (K1) and (K2). It has further been shown in (Conway,
1971) that they also respect the two monotonicity properties (K3) and (K4) which
altogether proves the following theorem:
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Theorem 6.5 Let (A, +,x,*,0,1) be a Kleene algebra. Then, the semiring of
M A, n) with the star operation of equation (6.17) also forms a Kleene algebra.

Due to the many algebraic properties of Kleene algebras, there are several defi-
nitions of the star operation for matrices which are all equivalent to equation (6.17).
Here, we give one such alternative definition proposed by (Kozen, 1994) that adopts
the nice graphical interpretation of Example 6.12 below.

e Forn = 1 we define [a]* = [a*].
e Forn > 1 we decompose the matrix M into submatrices B, C, D, E such that

B and E are square. We define

(6.31)

M*:[B C] :[ F F*CE*

D E E*DF* E* +E*DF*CE*
where F = B + CE*D.

Lemma 6.14 In case of a Kleene algebra, the two definitions of M* in the equations
(6.17) and (6.31) are identical.

We propose the proof of this lemma as Exercise F.4 to the reader.

Example 6.12 Let us first write equation (6.31) for the case n = 2:

. b ¢ " _ i free*
M* = [d e] - [e*df* e*+e*df*ce*] 6.32)

with f = b + ce*d. Then, consider the automaton of Figure 6.8. M*(1,1) = f*
represents all possible strings that bring the automaton from state 1 back into state
1, i.e. we may either go directly to 1 using b, or change to state 2 with symbol c, then
repeat symbol e an arbitrary number of times, which is expressed by e*, and finally
return to state 1 with symbol d. This whole procedure can also be repeated indefinitely
which altogether gives (b + ce*d)* = f* = M*(1,1). The other components of M*
are interpreted in a similar manner.

Figure 6.8 An interpretation of equation (6.32).

The following property of matrices over Kleene algebras will later be useful:
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Lemma 6.15 Assume

. _[B C
M—[DE]'

Then, it holds that B = B + CE*D or equivalently that CE*D < B.

Proof: From (KP5) follows that M* = M** and therefore B = (B + CE*D)*
by equation (6.31). Using (SP3) and (KP2) we then have B < B + CE*D <
(B + CE*D)* = B and therefore B = B + CE*D. n

The proof of this lemma is based on a particular property of Kleene algebras
that henceforth becomes important. Namely, that the star operation satisfies the three
axioms of a closure operator (Davey & Priestley, 1990). It is therefore common to
refer to a* as the closure of a € A. In terms of Kleene algebras, the properties of a
closure operator are:

1. a <a¥,

2. a < bimplies that a* < b*,

They follow directly from (KP2), (KP5) and (KP6). Subsequently, we are going to
derive a new generic construction where each valuation corresponds to the closure of
a matrix with values from a Kleene algebra. This generates a whole family of new
valuation algebras called Kleene valuation algebras. The principal idea behind this
construction is motivated from graph related applications as for example from the
shortest distance problem. Here, it is obvious that the adjacency matrices of multiple
graphs may share the same matrix closure, i.e. different graphs defined over the same
set of vertices may have the same shortest distances. Let us explore this observation
in more detail by reconsidering square, labeled matrices. Thus, let  be a set of
variables, (A4, +, X, x,0,1) a Kleene algebra, M; € M(A, s) and My € M(A,1t)
with s,t C r. It is then easy to show that the following relation is an equivalence
relation between labeled matrices:

M; =M, if andonlyif, d(M;)=d(Ms) and M] = Mj. (6.33)

This equivalence relation decomposes the set of labeled matrices into disjoint equiv-
alence classes of matrices with equal domains and closures. Moreover, since each
closure belongs itself to a different equivalence class, they can be considered as rep-
resentatives of their associated classes. Thus, defining closures as valuations allows
us to compute with a unique representation of graph related knowledge or information.

Let us next introduce some operations to manipulate labeled matrices: For a Kleene
algebra (A, +, x, *,0, 1) the direct sum of M; € M(A,s)and My € M(A,t) with
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sNt=0and X,Y € sUtis defined as

M;(X,Y) ifX,Y €s,
(M; & M)(X,Y) = M,;(X,Y) ifX,Y €1, (6.34)
0 otherwise.

This operation satisfies the distributive law with respect to the closure operation:
Lemma 6.16 It holds that
(Mp & M2)* = MjeM;.
Proof: LetO; € M(A,s xt)and Oz € M(A,t x s) be two zero matrices for the

domains s x t and ¢ x s. Applying equation (6.31) gives

ooy - [ 0] [W @

0, M, 0, M;] = MjeM;.

Next, we reconsider the usual projection operator for labeled matrices, but since
we only deal with square matrices, we introduce the following shorthand notation:
For M € M(A,s)and ¢ C s we define

MY = M (6.35)

However, in the context of Kleene valuation algebras, we need to redefine the opera-
tion of vacuous extension for labeled matrices. Instead of assigning the zero element
of the semiring to all the new components, we assign the unit element to the diago-
nal elements and the zero element to all other components. Using the direct sum of
matrices, this operation can be defined as follows: For M € M(A,s)and s C ¢

Mt = Mol (6.36)
where I € M(A,t — s) is the unit matrix for the domain ¢ — s. The following
lemma states that the application of the closure operation and vacuous extension are
interchangeable.

Lemma 6.17 For M € M(A, s) and s C t we have
()" = (w)"

Proof: Due to Lemma 6.16 and (KP3), which implies I = I*, we have

(M) = (Ms1)" = (M'eT") = (M"®I) = (M*)Tt.

www.it-ebooks.info


http://www.it-ebooks.info/

KLEENE VALUATION ALGEBRAS 253

6.7 KLEENE VALUATION ALGEBRAS

We are going to show in this section that closures of labeled matrices over a Kleene
algebra (A, +, x, %, 0, 1) satisfy the axioms of a valuation algebra. For a countable
set of variables r and its lattice of finite subsets DD we first define the set of matrix
closures as

¢ = {M*|MeM(A4,s)ands € D}. (6.37)

Under the instantiation of closure matrices as shortest distances in a graph, the
operation of projection simply corresponds to dropping distances. On the other hand,
vacuous extension corresponds to adding new graph nodes which cannot be accessed
from other nodes. It is therefore clear that both operations do not affect other distances.
This observation is generalized by the following two lemmas.

Lemma 6.18  is closed under projection.

Proof: We show that for M* € ® and s C d(M*) = ¢ it holds that
(M*)J,s — ((M*)J,s)*'
First, observe that it is always possible to decompose M* such that

BC]

MZ[DE

where B € M(A,t—s)and E € M(A, s). We then have (M*)** = E and therefore
((nry) T - E-
We conclude from (KP2) that E < E*. But using (KP5) and (6.31) we also obtain
E = M) = (M*™)'* = E* + E‘'DF*CE*
which implies E* < E according to (SP3) of Lemma 5.2. This proves that E = E*. m

Lemma 6.19 @ is closed under vacuous extension.

Proof: This follows from Lemma 6.17 and (KP5):

(o) = ()" = (0"

We next introduce a very intuitive combination rule for elements in ®. Imagine,
for example, that we have two closure matrices which express the shortest distances
between two possibly overlapping regions of a large graph. Then, the shortest distance
matrix for the unified region can be found by vacuously extending the two matrices
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to their union domain, taking the component-wise minimum which corresponds to
semiring addition and computing the new shortest distances. Thus, for M}, M3 € &
with d(M7)} = s and d(M3) = t we define

M @M, = ((M;)Tsut+(M;)Tsut). (6.38)

We directly conclude from this definition that ® is also closed under combination.
Moreover, ¢ becomes a commutative semigroup as shown by the following lemma.

Lemma 6.20 Combination in ® is commutative and associative.

Proof: Commutativity of combination follows directly from the commutativity
of addition in a semiring. To prove associativity, assume M7, M3, M3 € & with
d(M7) = s,d(M3) =t and d(M3) = u. Using Lemma 6.17 we obtain:

TsUtUun *

Il

(].\/[’1k ® M;) R M;; ( ((M’{)TSU‘ + (M;)Tsut> *} n (Mg)TSUtuu>

*
TsUtUu

— ( _((M;)Tsut + (M;)Tsut> j| + (Mg)‘rsutuu> *
L

*

_ <—((M>{)T3UtUu + (M;)TsUtUu)

+ (Mg)TsUtUu>

— ((M;)TsUtUu_'_(M;)TsUtUu_‘_ (Mg)TsUtUu) .

The last equality follows from Lemma 6.11 and the associativity of addition. Exactly
the same expression can be derived in a similar way for M} ® (M3} ® M%) which
proves associativity. |

Next, we verify the combination axiom:
Lemma 6.21 [fM7, M} € @, d(M7}) =5, d(M3}) =tand s C z C sUt we have
(Mi@M;)¥ = Mj® (M) (6.39)

Proof: From the definition of vacuous extension, it follows directly that vacuous
extension can be performed step-wise. We therefore obtain

+sUt
)™ = (M)™) T = M) el,

where I is the unit matrix with domain £ — z. On the other hand, we also observe that
since (sUt)—z=t—z

((MS)Lzm):_zyz ((M’Q‘)T*“Ut)lz’t—z

*\FsUt
e (o)) (M)
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Since @ is closed under vacuous extension, we may apply Lemma 6.15 and obtain

((Mg)izm)h = ((M;)izﬁt)Tz +
((M;)Tsut)lz,t—z (M3)%* <(M;)T8Ut)u-z,z'
We next compute
Mi@M; = ((M’{)TSUt + (M;)Tsut> )
_ - (M;)TZ + ((M;)LGt)u ((M;)TsUt>J’Z’t_z *
= L ((ME)TSUt)“-z,Z - (Mg)u_z

lzt—2z

[ oy (o) (o)
((MS)Tsut)“_z’z (M3)H—2

This foltows from (KP1) and because @ is closed under projection. We next determine
the closure of this matrix using (6.31) and project the result to the domain z:

(M} @ M) l(M;‘)“ + ((Mé)“m)Tz

+

((M;)Tsut) lz,t—=z (M;)u—z ((M;)TsUt)it_z’z]

[(M:)“ + ((M;)“”)TZ] = Mj®(M3)+"

All these properties imply the following theorem if D denotes the lattice of finite
subsets of the countable set r of variables:

Theorem 6.6 The system (®, D) with labeling, projection (6.35) and combination
(6.38) as defined above satisfies the axioms of a valuation algebra.

Proof: Axioms (A2) to (A4) and (A6) follow directly from the above definitions.
Axiom (A1) is proved in Lemma 6.20 and Axiom (AS5) in Lemma 6.21. [ ]

Closures of labeled matrices with values from a Kleene algebra therefore provide
another example of a generic construction that leads to as many new valuation
algebra instances as Kleene algebras exist. How exactly Kleene valuation algebras
are used to solve path problems will be discussed in Section 9.3.3 where we also
compare this approach with the solution of factorized path problems using the quasi-
regular valuation algebras from Section 6.4. Remember, one reason that motivated the
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introduction of Kleene valuation algebras was the promise that they always produce
idempotent valuation algebras. This and other properties will next be studied.

6.8 PROPERTIES OF KLEENE VALUATION ALGEBRAS

Kleene algebras have many interesting properties as we have seen in Section 6.6. It is
therefore not astonishing that Kleene valuation algebras are also very rich in structure.
In fact, the following results show that Kleene valuation algebras are idempotent and
always provide neutral elements.

Lemma 6.22 Kleene valuation algebras have neutral elements and are stable.

Proof: We first show that the neutral element for the domain s € D is given by the
identity matrix I € M(A, s). Due to Property (KP3) we have I* = I and therefore
I € &. Further, we obtain for M* € ® with d(M*) = s

M ®I = (M*+I)" = (M*)* = M",

due to (KP1) and (KPS5). It is furthermore clear that projecting a neutral element
always results in a neutral element for the subdomain which proves stability. =

Lemma 6.23 Kleene valuation algebras are idempotent.

Proof: For M* € ® with s C ¢ = d(M™*) we have
M e (M)" = [M+ ()] = M = mr.

This follows from the idempotency of addition, (KP1) and (KP5). [ ]

However, Kleene valuation algebras generally do not have null elements. Even
if we assume an element for each domain that behaves absorbingly with respect to
combination, the nullity axiom of Section 3.4 will not be satisfied. Since projection
only drops matrix rows and columns, there may always exist other valuations that
project to null elements which contradicts the nullity axiom.

6.9 FURTHER PATH PROBLEMS

This chapter presented two different families of formalisms to model path problems
that both satisfy the valuation algebra axioms. Namely, these are quasi-regular valua-
tion algebras and Kleene valuation algebras. Also, it was shown that Kleene valuation
algebras provide more algebraic structure as for example the property of idempotency
that is not fulfilled in quasi-regular valuation algebras. Looking at the proof of Lemma
6.23, we immediately see that idempotency of combination is a consequence of idem-
potent addition and the monotonicity laws in a Kleene algebra. Both requirements
are not present in a quasi-regular semiring. On the other hand, the absence of these
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properties makes quasi-regular semirings more general than Kleene algebras, and the
same holds for their induced valuation algebras. Since all path problems shown at
the beginning of this chapter are based on Kleene algebras, we end with a few more
examples based on only quasi-regular semirings. These applications can therefore not
be solved in the formalism of Kleene valuation algebras. The examples are based on
the arithmetic semirings of non-negative integers and of real numbers from Example
6.11 that are both quasi-regular but not Kleene algebras. The first instance is a typical
graph-related application, whereas the subsequent problems are not directly related
to graphs anymore. This keeps the promise articulated in the introduction that the
algebraic path problem also covers such rather unexpected applications.

B 6.6 The Path Counting Problem

Figure 6.9 shows a network similar to the connectivity problem of Instance 6.1.
This time however, we ask for the number of paths that connect the source node
S with the target node T'. We therefore compute the sum of the weights of all
possible paths leading from S to 7", where the weight of a path corresponds to
the product of its edge weights. We compute for the three possible paths:

0-1 = 0
1-1:1 =1
1-1-1-1 =1
and then
O+14+1 = 2.

Clearly, this description corresponds to equation (6.6) based on the arithmetic
semiring of non-negative integers.

Figure 6.9 The path counting problem.

B 6.7 Markov Chains

A time-homogeneous, first order Markov chain is specified by a countable
sequence of random variables X, X5,... taking values from a finite state
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space €1 and satisfying the property:
P(Xn+1 :lel :xl""’X" :.'Iln) = P(Xn+1 ZQZan :ffn)

forall n € N and z, z; € Q. Thus, the probability to arrive in state x at some
time depends only on the last state but not on previous states. Such a Markov
chain is determined by its transition matrix M : Q x Q — [0, 1] satisfying

Y MXY) = 1

Yen

for all X € €, where the value M(X,Y) specifies the probability to arrive in
state Y from the previous state X. A Markov chain can always be represented
by a weighted, directed graph where the nodes correspond to the states and
the edge weights to the transition probabilities. Let us for example assume a
Markov chain with state space 2 = {1,2,3} and transition matrix

0 06 04
M = 0 01 09
0 1 o0

Its graph is shown in Figure 6.10. For two selected states S and 7', the value
of the matrix power M" (S, T) corresponds to the weight of the path between
S and T that contains exactly n edges. If the computations are executed in
the arithmetic semiring of real numbers (R U {o0}, +, -, %, 0, 1), then this path
weight corresponds to the probability of reaching state T in n steps from
node S. Accordingly, the values of the quasi-inverse matrix M*(S, T') refer
to the sum of all probabilities of reaching state T from state S in an arbitrary
number of steps. It is clear that this will not be a probability anymore. If we
for example obtain M*(S,T) = oo, we say that the state T has finite hitting
time from state S. Moreover, if a state has finite hitting time from itself, then
it is called recurrent. Such states return to themselves infinitely often with
probability 1. On the other hand, if we obtain a value different from oo, then
the state is called transient and leads back to itself only a finite number of times.
Identifying recurrent and transient states in Markov chains is an important task
that can thus be seen as an instance of the algebraic path problem. For the above
matrix M we obtain by equation (6.17):

1 0 O
M* = 0 0 0o
o 00 00

The diagonal values tell us that state 1 is transient and all other states are re-
current. Alternatively, we may repeat these computations with the probabilistic
semiring ([0, 1], max, -, *,0, 1) where a* = 1forall a € [0, 1]. This is a Kleene
algebra as shown in Example 6.10 and M*(S, T') corresponds to the value of
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the most likely path from state S to 7. We obtain for the above example:

1 06 0534
M- = 0 1 09
0 1 1

The reader may convince himself that 0.6 - 0.9 = 0.54 is indeed the highest
probability among all sequences of transitions that lead from state 1 to state 3.
We refer to (Norris, 1998; Meyn & Tweedie, 1993; Kemeny er al., 1960) for a
systematic discussion of Markov chains.

Figure 6.10 A graphical representation of a Markov chain.

Bl 6.8 Numeric Partial Differentiation

The numerical computation of the partial derivations of a function can be
reduced to an algebraic path problem as shown in (Rote, 1990), from where we
also borrow this example. Assume the following function over three variables:

2
7273+ \/(Z223)% + 421223)

f(217Z21Z3) = < QZ%

This function is step-wise computed by the following program:

Y, = Zo7s+ \/(2223)2 42222
Y, = (M1/(22}))?

This is a rather simple example but we could as well imagine some compli-
cated program involving loops and conditional statements. However, we next
decompose this program into elementary operations:

A = Zy-Zs E = C-D YI = A+1
B = A? G = 4-FE J = 2.C
c = Z% H = B+G K = Y/J
D = 72 I vH Y, = K?

This decomposition allows us to construct the computational graph of Figure
6.11 by the following procedure: First, a node for is created for each variable
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Zy to Z3. Then, we add a node for each elementary operation and connect it
with a directed edge to its arguments. If the expression contains a constant,
then we first add an additional node for this value.

Figure 6.11 The computational graph of a function.

Now, let us look at some node w with two outgoing edges leading to u
and v. This subtree represents a composition function w(u, v), whose partial
derivatives Ow/9Z; can be determined by the chain rule:

ow ow Ou Ow v

9Z; ~ ou 092, ov 0Z (6.40)
Note that Ow/du and dw/Jv can easily be calculated, since only elementary
operations are involved. Let us for example take w = u/v. We then have
Ow/Ou = 1/v and dw/Bv = —u/v? = —w/v. It is therefore possible to
assign the weight M(w, v) = 0w/dv to each edge (w, v) of the computational
graph. We then obtain for the above application of the chain rule:

Xw,z, = M(w,u)Xu,Zi + M(’U),'U)vazi
which is a recursive expression in the unknowns
Xu,z, =0u/0Z; and X, z, = 0v/0Z,.

For the root node r we have X z, = 8f/0Z;. By developing this expression
recursively, we obtain the derivative of f with respect to Z; by the sum of
the weights of all paths leading from f to Z;, whereas the weight of a path
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corresponds to the product of its edge weights. So far, we considered the edge
weights as symbolic expressions. But if we assign values from the arithmetic
semiring of real numbers from Example 6.11 to the variables Z; to Z3, then
all edge weights also correspond to values in this semiring. Then, the above
scheme for calculating the partial derivations of f amounts to the solution
of a path problem in the quasi-regular semiring of real numbers. Moreover,
computing the Jacobi matrix (8f;/0Z;) then corresponds to a submatrix of
the quasi-inverse matrix that is obtained from solving the all-pairs problem on
this setting. We refer to (Rote, 1990) for a more comprehensive analysis of this
approach and for related references.

B 6.9 Matrix Multiplication

Consider a quasi-regular semiring (A4, +, X, %,0, 1) and two square matrices
M, Mz : {1,...,n} x {1,...,n} — A defined over the same index set.
The following idea of reducing the task of multiplying M; and M, to the
computation of a quasi-inverse matrix was proposed by (Aho et al., 1974). We

first construct a new matrix M : {1,...,3n} x {1,...,3n} — A defined as:
oM O
M = O 0 M,
O O O

We assume the following decomposition of M and compute the quasi-inverse
M* by equation (6.17):

*

o M |O )
M = | O O |M, =[gg].
0 00

Since D and E are zero matrices, we directly obtain F = E + DB*C = O
and thus F* = T as a consequence of equation (6.18). We also compute

B*_OMl*_ I M,
0 O] |0 I

and finally obtain for the three remaining submatrices:

ser _ ey | T My o _ | MiM,
wor - we- o 7]\ ] - [

F'DB* = DB* = [ O O]
and B* 4+ B*CF*DB* = B*. This determines the quasi-inverse matrix as
I M; MM,

M = | O 1 M,
O O I
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Two square matrices M; and My with equal index sets and values from a
quasi-regular semiring can thus be multiplied by computing the quasi-inverse
matrix of M and extracting the corresponding submatrix.

6.10 CONCLUSION

This chapter started with an introduction to the algebraic path problem which requires
to solve a particular fixpoint equation of matrices taking values from a semiring. In
the general case, such equations do not necessarily have a solution, but if they exist,
solutions are called quasi-inverses. In order to avoid the problem of non-existence, we
limited ourselves to so-called quasi-regular semirings where at least one quasi-inverse
exists for each semiring element. Based on the construction of (Lehmann, 1976) it is
then possible to compute a particular quasi-inverse of a matrix from the quasi-inverses
of the underlying semiring. This leads to a first generic construction called quasi-
regular valuation algebra where valuations correspond to labeled pairs of matrices
and vectors over a quasi-regular semiring. Such valuation algebras can be used for
the solution of the single-target algebraic path problem which will be discussed in
Section 9.3.2. A second approach focussing directly on the solution of the all-pairs
algebraic path problem is based on a special family of quasi-regular semirings called
Kleene algebras. Under this setting, we always obtain the least quasi-inverse for each
semiring element and the corresponding operation further satisfies the axioms of a
closure operator. These two properties lead to another family of valuation algebras
where valuations are closures of labeled matrices over a Kleene algebra. Projection
corresponds to simple matrix restriction and combination to the computation of the
closure after taking the sum of the two factor matrices. In contrast to quasi-regular
valuation algebras, the second approach therefore moves the computational effort
from the projection operation to the combination which manifests itself in the fact
that Kleene valuation algebras are always idempotent. This combination essentially
consists in the computation of a quasi-inverse matrix which, according to (Lehmann,
1976), is possible in polynomial time. Algorithms for this task will be presented in
Chapter 9 where we also describe the solution of factorized path problems using quasi-
regular and Kleene valuation algebras. Further, we observe that both approaches only
store matrices and vectors which also implies that space complexity is polynomial.
We therefore have two generic constructions that both induce valuation algebras with
a pure polynomial behaviour.

PROBLEM SETS AND EXERCISES

F.1 * Instance 6.5 describes the task of determining the language that brings an
automaton from state .S to state 7" as a path problem over the semiring of formal
languages (P(¥X*),U,-, 0, {e}) from Example 5.7. Alternatively, this can also be
interpreted as the problem of listing all paths between node S and node T in a graph,
provided that the edge weights express the identifier of the corresponding connection.
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However, the set of all possible paths between two nodes is often infinite. Thus, we
are rather interested in listing only simple paths that contain every edge at most
once. Identify the corresponding subsemiring of the semiring of formal languages
and determine whether it is still a Kleene algebra.

F.2 * Testing whether a graph is bipartite: An undirected graph is bipartite, if it
contains no cycle with an odd number of edges. Since cycles are special paths, we can
formulate this as a path problem. Consider the set of symbols A = {§), E, O, EO}.
The weight of a path is either F, if it contains an even number of edges, or O, if it
contains an odd number of edges. Accordingly, the weight of a set of paths is either (),
E, O or EO, depending on whether the set is empty, contains only even paths, only
odd paths or both types of paths. Continue the development of this path problem by
specifying how the edge weights are initialized and how the semiring operations are
defined. Prove that the semiring is quasi-regular and test if it is also a Kleene algebra.
The solution can be found in Section 6.7.1 of (Rote, 1990).

F.3 * Identifying cut nodes of a graph: A cut node in a connected graph is a node
whose removal causes the graph to become disconnected. Formulate the problem
of finding cut nodes as a path problem and analyze the underlying semiring. The
solution can be found in Section 6.7.2 of (Rote, 1990).

F.4 * Prove the following property of Kleene algebras: For a,b € A we have
(ab)*a = a(ba)". (6.41)

The solution to this exercise is given in Corollary 5 of (Kozen, 1994). Then, prove
Lemma 6.14 by applying this identity and the properties of Kleene algebras listed in
Section 6.6. The solution to this exercise is given in Chapter 3 of (Conway, 1971).

F.5 * We have seen in Section 3.1 that in case of valuation algebras defined over
variable systems, the operation of projection can be replaced by variable elimina-
tion. We may then use the simpler versions of the valuation algebra axioms given in
Lemma 3.1. Develop the quasi-regular and Kleene valuation algebra from Section
6.4 with variable elimination instead of projection.

F.6 ** Itis sometimes necessary to solve many path problems with different Kleene
algebras over the same graph. Instead of repeating the computations each time from
scratch, we propose a two-stage compilation process: We first determine some formal
expression for the paths between S and 7" which can later be evaluated for different
Kleene algebras without recomputing the paths. To define this formal language, we
assume a symbol wx _,y, if an edge between node X and Y exists. In addition, we
identify the two semiring operations + and x with the symbols @ and ®. Then, the
formal expression for the path between node S and T in Figure 6.1 is
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WSHT = Ws5AOWALT R
Ws»B QWBHD O WpST @

wWs—»B OWBc ©® WeLpWDT.

This string can now be evaluated by replacing the symbols with concrete edge values
and operations from a Kleene algebra.
a) Specify this formal language completely such that it forms a Kleene algebra.
The solution to this exercise can be found in Section 3.2.2 of (Jonczy, 2009).
There, it is also shown how such path expressions can be represented and
evaluated efficiently, and that many further queries can be computed that
go far beyond the computation of path weights.
b) Instance 6.8 considers the numeric computation of partial differentiations
as a path problem. Apply the compilation technique to this particular path
problem for the aim of symbolic differentiation.
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CHAPTER 7

LANGUAGE AND INFORMATION

Information often concerns the values of variables or the truth of propositions sat-
isfying equations or logical formulae. It is in many cases stated through linguistic
constructs with a determined interpretation. This general situation is a source of many
valuation algebras that all have the interesting property of idempotent combination.
Moreover, they always provide neutral and null elements and therefore adopt the
structure of an information algebra according to Section 4.2.1. In such cases, the
computations are usually not carried out on the level of the information or valua-
tions, but rather in the corresponding linguistic system using syntactic procedures. In
this chapter, we illustrate the general concept of representing information by formal
languages with a determined interpretation. We first give two important examples
of such formalisms and then derive a more general concept that serves as a generic
construction to produce the two previous examples and many other instances.

In the first section, we show how propositional logic serves to state the truth about
propositions or logical variables. The interpretation of propositional formulae repre-
sents the information expressed by the formulae. We shall show that such pieces of
information form a valuation algebra and more particularly an information algebra.
The second example presented in Section 7.2 concerns systems of linear equations

Generic Inference: A Unifying Theory for Automated Reasoning
First Edition. By Marc Pouly and Jiirg Kohlas
Copyright © 2011 John Wiley & Sons, Inc. 265
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whose solutions provide information about the values of a set of variables. Their
solution spaces are again shown to form an information algebra, and the exploitation
of this algebraic structure leads to sparse matrix techniques for the solution of sparse
linear systems, see Chapter 9. In this chapter, we only focus on the algebraic proper-
ties of linear equation systems. Although we consider fields instead of semirings, this
nevertheless is closely related to the path problems of the foregoing chapter that also
require the solution of particular equation systems. We therefore move the discussion
of the computational aspects of all these applications to Chapter 9. Finally, the con-
cluding section of this chapter presents the abstract generic framework generalizing
both linguistic systems. There, we also allude to some further important instances
that emerge from this new generic construction.

7.1 PROPOSITIONAL LOGIC

Propositional logic or sentential calculus is concerned with the truth of elementary
propositions or with the values of Boolean variables. With regard to information,
the question addressed by this formalism is which propositions or variables are
true and which are false. Such truth values are usually expressed by ’1’ for true
and ‘0’ for false, but the available information regarding these values may also be
expressed in the propositional language. In most cases, these expressions are much
simpler and shorter than the explicit enumeration of all possible truth values for
the variables under consideration. Subsequently, we define this formal language
and equip it with an interpretation to show how propositional information (i.e. the
information about the truth values of Boolean variables) is expressed. We then point
out in the following section that a dual pair of valuation algebras arises from the
language and its interpretation.

7.1.1 Language and Semantics

The language of propositional logic £y, is constructed over a countable set of proposi-
tional symbols or propositional variables p = { Py, P,, . . .}.Itconsists of well-formed
formulae (wff) defined inductively as follows:

1. Eachelement P € p as well as T and L are wffs (called atomic formulae).
2. If f is a wff, then —f is a wif.

3. If f and g are wffs, then f A g is a wif.

4. If fisawffand P € pthen (IP)f is a wif.

All wifs are generated from atomic formulae by finitely many applications of the
rules 2, 3 and 4. The construction 4 is usually not part of the propositional language,
but it suits our purposes. The symbol 3 is called existential quantifier. We conclude
from these considerations that any wff has finite length and contains only a finite
number of propositional symbols. For simplification, it is also common to extend this
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language by adding the following constructions:

1. fvg = =(=fA-g);
2. f—=g = =fvg
3. feg = (f-9A@g—>1)

The intended meaning of these constructions is given by the interpretation of the
formulae defined below. But before doing this, let us remark that we often consider
propositional languages over subsets ¢ C p. In particular, we often limit ourselves to
finite subsets g of propositional symbols. So, £, is defined as above by replacing p
in Rule 1 by g. The subsets of p form a lattice under inclusion with intersection as
meet and union as join, see Example A.2 in the appendix of Chapter 1. This lattice
structure is also reflected in the family of languages L4 as follows:

1. If py € po we alsohave £,,, C Lp,;
2. ﬁplﬁpz = ﬁpl N ‘Cm = ‘Cm A L:m;
3. ‘CP1UP2 = ﬁpl N ‘sz = ﬂ{ﬂq : ['m U‘C’m c ‘Cq}'

In particular, we have £y = { L, T} for the language without propositional symbols.

We now give meaning to this language by interpreting its wffs. This is achieved
by mappings v : p — {0,1} which are called valuations. Here, valuations do not
correspond to elements of a valuation algebra but to the traditional name of an
assignment of truth values to propositions which is equivalent to the notion of tuple,
configuration or vector of Chapter 1. However, we accept this double sense for a short

while and always explicitly refer to the valuation algebra when the context changes.
Valuations are extended to propositional formulae v : £, — {0,1} by:

1. ¥(P;) = v(FB;) forall P; € p,

V(T)=1land v(1)=0;

V(=f) =1ifv(f) = 0and ¥(—f) = 0 otherwise;
V(fAg)=1if¥(f) =1and v(g) =1, V(f A g) = 0 otherwise;
Y(@3P)f) = v(fIP/T]V fIP/L)]).

AR A

Here, f[P/T] denotes the formula obtained from f by replacing all occurrences of
the proposition P € p by T. Similarly, f[P/ L] refers to the formula obtained from
f by replacing all occurrences of P by L.

If we read '1’ as true and '’ as false, we then see that the connector — represents
the negation of a propositional formula, i.e. the truth value 9(—f) is the opposite of
9(f). The connector A expresses the logical and or logical conjunction: f A g is true
if, and only if, both formulae f and g are true. The existential quantifier 3P means
that the quantified formula (3P) f evaluates to true, if f evaluates to true when P is
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either replaced by T or L in f. In other words, f is true if it is true with P either
interpreted as true or false. The evaluation of the formulae of the extended language
follow from these definitions:

1. v(fvg) =1ifv(f)=1lorv(g) =1, v(f A g) = 0 otherwise;
2. v(f = g) = lifeither v(f) = 0or v(g) = 1, v(f — g) = 0 otherwise;
3. 9(f o g9) = Lifv(f) = v(g), V(f & g) = 0 otherwise.

f V gis interpreted as the logical or or the logical disjunction. The expression f — g
is called implication and means that if f is true, then so is g. Finally, f <> g expresses
the equivalence between f and g, i.e. f and g are either both true or both false.

Example 7.1 We describe the full adder circuit of Figure 2.7 from Instance 2.4 in the
language of propositional logic over p = {Iny, Ing, Ing, Outy, Outy}. The XOR
gates in Figure 2.7 output 1 if, and only if, both inputs have different values. This
can be modeled by the propositional formula fY g := (fV —~g) A (=f V g). We then
have ¥(f Y g) = 1 if V(f) # v(g). Otherwise, we have V(f VY g) = 0. Using this
construction, the full adder circuit is completely described by the following formulae:

Out; & (In1 v I’ng) v Ing a.1n

and
Outy «> ((Im v I’n2) A ITL3) \% (Im A ITLQ). (7.2)

A valuation v satisfies a propositional formula f if ¥(f) = 1. Then, v is called a
model of f, and we write v |= f. The set of all valuations satisfying f is denoted by

M) = {vivE T}
More generally, #(.S) denotes the set of valuations which satisfy all formulae f € S,
7Sy = {v:vE f,VfeS}
Conversely, 7(v) denotes the set of all wifs which are satisfied by a valuation v,
Hv) = {f:vEf)

Thus, v is a model of each element of 7#(v). This notation is again extended to sets of
valuations: If M is a set of valuations, then #(M) is the set of all sentences satisfied
by all valuations in M,

F(MYy = {f:vEf¥V¥veM}

Let M,, denote the set of all valuations v : p — {0, 1}. A tuple (£,, M, =) con-
sisting of a language L, a set of models M, and a satisfying relation =C £, x M,
is called a context. This concept will be generalized in Section 7.3.1.
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A formula f is called satisfiable, if there is at least one valuation v that satisfies f,
i.e. if #(f) # 0. Checking the satisfiability of a formula is the fundamental problem
of propositional logic (see Instance 2.4). Two formulae f and g are called (logically)
equivalent if they have the same models, i.e. if #(f) = 7(g). Note that (3P)f is
always equivalent to a formula where the proposition P € p does not occur anymore.
So, existential quantification serves to eliminate variables from a formula. Similarly,
two sets of formulae S; and S are equivalent, if 7#(S1) = 7#(S2). We denote by
(3F;, ... P;,)S the set of formulae (3P;,)...(3P;, ) f forall f € S.Itis equivalent
to a set of formulae without the variables F;, to P; .

Example 7.2 The valuation v(In;) = v(Out) = 1 and v(Ing) = v(Inz) = 0
satisfies the propositional formula(7.1) and is therefore called a model of this formula.
On the other hand, the assignment v(Outy) = land v(In,} = v(Ing) = v(Ing) =
0 does not satisfy the formula. If S consists of the two formulae (7.1) and (7.2), the
set of valuations 7(S) satisfying both formulae is given in Table 2.8 of Instance 2.4.

In the next section, we describe how these concepts are used to capture proposi-
tional information and how two dual information algebras are related to propositional
languages and models.

7.1.2 Propositional Information

The available information concerning propositional variables is usually expressed
by sets of propositional formulae. More precisely, a set of propositional formulae S
determines the information #(S) C M, and the formulae S say that the unknown
model, sometimes called a possible world, is a member of #(S). With respect to the
above adder example, the equations (7.1) and (7.2) specify the possible configura-
tions (Table 2.8) of the circuit variables, if the components of the adder work correctly.

In order to move towards a valuation or even an information algebra, we consider
the lattice D of finite subsets of the countable set of propositional symbols p. Any
subsets ¢ C p represents a question, namely the question about the truth values of the
propositions P; € ¢. The projection v*? of a valuation v : p — {0, 1} is called an
interpretation of the language £,. Let M, be the set of all possible interpretations
of £,. This is a finite set of 2/9 elements. As mentioned before, the elements of M,
can also be considered as Boolean g-tuples or configurations m : ¢ — {0, 1}. If f is
a wif from L, it contains only propositional symbols from ¢. For m € M, we write
m |=, fif m = v* and v |= f. In other words, m is a model of f with respect to
the variables in ¢. The values of v on variables outside ¢ clearly do not influence the
relation |=,. We thus have for all ¢ € D a context ¢, = (L4, Mg, |=4) and we next
extend the notions of #(f) and 7(Vv) to interpretations or models in M, and formulae
in L. If S C L, is a set of formulae and M C M, a set of models, we have

7q(S) = {meM, . ml, fVfeS}
and

Ffo(M) = {feLly:mE f,Vme M}.
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7q(S) is called the propositional information of S with respect to g, and 74 (M) is the
theory of M in q. The information sets, i.e. the subsets of M, for all ¢ € D, form
an information algebra. In fact, this formalism corresponds to the relational algebra
of Instance 1.2 where all relations M C M, are Boolean. Given an information set
M, we define its label by d(M ) = g if M C M,. Combination is defined by natural
join. If M is labeled with ¢ and M, with u we have

Mi®M; = My My = {m € My, : m* € M; andm** € Mp}. (7.3)
Finally, projection of an information set M to some domain g C d(M ) is defined by
MY = {m%:me M} (7.4)

The neutral element for the domain g C p is M, and the null element corresponds
to the empty subsets of M,.

Example 7.3 Let S, and S3 denote the two singleton sets containing the adder for-
mula(7.1) and(7.2) respectively. We identify their model sets M, = 7, (S1) and M =
74(S2) which are information sets with domain d{My) = {Iny, Ing, Ing, Out, } and
d(Mg) = {Inl, Ing, In3, Outz}.'

Iny In: Ing Out; Ini Ins Insg Out:
0 0 0 0 0 0 0 0
0 0 1 1 0 0 1 0
0 1 0 1 0 1 0 0
M, = 0 1 1 0 My = 0 1 1 1
1 0 0 1 1 0 0 0
1 0 1 0 1 0 1 1
1 1 0 0 1 1 0 1
1 1 1 1 1 1 1 1

The combination My ® M, again corresponds to the information in Table 2.8.

To this algebra of information sets, we may associate a corresponding algebra
of sentences. For that purpose, we show how the above rules for combination and
projection can be expressed by sentences. Consider an information M; = #4(51)
described by a set S; of wffs in £, and an information M, = #,(S2) described by
Sy C L,. We observe that S; and Sz may also be seen as formulae of the language
81U Sy C Lguy. Further, let

MM = {m e Mg, : m¥ € M}

be the cylindric or vacuous extension of M C M, to qUw. Then, if M = 74(S), we
also have MT9Y% = #,,,(S) and therefore

My ® My = M9 0 MJ™ = £,0,(81) N g (S2) = Fauu(S1 U Sa).
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The last identity follows immediately from the definition of #(.5). Thus, combining
pieces of information means to take the union of their defining sentences. Further, if
M C M, is a set of models with M = #,(S) for some set of sentences S C L,, it
holds for ¢ C u that

MY = {m'%:m € #,(S)} = #((3P, ... P.)S),

where u —q = {P;, ... P;, }. This shows that projection or extraction of information
corresponds to the existential quantification of the sentences describing the original
information. In this way, an algebra of formulae is associated to the algebra of
models. In fact, to each model set M = 7,(S) of M, its theory 74 (M) = 7¢(74(S))
is associated. The operator Cy(S) = 74(74(S)) satisfies the axioms of a closure
operator (Davey & Priestley, 1990). This will be proved in the general context in
Lemma 7.2 of Section 7.3 below. Subsets S C L, with S = C,(S) are therefore
called closed. Clearly, M = 7,(S) implies that M = 7,(C4(S)) and therefore
Cq(S) = C4(Cy(S)). Thus, theories Cy(S) are always closed sets, and the algebra
of formulae is in fact an algebra of closed sets of formulae. Combination between
closed sets S} C L4 and Sy C Ly is defined by

51905 = CqUu(Sl U 52), (1.5
and projection of a closed set S C £, to some subset ¢ C u by
s = C,(@3P,...P.,)S) (7.6)

where u — g = {P;, ... P;_ }. The neutral elements in this algebra are the tautologies
C,(0), whereas the null elements equal the whole language L£,. Both are clearly
closed sets. This algebra of closed sets is closely related to the well-known Linden-
baum algebra of propositional logic (Davey & Priestley, 1990) which is a Boolean
algebra that covers combination but not projection. Qur algebra is a reduct of the Lin-
denbaum algebra as a Boolean algebra, but extended by the operation of projection.

To conclude this section, we formalize the relations between contexts ¢, for
different ¢ € D. If u C g, then any wif s € L, is also a wff in £,. Formally, we
define this embedding f,, , : £, — L4 simply by the identity mapping f, o(s) = s.
On the other hand, models m € M, can be projected to M,,. We therefore define
the projection mapping gy, : Mg — M, by g, ,(m) = m**. Then, the pair of
contravariant mappings f, o and g, ., clearly satisfies the following property:

m =g fuq(s) < ggu(m) Fus.
Such a pair of contravariant mappings is called an infomorphism between the contexts
¢q and ¢, (Barwise & Seligman, 1997). They are considered in a more general and
abstract setting in Section 7.3 below.

7.1.3 Some Computational Aspects

The formalism of propositional logic induces a dual pair of valuation algebras that
arises from the language and its interpretation. In the first case, valuations are closed
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sets of formulae and their rules of combination and projection are given in equations
(7.3) and (7.4). In the second case, valuations are sets of models and their operations
of combination and projection are given in equations (7.5) and (7.6). The proof that the
valuation algebra axioms are satisfied in both systems will be given in a more general
context in Section 7.3.2 below. Hence, inference problems with knowledgebases
from propositional logic can be computed by the local computation architectures of
Chapters 3 and 4. We now give two important examples of such inference problems.

B 7.1 Satisfiability in Propositional Logic

Let {¢1,...,6,} C @ be a set of propositional information pieces, either
represented in the valuation algebra of closed sets of formulae or in the valuation
algebra of model sets. In any case, this set is interpreted conjunctively, i.e. the
objective function ¢ = ¢; ® ... ® ¢, is satisfiable if, and only if, each factor
¢; with 7 = 1,...,n is satisfiable. A satisfiablity test therefore reduces to a
single-query inference problem with the empty set as query:

o = (1 ®... 06"

Assume that we work on the language level. If we obtain the tautology
#*® = {T} then the knowledgebase is satisfiable. Otherwise, if ¢*® = {L}
then the knowledgebase is contradictory. If we work on model level, then
¢*? = {0} indicates a satisfiable knowledgebase and ¢*? = () a contradictory
knowledgebase.

8 7.2 Theorem Proving in Propositional Logic

Let {¢1,...,0,} C @ be aset of propositional information pieces and @), € @
a hypothesis. Testing whether the hypothesis is true under the given knowledge-
base is equivalent to verifying whether {¢1, . . ., ¢n } U {¢-p } is contradictory.
This induces an inference problem according to the foregoing instance. Here,
¢, denotes the negation of the hypothesis. Depending on the knowledgebase,
this is either expressed in the valuation algebra on language or on model level.

If some propositional information over the variables ¢ C p is expressed by a set of
formulae S C L, then the corresponding valuation on language level is the closed
set of formulae Cy(S). Closed sets of a set of formulae correspond to their theory
and are infinite constructs. For practical applications, it is therefore essential to work
with some finite representation of Cy(.5), most appropriately with some normal form
of S. It is then important that the valuation algebra operations can be expressed with
respect to the chosen normal form. This requires that executing a combination or
projections again leads to a corresponding normal form. There are many different
normal forms that could be used (Darwiche & Marquis, 2001). As an example, we
use the conjunctive normal form .
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A positive literal P € p is a propositional variable and its negation —P is called
a negative literal. A clause ¢ is a disjunction of either positive or negative literals
lifori=1,...,m,ie. ¢ =11 V...V l,. Such clauses are called proper if every
propositional variable appears at most once. A formula is in conjunctive normal form
(CNF) if it is written as a conjunction of proper clauses, ie. f = 1 A ... A,
where ¢, are proper clauses for ¢ = 1,...,n. It is known that every formula can
be transformed into an equivalent CNF (Chang & Lee, 1973) and because sets of
formulae are interpreted conjunctively, we may also transform sets of formulae into
a CNF. It is common to represent CNFs as clause sets £ = {¢1,...,pn}, which
henceforth are used as normal form. Following (Kohlas et al., 1999) we define the
combination of two clause sets 3; and ¥ by

1R = /1(21 U 22). 1.mn

Here, p denotes the subsumption operator that eliminates non-minimal clauses. This
means that if all literals of some clause are contained in another clause, then the
second is a logical consequence of the first and can be removed. We observe that if
Cq(B1) = C4(S51) and Cy(X2) = Cy(S2), the result of this combination is again a
clause set whose closure satisfies

Couu((Z1US2)) = Cauu(S1U Sa). (1.8)

For the definition of projection it is more suitable to switch to variable elimination.
We first remark that every clause set X, obtained from a set of formulae S C £, can
be decomposed into disjoint subsets with respect to a proposition X € u:

Yx = {p€X:ycontains X as positive literal },
Y% = {yp€X:pcontains X as negative literal},
Ly = {yp € X :pdoesnotcontain X atall}.

This is possible because X contains only proper clauses. Then, the elimination of a
variable X € u is defined by

X = u(Zx URx(D)), (7.9)
where
Rx(z) = {191 Vitg : XV €eExand X Vi, € Z—X—} (7.10)

is the set of resolvants between clauses in ¥x and Y. We again observe that
the result of this operation is a clause set. Moreover, equation (7.9) corresponds to
existential quantification with respect to the proposition X € wu, such that we have

Cu(x3(Z7%) = Cuox3((3X)S), .11

see (Kohlas et al., 1999). Clause sets are closed under combination (7.7) and variable
elimination (7.9). Because further the equations (7.8) and (7.11) hold, we conclude
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that clause sets form a valuation algebra. A direct proof of this statement can also
be found in (Haenni et al., 2000). The following example illustrates the computation
with propositional clause sets.

Example 7.4 Consider the propositional variables p = {U,V,W, X, Y, Z} and two
clause sets 31 and Yo defined as

¥, = {(XVvY,Xv-YVvZ Zv-W}
Yo = {Uv-WVZ-XVW,XVV}

Combining 31 and ¥4 gives

2198 = p{XVY,XVv-YVZZV-WUV-WVZ-XVW,XVV}
{(XVvY,XVv-YVZZVv-W-XVW XVV}

Observe that the variable U € pis contained in 345 but disappears in the combination.
This seems to contradict the labeling axiom of valuation algebras. However, it does
not because p — {U} C p implies that L,_(yy C Ly. This allows us to consider
Y1 ® X5 as a valuation with domain d(£1 @ L) = p. To eliminate variable X € p
we partition the clause set as follows:

(L1®%)x = {XVY,XV-YVZXVV}
(Zl®22)7 = {ﬂXVW}y
E1®%)y = {Zv-W}
We then obtain
(Z:0%) % = pu{ZVv-WIUu{YVW,-YVZVW,VVW})

{ZV-W)YVW,-YVZVW, VvV W}

For practical purposes, the use of the CNF normal form is often unsuitable since
clause sets may be very large. We therefore prefer a more compact representation as
for example prime implicates. A proper clause ¢ is called implicate of a sentence
v € L,if v |E ¢. An implicate ¢ of «y is then a prime implicate if no proper subclause
of ¢ is also an implicate of ~. In other words, prime implicates of some sentence
~ are the logically strongest consequences of . The set of all prime implicates of
v defines a conjunctive normal form denoted by ®(+). It is therefore possible to
apply the above rules of combination and projection to sets of prime implicates, if
we additionally change the i operator in such a way that the result is again a set of
prime implicates. We refer to (Haenni er al., 2000) for a discussion of computing
with prime implicates and other normal forms of propositional logic.

7.2 LINEAR EQUATIONS

The second formalism we are going to consider are systems of linear equations
over sets of variables. We examine the solution spaces of such systems and introduce
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operations between solution spaces that are also mirrored by corresponding operations
on the systems of linear equations. This program needs some notational conventions
and we also remind some basic elements of linear algebra.

7.2.1 Equations and Solution Spaces

We consider an index set 7 of a set of variables which, in the interest of simplicity,
is assumed to be finite, although the following discussion could be extended to a
countable set without much difficulty. For a subset s C r and m € N we define a
linear system of m equations

Y aiX; = b (7.12)
JjEs
for i = 1,...,m. The number of equations m can be smaller, equal or larger than

the number of variables |s|. Note that such equations are purely syntactic constructs.
They obtain a meaning, if we specify the coefficients a; ; and b; to be real numbers.
Then, we are looking for real values for the variables X; that satisfy the above
equations, when the arithmetic sum and multiplication are used on the left-hand side.
These assignments again correspond to real s-vectors x : s — R such that

Z ai’ij = bz

j€s
fori = 1,...,m. Any s-vector that satisfies this relation is called a solution to the
linear system. There may be no solution, exactly one solution or infinitely many
solutions. We consider the set of solutions of the system (7.12) as the information
expressed with respect to the variables involved, and refer to it as the solution space
of system (7.12).

In order to discuss solution spaces of linear systems in general, we need to remind
some basic facts of linear algebra. The s-vectors form a linear space where addition
is defined component-wise, i.e. X + y has components x; + y; for ¢ € s, and scalar
multiplication ¢-x of x with a real value c has components ¢-x;. The linear space of s-
vectors is denoted by R® and its dimension equals |s|. Similarly, for m € N, we define
m-vectors by mappings b : {1,...,m} — R which also form a linear space with
component-wise addition and scalar multiplication. This linear space of dimension
m is denoted by R™. Finally, the m x s matrix A of the linear system (7.12) is a
mapping {1,...,m} x s — R with components a; ; fori € {1,...,m} and j € s.
It defines a linear mapping A : R® — R™ determined by the matrix-vector product
x — Ax € R™ for x € R®. The mapping is linear since A(x +y) = Ax + Ay
and A(c-x) = ¢- Ax. Its range is the set of all vectors in R™ which are images of
s-vectors in R?,

R(A) = {zeR™:3Ix € R’suchthat Ax = z}.

The range R(A) is a linear subspace of R™ and therefore has a determined dimension
dim(R(A)) called the rank of A. We subsequently write rank(A) for the rank of the
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linear mapping A which corresponds to the maximal number of linearly independent
rows or columns of A. The rull space of the mapping A is the set of s-vectors that
map to the zero vector 0 € R™,

N(A) = {xeR°:Ax=0}.

This is again a linear space, a subspace of R® with a determined dimension dim(N (A)).
A well-known theorem of linear algebra states that

|s|] = rank(A)+ dim(N(A)). (7.13)

Thus, a linear mapping is associated to every system of linear equations determined
by the matrix of the system. The solution space of the linear system can be described
in terms of this mapping: If y is a solution of (7.12),i.e. Ay = b, then clearly y +xg
is a solution of (7.12) for any xo € N'(A), and any solution can be written in this
form. The solution space of (7.12) is therefore

S(A,b) = {x€R*:x =y +Xo, Xo € N(A)} = y +N(A).

The solutions to (7.12) are thus determined by a particular solution y to the linear
system and the set of solutions to the corresponding homogeneous system AX = 0.
A sety + L, where y is an s-vector and £ is a linear subspace of R?®, is called an
affine space in R®. Its dimension equals the dimension of L. So, the solution spaces
of linear equations over variables in s are affine spaces in R®. The following example
illustrates these concepts by a linearly dependent, under-determined system:

Example 7.5 For a set of variables { X, X3, X3} consider the linear system:

X1 - 2X, + 2X3 = -1
3X1 + 55X - 3X3 = 8
4X7 + 3X. - X3 = 7

We have |s| = m = 3 and the associated matrix determining the linear mapping is:

1 -2 2
A = 3 5 -3
4 3 -1

This equation system is linearly dependent because the third equation corresponds
to the sum of the two others. We have rank(A) = dim(R(A)) = 2 and according
to (7.13) dim(N'(A)) = 1. Transforming A into a lower triangular matrix by
subtracting the triple of the first row from the second row, and by subtracting the sum
of the first two rows from the third, gives

1 -2 2
A = 0 11 -9
0 0o o0
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Thus, we may describe the null space of the linear mapping represented by A as

4 9
N(A) = {(171,.'1,‘2,.’173) S R3 ‘= —-—I3, X3 = -—J}g}.
11 11
A particular solution to the original system is: X1 = 1, Xo = 1 and X3 = 0. We can
therefore describe the solution space by

S(Ab) = | 1] +NA).

There are four possible cases to be distinguished at this stage:

In the first case, the system (7.12) has a solution for any m-vector b, since R(A) =
R™, and it follows from (7.13) that dim(N (A)) = |s| — m > 0. Consequently, the
solution space has dimension dim (A (A)). In the second case, the system (7.12) has
solutions only if b € R(A). Then, the solution space is an affine space of dimension
dim(N(A)) > 0. In the third case, we see that dim(/N'(A)) = 0 according to (7.13).
So, if the system (7.12) has a solution, it is unigue. The solution space is a point,
and it has a solution if b € R(A). If |s| = m, then this is automatically the case.
Finally, in the fourth case, we again have dim (AN (A)) > 0 and solutions exist, if and
only if, b € R(A). The solution space again has dimension dim(/N(A)). Example
7.5 presents a system in this case. So, solution spaces of systems (7.12) are either
empty or affine spaces in R®. It is convenient to consider the empty set also as an
affine space in R®. Then, solution spaces are always affine spaces without exception.
Conversely, we remark that any affine space y + £ in R? is the solution space of
some linear system over variables in s. This is another well-known result from linear
algebra, and it clarifies the relation between affine spaces in R? and systems of linear
equations over a set s of variables.

We now look at systems of linear equations and solutions in a way similar to the
propositional logic case in the previous section. Consider syntactic constructions like

e = Z(J,ZX,L = b,
i€s

with a; and b being real numbers. Such single equations are the sentences or formulae
of a language L, defined over the variables X; with indices from a set s C r. If an
s-vector x is a solution of such an equation e, we write X =, e which defines a binary
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relation =, in £; x R®. We now consider the structure (£, R®, k=,) and reformulate
the above discussion about systems of linear equations in terms of this structure: For
an equation e € L let #(e) be the set of all solutions to this equation,

fle) = {xeR°:x}el}.

If £ C L, is a set of equations, then #(E) denotes the set of all solutions to the
equations in F,

FE) = {xeR:xE eVee E}.

If E is a finite set, then #(E) is an affine space. Conversely, we may look for all
equations having a given s-vector as solution,

7(x) = {e€Ll’:xkE;e}.
Similarly, for a set M C R? of s-vectors,
F(M) = {eel’:xEseVxe M}
is the set of equations for which all elements of M are solutions. We observe that
E\CE; = #(Ey) Dr(FE2) and M; C My = #(M;) D #(Ms).

These concepts allow us to derive and express some well-known facts from linear
algebra: first, two systems F and F’ of linear equations are called equivalent, if they
have the same solution space, i.e. E =; E' if, and only if, #(E) = #(E’). Then,
E’ C E is called a minimal system, if E =, E’ and there is no subset £ C E'
such that E =, E”. For any set of equations F, and thus also for any affine space
v + L, there clearly exist such minimal systems E’. They are characterized by the
property that their matrix A’ has full rank m, where m = |E’| < |s| is the number
of equations in E’. In fact, if rank(A) < m < |s|, then the equations are linearly
dependent, and we may eliminate m — rank(A) of them to get an equivalent system
with matrix A’. We then have rank(A’) = m = |s| — dim(L) if |s| < m. We may
likewise eliminate m — r equations if the system has rank 7. Further, if M is a subset
of an affine space y + £ then #(M) 2 7(y + £), hence #(#(M)) C #(y + £). If
equality holds, then M is said to span the affine space y + L. In any case, #(#(M))
is itself an affine space spanned by M. It is also clear that y + L spans itself, so that
7(#(y + £)) = y + £ must hold. For any affine space y + L there are minimal sets
M which span the affine space, and the cardinality of these minimal sets equals the
dimension of the affine space.

Structures (L5, R®, =5) of systems of linear equations over sets of variables s C r
may of course be considered for any non-empty subset s C r. The relations between
these structures for different subsets will next be considered. Assume ¢ C s. Then,
any equation e € L, with
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may also be seen as an equation in L, via the embedding

frs(e) = Z a; X; = b,
i€s
where a; = 0if i € s — £. Also, s-vectors x may be projected to the subspace R?.
This projection is denoted by ¢, ; and defined component-wise for i € ¢ by

9,s(x)(1) = xs.

We observe that if the s-vector x is a solution of the equation f; ;(e), then the t-vector
gs.+(x) is a solution of the equation e and vice-versa. It therefore holds that

X ':s ft,s(e) — gs,t(x) k:t €.

Subsequently, we again write x** for the projection of an s-vectorto ¢ C s. Hence,
the contravariant pair of mappings f; s : £; — t and g+ : R® — R’ have the same
property as the corresponding mappings introduced for propositional logic in Section
7.1. They form again an informorphism. This hints at some common structure behind
the two systems of propositional logic and linear equations which will be discussed
in Section 7.3. Here, we continue by showing that affine spaces form an information
algebra. This yields a foundation for discussing local computation techniques for the
solution of linear systems in Chapter 9.

7.2.2 Algebra of Affine Spaces

Let r be a finite index set and D its lattice of subsets. We denote by ®, the family
of affine spaces in the linear space R® where for s = (), &y = {0} is the only affine
space. We further define

o = |Jo,

sCr

and introduce within this family of affine spaces the operations of labeling, combi-
nation and projection. Note that the affine spaces in R* represented by y + £’ und
y' + L are identical, if L = £’ andy — y' € L.

The labeling operation is simply defined by d(¢) = s if ¢ = y + L is an affine
space in R®, i.e. £ is a linear subspace of R®. For the combination of two affine spaces
in R® and RY, we first extend them to R°“* and compute their intersection. So, let
us define the extension of an affine space: If ¢ is an affine space with d(¢) = s and
s C t, then

¢ = {xeR':x** ¢}

We show that ¢'* is again an affine space: From ¢ = y 4+ £ and x** € ¢ we conclude
that x¥* = y + x, for some xq € £. This implies that ¢™ = yT + £ with
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where 0 denotes the zero vector for the domain ¢ — s and
L = {xoeR':xy €L}

It is easy to verify that £ is a linear space since (xo + %o)** = x5° + %x° and
(c-x)¥* = ¢ x}°. Therefore, ¢' is an affine space in Rt which finally allows us to
define the combination between an affine space ¢ € ®; and an affine space ¢ € ®;:

¢ ® w — ¢T8Ut o] wTsUt‘
This is again identical to the operation of natural join in the relational algebra:
dRY = ¢atp = {x € R : x* € pand x** € ).

It remains to verify that ¢ ® 1) is still an affine space which follows immediately from
the following argument: Let ¢ be represented by a system of linear equation E over
variables in s, and v by a system E’ over variables in ¢. Then, the solution space of
the union EUE’ of these two systems is clearly ¢ b4 ¥ = ¢®10, hence an affine space.

For the definition of projection let ¢ = y + £ be an affine space in R® and ¢ C s.
The projection ¢** is defined as in the relational algebra by

" = {xM:xe o)

Since x € ¢ implies that x = y + X, for some xo € £, we obtain x* = ytt 4+ x}'
and therefore

¢.Lt — yit + £~Lt

Clearly, £*! is a linear subspace of R¢ and therefore ¢! an affine space in R®.

Altogether, the algebraic structure (®, D) with the operations of labeling, com-
bination and projection is well-defined. Combination has R® as a neutral element in
domain s and the empty set as null element. Thus, we see that affine spaces form a
subalgebra of the relational algebra of s-vectors and therefore inherit the properties
of an information algebra. In other words, affine spaces provide another instance of
an information algebra and are therefore amenable to the application of local compu-
tation. However, we generally cannot compute with affine spaces directly, since they
are infinite sets. Instead, we revert to finite representations of them through systems
of linear equations. We refer to Chapter 9 for such computational aspects. Finally we
note that the above discussion also applies to linear equations over arbitrary fields.
This identifies another generic construction that produces a new information algebra
for each field. Particularly important among them are Galois fields that have many
important applications in coding theory.

7.3 INFORMATION IN CONTEXT

In the previous two sections, we described the two rather different formalisms of
propositional logic and systems of linear equations. Different as they are, we have
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nevertheless worked out some common features. Essentially, information as set of
models or set of vectors is represented or described by sentences of some formal
language, and sets of such sentences determine the information described by them.
In this section, we examine the abstract structure behind both formalisms that leads
to a further generic construction for obtaining information algebras.

7.3.1 Contexts: Models and Language

We introduce an abstract concept called context that represents the connection be-
tween language and information. Here, language refers to a very simple form of a
formal language such as the language of propositional logic or linear equations. For
our purposes, it is sufficient to represent a language £ by the set of its sentences
without regard to the syntactic structure of these sentences. In general terms, infor-
mation concerns a question of interest which formally is represented by the set of
its possible answers denoted by M. In the example of propositional logic A is the
set of interpretations of propositions. In the case of linear equations over variables of
an index set r, M is the set of r-vectors. We refer to the elements of M as models
and further assume a binary relation =C £ x M. For a pair (s,m) € £ x M
we write m |= s if (s, m) €f=. In propositional logic this means that model m sat-
isfies formula s. For linear equations it means that vector m is a solution to equation s.

A triple (£, M, |=) is called a context and serves to express information by
sentences: If s € L is a sentence, then

#(s) = {meM:mEs}

is the set of models satisfying s, which is thought of being the information described
by stating s. If § C L,

#(S) = {meM:mfsVseS}

is the set of models satisfying all sentences of S or the information expressed by S.
Similarly, if m € M is a model, then

Fm) = {sel:mfs}
is the set of sentences satisfied by m. And if M C M is a set of models, then
F(M) = {s€eL:mfEsVme M}

is the set of sentences satisfied by all elements of M. It can be considered as the
theory of M, i.e. the set of all sentences which express M.

It is important to note the formal duality between the concepts derived from £
and M. This is emphasized by the following lemma which collects some elementary
properties of these mappings between the power sets of M and £:
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Lemma 7.1 Let 7 and ¥ be the above operators for a context (L, M, =). Then if
S,S; € Land M, M; C M, the following dual pairs of properties hold:
SCHA(S) M CrFEM))
S1 C Sy = #(S1) DA(S2) My C Ma = #(M;) D #( M)
#(S) = A(H(F(S))) #(M) =#(F(r(M)))
FU; 85) =N, 7S #(U; My) =N, #(My).

AN~

Proof: We prove the properties for the language part. The corresponding results for
the model part follow by duality.

1. Let s € S. Then, m € #(S) means that m |= s for all s € S. Consequently, s
belongs to #(m) for all m € #(S), which means that s € #(#(S)).

2. If m € #(S2) we have m = s for all s € Sy, and therefore m = s for all
s € S; € S5. This implies that m € #(S}).

3. From Property 1 and 2 it follows that #(S) 2 #(#(#(S))). But on the other
hand, we conclude from the model part of Property 1 that 7#(S) C #(#(#(5))).

4. Tt follows from S; C |J; S; and Property 2 that #(S;) 2 #(UJ; S;), hence
N; 7(S;) 2 #(UU; Sj)- Conversely, m € [; #(S;) means that m = s for all

s € S; and all j. Therefore m € #(|J; S;)-
(]

We next introduce the operators
C(S) = #(#(S)) and CHF(M) = #(#(M)).

We remark that s € C(S) means that m = s for all m which are models of S. In
logic, such a relation is called a logical consequence, and it is said that s is a logical
consequence of S, written as S |= 5. So, C(.S) is the set of all logical consequences
of S. We therefore call C. a consequence operator. Similar relations hold for
the operator C= on the model side. The following dual properties of consequence
operators follow immediately from Lemma 7.1:

Lemma 7.2 For the consequence operators C. and CF in (L, M, =), and S C L
and M C M the following properties hold:
. S5CCL(S) MCMFWM)
2. S1C8 = Cu(S1)CC(S:) M C M= CF(M)C CF(My)
3. Cr(C(9)) = C(S) CFR(CH(M)) = C=(M).
Operators satisfying these three conditions are called closure operators and play an
important role in the foundations of logic and in topology (Wojcicki, 1988; Norman

& Pollard, 1996). We already came across closure operators in the context of Kleene
valuation algebras in Chapter 6. Sets S C £ and M C M such that C(S) = S
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and CF (M) = M are called closed. Closed sets of sentences and models can be
understood in the following sense: if a set S of sentences is stated, then #(S) is
by Property 3 of Lemma 7.1 a closed set of models representing the information
expressed by S. We therefore call a closed sets of models an information set or
shortly, an information. In particular, #(.5) is the information expressed by S. The
closure C(S) of S is the set of all logical consequences of S called its theory.
Similarly, if M is an arbitrary set of models, #( M) is a closed set of sentences called
the theory of M. Any set M of models determines an information set CF (M ). Note
that 7 is a map 7 : P(L£) — P(M) and 7 is a contravariant map 7 : P(M) — P(L)
to 7. This pair of contravariant mappings satisfies the property that

MC#S) < SC#(M). (7.14)

This follows from Property 1 and 2 of Lemma 7.1. A contravariant pair of mappings
satisfying (7.14) is an instance of a Galois connection. We mention that such struc-
tures are also used in formal concept analysis (Davey & Priestley, 1990).

It is time to illustrate and to link these abstract concepts with the examples of the
previous two sections, as well as with some additional examples. In Section 7.3.2 it
will then be shown that these formalisms satisfy the axioms of an information algebra
under some additional assumptions. They are therefore new instances of our generic
framework.

B 7.3 Propositional Logic

Section 7.1 introduced the language and interpretation of propositional logic.
Models are valuations v of propositional symbols and serve to interpret propo-
sitional formulae. More precisely, v |= s holds if the formula s evaluates to true
under the valuation v, i.e. if V(s) = 1. If we restrict ourselves to finite sets ¢ of
propositional symbols, then all sets of models are closed. The closure operators
C, correspond to the consequence operators C| in the abstract setting above.

B 7.4 Linear Equation Systems

Another example is provided by systems of linear equations discussed in Sec-
tion 7.2. The language is formed by linear equations e over variables from an
index set s with coefficients in a field, for example in the field of real or rational
numbers. Models x are s-tuples with values in the field. The relation x |= e
means that the s-tuple x is a solution to the equation e. In case of real numbers,
the closed sets of models are exactly the affine spaces in R®. Note that an
affine space of dimension k is spanned by k linearly independent vectors. The
affine space spanned by a set of vectors M is the closure of M. The theories
C'-(S) are formed by the totality of equations sharing the same affine space as
solutions with the set S.
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B 7.5 Linear Inequality Systems

Instead of linear equations, we may also consider linear inequalities

e = Z aiX,- S ap
i€s
over variables with indices from a set s and real-valued coefficients a; and ag.
Such formulae are the elements of the language, and models are again s-vectors
x. The relation x = e holds if x satisfies the inequality e, i.e. if

E a;X; S ag-

i€s
Closed sets of models are convex polyhedra in the vector space R® and, as
we will see below, form an information valuation algebra. Systems of linear

inequalities are especially used in linear programming (Chvatal, 1983; Winston
& Venkataramanan, 2002).

B 7.6 Predicate Logic

A further example in the domain of logic is provided by predicate logic. The
vocabulary of predicate logic consists of a countable set of variables X, Xo, . ..
and a countable set of predicate symbols Py, P, ... and further includes the
logical constants T and L and the connectors A, -, 3. Each predicate symbol
P, has a definite rank p;, and a predicate with rank p is referred to as a p-place
predicate. Formulae of predicate logic are built according to the following rules:

1. X5, ... X;,, where pis the rank of P;, 1 and T are (atomic) formulae.
2. If f is a formula, then - f and (3X,) f are formulae.
3. If f and g are formulae, then f A g is a formula.

The predicate language £ consists of all formulae which are obtained by ap-
plying these rules a finite number of times. We consider also the predicate
language L, where only variables from a subset s of variables are allowed.
Often, s is restricted to be a finite set.

In order to define an interpretation for formulae of predicate logic, we choose
a relational structure R = (U, Ry, Ry, ...) where U is a nonempty set called
universe, and the R; are relations among elements of U with arity p; equal to
the rank of predicate F;. In other words, R; are subsets of U?:. A valuation
is a mapping v : {1,2,...} — U which assigns to each variable X; a value
v(i) € U. We write U for the set of all possible valuations. Given a valuation
v and an index ¢, we define the set of all possible valuations that agree with v
on all values except v(i),

v>i = {ueU¥:u(j) = v(j) forj #i}.
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Valuations v are used to assign a truth value v(f) € {0,1} to formulae f € L.
This assignment is defined inductively as follows:

1. ¥(T) =1and ¥(L1) = 0;

2. Y(PXi, ... Xi,) = Lif (v(ir),...,v(i,)) € R; and
V(P X;, ... X;,) = 0 otherwise;

3. ¥(=f) = 1if v(f) = 0 and ¥(~f) = 0 otherwise;

4. v((3X;)f) = 1if there is a valuation u € v=* such that 4(f) = 1 and
v((3X;)f) = 0 otherwise;

5.v(fAg)=1ifv(f) =v(g) =1and v(f A g) = O otherwise.

A valuation v is called a model of a formula f in the structure R if ¥(f) = 1.
We then write v = f. This defines the relation = between formulae of £ and
valuations in U“. Further, the relation can be restricted to languages £, and
s-tuples m in U® which are simply projections of valuations v to subsets s. In
this case, we write m =, f. Information sets #;(S) then are subsets of U?, i.e.
relations in s. They form the relational algebra over subsets s which exhibits
the close and well-known relation of predicate logic to relational algebra and
hence to relational databases. We refer to (Langel, 2010) for more details about
predicate logic and information.

Besides propositional and predicate logic, many other logic systems possess this
context structure. We refer to (Wilson & Mengin, 2001) for further instances from
the field of logic.

Two sets of sentences S; and S» are called equivalent, if they have the same
models, #(S) = #(S2). This means that S; and S, express the same information
and it is equivalent to saying that they have the same theories C_(S)) = C=(S2).
Any set S of sentences is in particular equivalent to its theory C\=(.S). In the same
way, two sets of models M; and M, are equivalent, if they have the same theory
7(M) = 7(My). They span the same information (see for example Instance 7.4).

In a first step towards a valuation algebra, we may already discuss a preliminary
concept of combination of information. In fact, suppose two sources which both
send a piece of information by stating sets S; and Sy of sentences. They express
the two information sets M; = 7#(S51) and M, = 7(Sz). On the level of sentences,
combining these two pieces of information means clearly putting the two sets of
sentences together as 51 U Sy. Think for example of two systems of linear equations.
On the model level, the combined information is then given by the models of 57 U Sa.
Hence, we may tentatively define the following combination operation between two
information sets:

M M, = ’f'(Sl U SQ)
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Using Property 4 of Lemma 7.1 we may also write this operation as:
M, ® My = ’f‘(Sl) n f'(SQ) = M; N Ms.

Combining two information sets simply corresponds to set intersection. It thus follows
that the intersection of two closed sets is again a closed set. In fact, since Property
4 of Lemma 7.1 holds for any family of sets S;, we conclude that the intersection
of any family of closed sets is again a closed set. From this, it follows by a standard
results of lattice theory that closed sets form a complete lattice (see Definition A.5)
(Davey & Priestley, 1990). This is a fundamental result of context analysis. We are
pursuing however a different direction. In the following section we shall construct an
information algebra out of context systems.

7.3.2 Tuple Model Structures

In all examples we have seen so far, we dealt with subsets s of variables, and the
models were valuations of these variables in some sets, for example real numbers
as in linear systems of equations or Boolean values as in propositional logic. For
every subset of variables we have a context ¢, linking the sentences or formulae
with the corresponding values, for example as solutions to sets of linear equations or
interpretations satisfying propositional formulae. These contexts are linked together
by projection of models and embeddings of sentences. In this section, we subsume
this situation into an abstract frame which induces a generic construction producing
these examples as particular instances. In a first step, we abstract the structure of
s-vectors and interpretations (Boolean vectors) into a general abstract frame called
tuple system. In fact s-vectors and s-interpretations for subsets s of a set r of variables
are instances of a tuple system defined as follows:

Definition 7.1 A tuple system over the lattice D of subsets s C r is a set T together
with two operations d : T — D and |: T x D — T defined for x C d(f) which
satisfies the following axioms: For f,g € T and x,y € D,

1. Ifx C d(f) then d(f*) = =.
2 If Cy C d(f) then (f¥)1= = fi.
3. Ifd(f) = x then f¥* = f.

4. For d(f) = x, d(g) = y and f¥*"Y = g'*"V there exists h € T such that
d(h) =z Uy, h** = fand h*Y = g.

5. Ford(f) = x and x C y there exists g € T such that d(g) = y and g*° = f.

The operation | of course corresponds to the projection of s-vectors, and the label
d indicates to which group of variables a vector or tuple belongs. Vectors and ordinary
tuples as occurring in relational databases are evidently instances of abstract tuples
according to the definition above.
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Example 7.6 The relational algebra of Instance 1.2 can be generalized to abstract
tuple systems. Then, a relation R over s € D is a set of tuples f € T which all have
the domain s. This also defines the label of R as d(R) = s. Combination of two
relations Ry and Ro with domains s and t respectively is defined by natural join,

RixRy = {feT:d(f)=sUtand f** € R, and f** € Ry},
and projection of relation R with domain s to t C s is defined as
R = {fY:feR}

Verifying that this generalized relational algebra also satisfies the valuation algebra
axioms is similar to the ordinary relational algebra.

The algebra of models in Section 7.1 corresponds to such a generalized relational
algebra over Boolean tuples. The algebra of affine spaces in Section 7.2 is a subalgebra
of the relational algebra over s-vectors, and the same holds for the algebra of convex
polyhedra in Instance 7.5. Here follows a more unusual example.

Example 7.7 Let (9, D) be an idempotent valuation algebra, i.e. for ¢ € ® and
x C d(¢) it holds that

PRI = ¢

We further assume a neutral element e, for each domain x € D, and that the
valuation algebra is stable, i.e. that €} = e, for y C z. Then ® is a tuple system:
The properties 1, 2 and 3 of a tuple system simply correspond to the Axioms (A3), (A4)
and (A6) of the valuation algebra. To verify Property 4, assume d(¢) = z, d(¢)) =y
and ¢¥=Y = Y. Defining x = ¢ ® 1), we obtain from the combination axiom
(A5) and idempotency that

X = (089 = p@ Yt = ¢@ ¢ = ¢.

In a similar way, we derive x*¥ = 1. For Property 5, let d(¢) =z and x = ¢ ® ey,
It follows that d(x) = y and by the combination axiom and the property assumed for
neutral elements that

XY= (0@ = g6l = pe, = ¢.

This shows that each idempotent valuation algebra with neutral elements adopts itself
the structure of a tuple system.

As in the above examples, we now link tuples systems with formal languages
to form a family of contexts. For that purpose, remember that the contexts ¢, =
(Ly, My, =4 for all z C r in the examples are linked together by embedding and
projection mappings. Thus, let M be a tuple system over the subsets of a set r. We
define the set of all tuples with domain x by

M, = {meM:d{m) ==z}
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Further, we assume the existence of language £, associated with M, to express
information in M. More precisely, we suppose a context ¢, = (L, M, ;) for
each subset z C r, and for y C z an embedding f, . : £, — L, such that it
forms together with the projection g, , : M, — M, defined by g, ,(m) = m*¥ an
infomorphism. We thus have

Mz fye(s) = goy(m) =y s.

For a set of sentences .S of the language £, we have the information set M = 7,(S)
in M, which is a |=,-closed set M = CF= (M) = #,(7,(M)). Let &, be the set of
all |=,-closed sets in M, and

o = U P,

zCr

We examine whether ® adopts the structure of an information algebra relative to the
lattice of subsets of r. In fact, since the elements of ® are generalized relations, it is
sufficient to show that it is a subalgebra of the generalized relational algebra associ-
ated with the tuple system M (see Example 7.6), and this requires that ® is closed
under join and projection. Unfortunately, it follows from the formal duality between
languages and models that ® is not necessarily closed under projection. This can, for
example, be seen by the example of propositional logic: the embedding f, ..(S) of a
theory in the context ¢, is not yet closed in the context c;. Dually, we may generally
not expect that the projection g, ,,(M) of a closed set in the context c; is still closed
in ¢,. However, this is the case in many examples and in particular in all examples we
have seen so far. Therefore we tacitly assume or require that g, (M) is =, -closed
when M is =,-closed.

The situation is different for combination: Let M; € &, M, € ®, and recall that
Myva My, = MY M*Y, (7.15)
where M for M C M, andz C y is defined as:
MY = {meM,:m* e M}

We claim that m1 is |=,-closed if M is |=,-closed. In fact, assume that M = #,(S5)
for some set of sentences S C L. We then have the following equivalences due to
the infomorphism property:
m e MW m' € M = 75(S)
Gyz(m) =z 8,Vs € S
m =y fzy(s),Vs€ S
m € 7y(fzy(5))-
This shows that M™ = #,(f,,(S)) which is a }=,-closed set. Therefore, both

MY and M2T ¥ in equation (7.15) are j=5,,-closed sets, and since the intersec-
tion of closed sets is still closed, we have My > My € @,

t ¢ o
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To sum it up, ® is a subset of the generalized relational algebra from which we
already know that it satisfies the information algebra axioms. It is furthermore closed
under combination and projection which turns the structure ($, D) into a subalgebra
of the generalized relational algebra. Therefore, (®, D) also forms an information
algebra. This holds for all families of contexts where the corresponding operations
of embedding and projection are linked by an infomorphism, given the additional
condition that the projection of closed model sets always leads to a closed model set.
The algebra contains neutral elements M, for all contexts x, corresponding to the
tautologies Cp—_ (%) in context x. This generic construction called context valuation
algebra produces among other formalisms the information algebras of propositional
and predicate logic, and of linear equation and inequality systems. This is shown by
the following examples:

Example 7.8 In the case of propositional logic (see Section 7.1 and Instance 7.3) the
tuple system M consists of all Boolean s-vectors m : s — {0, 1}, and ® is equal to
the relational algebra over this tuple system, if r is finite. This is because any subset
of My, is [=g-closed. The same situation is found in the predicate logic of Instance
7.6 where the models also form a relational algebra.

Example 7.9 In the context of linear equations (see Section 7.2 and Instance 7.4)
the tuple system M consists of all s-vectors m : s — R. Here, ® is the subalgebra
of affine spaces of the relational algebra of s-vectors. As we have seen, affine spaces
project to affine spaces again.

Example 7.10 Similar as in systems of linear equations, the tuple system M of linear
inequalities (see Instance 7.5) consists of all s-vectors m : s — R. But here, @ is
the subalgebra of convex polyhedra in the linear space R®. Again, convex polyhedra
always project to convex polyhedra.

7.4 CONCLUSION

We started into this chapter by considering the two formalisms of propositional
logic and linear equations. Both examples provide a formal language to describe
their information sets. In the first case, propositional formulae describe sets of truth
value assignments to propositional symbols under which the corresponding formula
evaluates to true, and in the second case, linear equations describe their associated sets
of solutions. This interaction of sentences and model sets uncovers two information
algebras for each formalism. On the model level, both formalism correspond to (a
subalgebra of) the relational algebra of Instance 1.2 and therefore adopt the structure
of a information algebra. These properties mirror the context structure. Closed sets of
sentences therefore also form an information algebra. Although our considerations for
linear equations were limited to real numbers, we noted its applicability for arbitrary
fields. This identified a first generic construction which actually produces two new
information algebras for each field. However, the final section of this chapter showed
that propositional logic and linear equations over arbitrary fields are instances of
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a far more general generic construction called context valuation algebra. Based on
so-called tuple systems, this further induces the information algebra behind linear
inequalities, predicate logic, and many other formalisms where this duality between
language and models exists.

PROBLEM SETS AND EXERCISES

G.1* Express consequence finding in propositional logic as an inference problem.
This solution to this exercise can be found in (Inoue, 1992).

G.2 * Exercise D.4 in Chapter 4 introduced a partial order between the elements
of an idempotent valuation algebra. Apply this order to propositional logic, linear
equation systems and to contexts in general and explore its semantics.

G.3 ** In this chapter, we discussed propositional and predicate logic as instances
of context valuation algebras. Other non-classical logics are studied in (Wilson &
Mengin, 2001). Identify the context structure in these logics.

G.4 *** Context valuations are infinite constructs but with a finite representation.
For propositional logic such representations could be so-called normal forms. Ex-
emplarily, we studied the conjunctive normal form and the normal form of prime
implicates in Section 7.1.3. But there are many other normal forms listed in (Dar-
wiche & Marquis, 2002; Wachter & Haenni, 2006) that could be used as well. Analyse
further normal forms and provide suitable definitions for combination and projection.
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APPLICATIONS

Generic Inference: A Unifying Theory for Automated Reasoning
First Edition. By Marc Pouly and Jiirg Kohlas
Copyright © 2011 John Wiley & Sons, Inc.
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CHAPTER 8

DYNAMIC PROGRAMMING

Many valuation algebras have an associated notion of a solution, best or preferred
value with respect to some criteria. Most typical are solutions to linear equations or
inequalities. In logic, solutions may correspond to the truth value assignments under
which a sentence evaluates to true. Likewise, the solutions of a constraint system are
the variable assignments that satisfy the constraints and in optimization problems,
solutions lead to either maximum or minimum values. Given a set r or variables, we
again write 2 for the frame of each variable X € r and Q; for the set of all possible
tuples or configurations of a subset s C r, see Section 1.2. If {(®, D) denotes a valua-
tion algebra defined over the subset lattice D = P(r), a solution for some valuation
¢ € & with domain d(¢) = s always corresponds to some element x € ;. We know
from Instance 1.2 that such tuple systems form a relational algebra. It is therefore rea-
sonable to consider the solutions of ¢ as a specific relation ¢, C €2;. In this chapter,
we focus on the computation of the solutions for valuations ¢ that are given as factor-
izations ¢ = @1 ®...® ¢,. This must again be done without the explicit computation
of ¢. Moreover, it is a general observation that determining a solution to an equation
system becomes easier the less variables are involved. In standard Gaussian elimina-
tion for regular systems, we therefore eliminate one variable after the other until a
single equation with only one variable remains. The solution to this simple equation

Generic Inference: A Unifying Theory for Automated Reasoning
First Edition. By Marc Pouly and Jiirg Kohlas
Copyright © 2011 John Wiley & Sons, Inc. 293
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can then be determined and the complete solution to the total system is obtained
from a backward substitution process. The more general procedure presented in this
chapter follows exactly this course of action. We execute an arbitrary local computa-
tion architecture to obtain the marginal ¢+ for some ¢ C d(¢). This corresponds to
the elimination of the variables in s — ¢. We then observe that every solution to this
marginal is also a partial solution to ¢ with respect to the variables in ¢. In a second
step, we extend this partial solution to a complete solution for the valuation ¢ using
only the intermediate results obtained from the local computation process. This en-
sures that solution construction adopts the complexity of a local computation scheme.

The first section of this chapter gives a more rigorous definition of solutions in
the context of valuation algebras and derives some basic properties. We then present
different algorithms for the construction of single solutions or complete solution sets
in Section 8.2. These methods are again generic and can be applied to all valuation
algebras with a suitable notion of solution. A particular important field of application
is constraint reasoning or the solution of optimization problems. It will be shown in
Section 8.3.2 that these problems emerge from a particular subclass of the family of
semiring valuation algebras from Chapter 5. In fact, executing the fusion or bucket
elimination algorithm for the computation of a marginal of an optimization problem
and applying the generic solution construction procedure presented in this chapter
coincides with a well-known programming paradigm called dynamic programming
(Bertele & Brioschi, 1972). This close relationship between valuation algebras and
dynamic programming was established by (Shenoy, 1996), who further proved that
the axioms for discrete dynamic programming given in (Mitten, 1964) entail those
of the valuation algebra. Hence, the axiomatic system of a valuation algebra that
enables local computation also constitutes the mathematical foundation to dynamic
programming. Essentially the same idea for the solution of constraint systems based
on bucket elimination was also found by (Dechter, 1999). This chapter can therefore
be seen as a generalization of both approaches from constraint systems to arbitrary
valuation algebras with solutions. Further applications of solution construction to
symmetric, positive definite equation systems and quasi-regular semiring fixpoint
equation systems will be discussed in Chapter 9.

8.1 SOLUTIONS AND SOLUTION EXTENSIONS

Let r be a set of variables and (®, D) a valuation algebra defined over the subset
lattice D = P(r). Intuitively, solutions in valuation algebras are defined by the
fundamental property that a partial solution x € €2, to ¢ with respect to some
variables in ¢ € s = d(¢) can always be extended to a solution (x,y) € §, to
¢. Moreover, this property of extensibility must hold for all configurations, i.e. if
x € 1, it must be possible to find an extension y € Q,_; such that (x,y) € €2,
leads to the “preferred” value of ¢ among all configurations z € Q, with z!t = x.
It is required that this configuration extension y can either be computed directly by
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extending x to the domain s, or step-wise by first extending x to u and then to s for
t C u C s. This is the basic idea of the following definition:

Definition 8.1 Let ¢ € ® witht C s = d(p) and x € €. A set

Wix) € Q.
is called configuration extension set of ¢ from t to s, given X, if the following property
holds for all uw € D such thatt C u C s

Wix) = {z € Q2" € Wi (x) and 27 € Wi (x, zJ'"_t)}.

Intuitively, the set W;, (x) is assumed to contain all extensions of the configuration
x € €, to the domain of ¢ and is characterized by the fundamental property that con-
figuration extensions can be computed step-wise. Instead of searching an extension
of a configuration x € §; to some preferred value in ¢, we can first extend it to ¢+*
and then to ¢. Observe that configuration extension sets may also be empty. Further,
we will see in Section 8.4 that we may define solution extension sets in different ways
for the same valuation algebra. They are therefore not unique. In the introduction
we presented the conception of solutions as the set of configurations that lead to the
preferred value in ¢. This can now be expressed as the configuration extension set of
the empty configuration to ¢.

Definition 8.2 A solution set ¢y of a valuation ¢ € ® is defined as
Cp = Wg (0)

An important relationship between solution sets and configuration extension sets
follows directly by applying Definition 8.1 to t = { and x = ©:

o = Wio) = {z €zt e Wl (o) and 2 " € Wg(z“‘)}
= {z €0zt €chuuandzt ™ € W(;‘(zl“)} (8.1)

This shows how solution sets are computed step-wise. The following lemma states
an important property of solution sets, saying that every solution to a projection of ¢
is also a projection of some solution to ¢ and vice versa.

Lemma 8.1 For ¢ € ® andt C d(¢) it holds that

C¢Lt = Ci;t .

Proof: Letd(¢) = s. It then follows from equation (8.1) that

cjf = [Wg (o)] "

i
{z €02zt € cyueand 2t € Wdt)(z“)} = Cpit.
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Subsequently, we refer to a projection x** of a solution x € ¢ as a partial solution
of ¢ with respect to t C d(¢). If s and ¢ are two arbitrary subsets of the domain of
a valuation ¢ € ®, the partial solutions of ¢ with respect to s U ¢t may be obtained
by extending the partial solutions of ¢ with respect to s from s N £ to £. This is the
statement of the following theorem:

Theorem 8.1 For s,t C d(¢) we have
cht = {z € Qout 1 2% € ci;s and z¥t% € W;ﬂt(z“m)} .
Proof: We first show that if z € cf then
Wiwe(z) C WiR(z™). (8.2)
Applying equation (8.1) and Lemma 8.1 gives
cht = {z € Qo2 € c¢s and z''"% € W3ieut (z“)} 8.3)
and
cjf = {z €Oz e cfm and z% % € W;ﬂt(z“”t)}.
LsUt It

Ifz € cf andy € W;,...(2) we have (y,z) € ¢ and therefore (y, zvMt) € Cg -

Since z € cjf implies that z+*Mt € cfm we conclude that y € W2{*(z+"). This
proves (8.2). Next, we obtain by applying two times equation (8.1) and Lemma 8.1:

cht = {z € Qo : 2 e cfmt and z%'"° ¢ W;ﬂt(zisnt) and
27t € Whiu(2") }. (8.4)
Similarly, we also have
CfUt _ {z € Quiy : Zbsnt ¢ cfm and z¥*t ¢ W;ﬂt(zism) and
s ¢ Wguuz(zw)}-
It follows from these two expressions that
cjfUt = {z € Qo2 e cfnt and z¥*"t e W;ﬂt(z“m) and
247 € Wil (2*) and 2t € Wéism(z“)}.

Since z € cjfUt implies that z+* € cjf we can add this as a further condition to the

last expression. But z'* € cjf in turn implies that z+™ ¢ c‘fnt. Hence, the added
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and we obtain

condition z}* € c;’ subsumes z+Nt ¢ cfm

cht = {z € Q2" € cf and z¥° 7t W;ﬂt(z“m) and
PAGRNS Wdf“w(zis) and z¥°7t ¢ Wéisut(zit)}.

It then follows from property (8.2) that

CfUt = {z € Qo :2Y € cf and z"'7° € W;uut(z“) and

Zt e W;mt(z“)}. (8.5)
Finally, we conclude by comparing (8.4) with (8.5) that if z+* € cjf that
Wi (@) = WiDi(z“)
must hold. Replacing the expression in (8.3) finally gives:

cjfUt = {z €Qu:2z' € cj,s and z1'"° € W;Et(zism)} )

8.2 COMPUTING SOLUTIONS

We now focus on the efficient computation of solutions for some valuation ¢ € ®
that is given as a factorization ¢ = ¢; ® ... ® ¢,. It was pointed out in many
places that every reasonable approach for this task must dispense with the explicit
computation of ¢. Since local computation is a suitable way to avoid building the
objective function, it is sensible to embark on a similar strategy. This section presents
a class of methods that assemble solutions for ¢ using partial solution extension sets
with respect to the previously computed marginals in a join tree. This mirrors the
fundamental assumption that computing solutions becomes easier, if less variables
are involved. It is important to note that we do not say in this section how solutions
or configuration extension sets are computed for concrete valuation algebras, but
only how they are assembled from smaller sets. Concrete case studies for different
valuation algebras will later be given in Section 8.3.2 and Chapter 9.

8.2.1 Computing all Solutions with Distribute

The most obvious approach to identify all solution configurations of ¢ follows from
the application of local computation for the solution of multi-query inference prob-
lems. Depending on the architecture, each node ¢ € V in the covering join tree
(V, E, A\, D) can compute or already contains the marginal of ¢ relative to its node
label A(7) after the complete message-passing. We remind that join tree nodes are

www.it-ebooks.info


http://www.it-ebooks.info/

298 DYNAMIC PROGRAMMING

numbered in such a way that if j € V is a node on the path from node 7 to the root
node r = |V/|, then j > i. From the computed marginals, we can build the set of
all solutions by the following procedure: due to Lemma 8.1 and Definition 8.2, we
obtain for the root node:

M = W (). (8.6)
Since A(r) is generally much smaller than d(¢), we here assume that ¢ can be

computed efficiently. Then, the following lemma shows how this partial solution set
can be extended to the complete solution set cg.

Lemma82 Fori=r—1,...,1and s = X(r)U...UA(i + 1) we have
cfu’\(i) = {z € Q) 1 2*° € cj)s and
2N =s ¢ W;\L(RS/\(Ch(i))(ziA(i)ﬂA(ch(i)))}.
Proof: 1t follows from Theorem 8.1 that
cj’suz\(i) _ {z € Quunii Lgbs € Cf and zW¥ @5 ¢ W;B/\(i)(zism\(i))}‘
From the running intersection property we conclude
sNAG) = ()\(r) U...UAG+ 1)) AAE) = A@E) N A(ch(i)).
Then, the statement of the lemma follows directly. u

To sum it up, we compute ¢4 by the following procedure.

1. Execute a multi-query local computation procedure on {¢1, ..., ¢, }.

2. Identify ci’\m in the root node.
3. Fori=r—-1,...,1

(a) compute Wd’)\fi)(g’\(Ch(i)) innode i € V;

(b) build ¢* 7A@ by application of Lemma 8.2.

4. Return ¢y = ci;’\(r)u'“u'\(l).

The pseudo-code of this procedure is given in Algorithm 8.1. It is important to
note that the domains of the configuration extension sets computed in step 3 are
always bounded by the domain A(7) of the corresponding join tree node. Hence,
although the construction of ¢, naturally depends on the actual number of solutions,
the computations of the configuration extension sets adopt the complexity of a local
computation scheme. Moreover, the successive buildup of ¢4 can be seen as a top-
down message-passing in the join tree. The messages

Heniysi = cp TN 8.7)
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are tuple sets and thus elements of the relational algebra. As an alternative to building
up c directly with Theorem 8.1, we may content ourselves with computing the
marginal of cy4 relative to the node label A(¢) in each node ¢ € V. This could be seen
as a pre-compilation of the solution set ¢4 and requires to compute

cj)’\(i) = {z € Dy : 2N ¢ c;’\(i)m(c}l(i)) and

2O =X(ch(@) ¢ W(;ﬁ)(gx(ch(i))(zu(i)n,\(ch(i)))}

= {z € Q)\(i) : Z‘u‘(i)nA(Ch(i)) S Hisch(i) and

ZPE-Meh() ¢ W;ﬁ)(gx(ch(i))(zu(i)wch(i)))}‘
in each node. Observe that this formula is closely related to the operation of natural
join, which points out that solution construction corresponds to local computation
in the relational algebra. The detailed elaboration of this perspective is proposed as
Exercise H.1 to the reader. However, an important disadvantage of this algorithm
is that it requires a complete run of a multi-query local computation architecture to
obtain the marginals of the objective function relative to all node labels used in Lemma
8.2. We shall therefore study in the following subsection, under what restrictions one
can omit the execution of the outward phase and compute the configuration extensions
only from the result of a single-query local computation architecture.

Algorithm 8.1 Computing all Solutions I
input: ¢t for 1<i<r output: c,

begin
¢ = ng)\(r)(o);
for i=r—1...1 do

s 1= Ar)U...UAE+D);
c = {z: zts € e Azt )= ¢ W;f;)(r:)A(ch(z))(zi,\(i)m,\(ch(i)))};
end;
return c;
end

8.2.2 Computing some Solutions without Distribute

We now start from a complete run of the generalized collect algorithm from Sec-
tion 3.10 or any other single-query local computation procedure. At the end of the
message-passing, the root node r contains the marginal ¢+*("), This ensures that the
initialization step of Algorithm 8.1 can still be performed, even if we omit the exe-
cution of the outward phase. More challenging is the loop statement that constructs
the solution set ¢4 using Lemma 8.2. Here, assume the existence of configuration
extension sets with respect to ¢+*@ for i = 1,...,r — 1, but these marginals are
not available at the end of a single-query local computation procedure. We therefore
need some way to build solution sets from configuration extension sets with respect

www.it-ebooks.info


http://www.it-ebooks.info/

300 DYNAMIC PROGRAMMING

to the node contents
P =y Q) i
j€pa(s)
at the end of the collect algorithm. For simplicity, we subsequently write
wi = d@") = dW)U |J dluja) S A6
j€pa(i)

As a first important result, we show that the node domain at the end of the collect
phase already contain all required information:

Lemma 8.3 Forx € c‘;'\(i)n'\(c"(i)) it holds that
Wd:\fi)(gx\(ch(i))(x) _ nggk(ch(i))(xwin,\(ch(i))).

Proof: Tt follows from Lemma 4.2 that A(¢) — A(ch(i)) = w; — A(ch(%)). Since

7w
Jwi LA(4) ¢
e
we have
Céwi _ {z € Q. . Wi NA(Ch(D) ¢ CiwimA(Ch(i)) and

Zhwi—A(ch() ¢ W;}:Q)\(ch(i))(Z.Lwiﬂ/\(ch(i)))}

{z € Mgy : ZHAONA(ch(@)) ¢ Cj;\(i)ﬂk(ch(i)) and
Zi/\(i)—)\(ch(i)) € W;‘fi)(g)‘((:h(i))(zi’\(i)n/\(ch(i)))}J'wi
{z € My ZAONA(ch(i)) ¢ cj))\(i)ﬂ)\(ch(i)) and
i 3 : . . lwi
Zhwi—A(eh(®) ¢ W(;‘f:)(g’\(Ch(l))(Zl)\(z)ﬂ/\(ch(z)))}

= {zi““ : 2 € ;) and A ONA(eh()) ¢ ci,)‘(i)m(Ch(i)) and

ZWwi—Meh(i) ¢ W;\ﬁ)(g)\(Ch(i))(ZJ,/\(i)ﬁ/\(ch(i)))}‘ (8.8)

IA@DNA(ch())

Now, assume x € cg WAMONA(ch (7)) IA(3)

andy € Wi\, (x). Then (x,y) € ¢

which implies (x*i0Mch(i)) vy ¢ ¢}t and hencey € Wwff,l’\(c’l(i))(xi“’i”)‘(‘:h(i))).

¢
On the other hand, assume that z = (x,y) € Q) with x € cj,’\(l)m(‘:h(’))

andy € Wwiﬂ/\(Ch(i))(X,Lwiﬁ)\(ch(i))). Since xiwiﬂ/\(ch(i)) e Ci’win)\(Ch(i)) we have

ghos
2t = (xhiPAh(@) vy € cé““. It then follows from equation (8.8) that y €
W;‘fi)(g’\(d’(i)) (x) must hold. Hence, the equality claimed holds. L]
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Applying this result, we can replace the node labels A(¢) in Lemma 8.2 by the
corresponding node domains w; just after collect.

We mentioned in the foregoing section that the process of solution construction
can be interpreted as local computation in the relational algebra of solution sets. It is
clear that for ¢ € ® with d(¢) = s we have d(cy) = s. Note that the last expression
refers to the labeling operator in the relational algebra. In addition, Lemma 8.1 shows
how the operation of projection in the valuation algebra (®, D) is related to projection
in the relational algebra of solution sets. The following lemma presupposes a similar
property for combination and shows that if this property holds, the marginals of ¢ in
Lemma 8.2 can be replaced by the node contents at the end of a single-query local
computation procedure.

Lemma 8.4 If the configuration extension sets in a valuation algebra (®, D) satisfy
the property that for all 11,12 € ® withd(¢1) = s, d(v3) =t, s Cu C sUt and
x € Q, we have

W) © Wi, (), 69
thenitholdsfori=r—1,...,1ands = A(r)U...UA(E + 1) that

Cj,A(T)UMU)‘(i) ) {Z c QsUA(i) = Cé;s and (8.10)

23 ¢ W::gA(ch(i))(zwim(cha)))}

Proof: From the distribute phase, transitivity and the combination axiom follows:
- et s A (ch(i
Pt = (¢¢’\(l)) = (wi” ® Nch(i)——n‘) = Ve ﬂi}f(ir)]_fi @),

We next apply property (8.9) with s = 4 = w; N A(ch(i)) and t = w; and obtain for
allx € Q,

W:fzx(ch(i))(xwim(ch(i))) _ W“EZ?‘Ai’iﬁil3>®¢gr) (xlwiﬁ)\(ch(i)))
ch(i)—i i
) WZggk(ch(i))(xiw,-m(ch(i)))_ (8.11)
Applying Lemma 8.3, it then follows for the statement of Lemma 8.2:
cfu’\(i) = {z € Qung) 120 € cis and

ZA@)—s ¢ W;\g)(g)\(c’l(i))(ziz\(i)n/\(ch(i)))}

= {z € Qeurg) * zb € cf and
ZA)—s ¢ W:f‘::/\(ch(i)) (ziwin)‘(ch(i-)))}
D) {z € Qurgi) z¥ e cf and

2N =s ¢ W:;gz\(ch(i))(zlwlﬂz\(ch(i)))}‘ (8.12)
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Theorem 8.2 [f property (8.9) holds and if configuration extension sets are always
non-empty, then at least one solution of ¢ = ¢1 @ ... Q ¢, can be found, using the
node contents at the end of any single-query local computation architecture.

This follows from Lemma 8.4 applying the following procedure:

1. Execute a single-query local computation procedure on {¢1,...,¢,}.

AA(r)
¢

2. Compute ¢ in the root node.

3. Fori=r—-1,...,1

(a) compute WeinA(eh(@)

5" innodei € V;

(b) build a subset of c;’\(r)u'“u}‘(i) by application of equation (8.10).

4. Return the subset of ¢y = "7V,

Hence, if configuration extension sets are always non-empty and if property (8.9)
1s satisfied, we obtain at least one solution from the above procedure that is entirely
based on the node contents at the end of a single-query local computation procedure.
The two conditions imposed on the valuation algebra and on the solution extension
sets therefore reflect the prize we pay to avoid the distribute phase. Here is the
corresponding algorithm for the procedure above:

Algorithm 8.2 Computing some Solutions

input: wlm for 1<i<r output: ¢Ccy

begin
c = Wzﬁr) (0);
for i=r—1...1 do
s = Mr)U...UXE+1);
c :={z:z¥°€ecn ziMi)=s ¢ W:Z:;A(Ch(l))(zJ""’m)‘(Ch(i)))}
end; ¢

return c;
end

)

In particular, if both conditions are satisfied, we can always find one solution by
the following non-deterministic algorithm:
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Algorithm 8.3 Computing one Solution

input: wET) for 1<i<7r output: x€cy
begin
choose x € Wzy) (0);
for i=r—1...1 do
choose y € Wwiﬁ)\(ch(i))(xl,wiﬁ)\(ch(i)));

wi"
x = (x,¥);
end;
return x;

end

8.2.3 Computing all Solutions without Distribute

We have seen so far that all solutions can be found, if we agree on a complete run
of the outward propagation. Without this computational effort, at least a subset of
solutions can be identified, if condition (8.9) is satisfied. This section will show that if
we impose a more limiting condition, all solutions can be found even with the second
method. In fact, it is sufficient to ensure equality in Lemma 8.4:

Theorem 8.3 If equality holds in equation (8.9), then all solutions can be computed
based on the node contents at the end of a single-query local computation architecture.

Proof: Since equality holds in property (8.9), we also have equality in the equations
(8.11) and (8.12). This gives us the following reformulation of Lemma 8.2: For
t=r—1,...,1and s = A(r) U...UA(s + 1) we have

CfU,\(i) - {z € Quua 12" € ¢y’ and (8.13)

ZH M) —s W::(irr;'/\(Ch(i))(ziwiﬂ)\(ch(i)))}

We can then compute ¢, by the following procedure:

1. Execute a single-query local computation procedure on {¢1, ..., ¢n }.

2. Identify ci)‘(r) in the root node.

3. Fori=r—1,...,1

w;NA{ch(i))

(a) compute W, innode 7 € V;

¥
(b) build ci’\(r) U DA by application of equation (8.13).

IA(r)U...UA(1)
4. Return ¢y = ¢ .
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This is expressed in the following algorithm:

Algorithm 8.4 Computing all Solutions II
input: ¢+ @ for 1<i<r output: c,

begin
¢ = W‘EL)\(T)(O);
for i=r—1...1 do

s 1= AMr)U...UAE+D);
¢ = {z: Z¥8 € c AZPAD—s ¢ W“’(i:)')\(Ch(i))(x.Lwiﬂ)\(ch(i)))};
¥y
end;

return c;
end

This completes our general study on local computation based solution construction
in valuation algebras. In the following section, we provide a detailed analysis of
a particularly important field of application. This is constraint reasoning or more
generally, the solution of optimization problems. In addition, this section will also
show that important examples exist, where only strict inclusion holds in (8.9). An
application to solving linear systems of equations will be presented in Chapter 9.

8.3 OPTIMIZATION AND CONSTRAINT PROBLEMS

Chapter S introduced the extensive family of semiring valuation algebras that emerge
from a simple mapping from configurations to the values of a commutative semiring.
Particularly important among these valuation algebras are constraint formalisms,
which are obtained from the subclass of c-semirings in Definition 5.3 (Bistarelli
et al., 1997; Bistarelli et al., 1999). C-semirings are characterized by an absorbing
unit element, which further implies the idempotency of semiring addition. Moreover,
it follows from Lemma 5.3 that all idempotent semirings are partially ordered. We
will see in this section that inference problems over valuation algebras induced by
idempotent semirings represent optimization problems with respect to the partial
semiring order. If in addition this order is total, we may ask for one or more con-
figurations that lead to the optimum value. This is a very typical field of application
for the theory of solution construction developed in the first part of this chapter. In
particular, since c-semirings are idempotent too, it covers the solution of constraint
systems as a special case.

8.3.1 Totally Ordered Semirings

In the general case, a semiring (A, +, x, 0, 1) only provides the canonical preorder
introduced in equation (5.3). This is a very fundamental remark since it leads to a
split of algebra into semirings with additive inverses (i.e. the monoid (A, +) forms
a group) and semirings with a canonical partial order called dioids (Gondran &
Minoux, 2008). Take for example the arithmetic semiring of integers (Z, +,-,0,1)
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and observe that a < band b < a does not imply that ¢ = b. Antisymmetry therefore
contradicts the existence of additive inverses or, in other words, the group structure of
(A, +). As mentioned above, idempotency of addition is a sufficient condition to turn
the semiring preorder into a partial order. If this relation is furthermore a total order
as it is in many of the examples in Section 5.1, we obtain a class of semirings that are
sometimes called addition-is-max semirings (Wilson, 2005). This name comes from
the following lemma.

Lemma 8.5 In an idempotent semiring we have a + b = max{a, b} if, and only if,
its canonical order is total.

Proof: If the canonical order is total, we eitherhave a < borb < aforalla,b € A.
Assume that a < b. Then, a + b = b and therefore a + b = max{a, b}. The converse
claim holds trivially. =

Alternatively, we may also see this lemma as a strengthening of Property (SP4)
from Lemma 5.5, and according to (SP1) and (SP2) in Lemma 5.2 the total order
behaves monotonic with respect to both semiring operations. For later applications
however, we often require a more restrictive version of monotonicity whose definition
is based on the following notation:

a<b & a<band aF#b. (8.14)

Definition 8.3 An idempotent semiring (A, +, X, 0, 1) is called strict monotonic, if
fora,b,c € Aandc# 0, a < bimplies thata X ¢ < b X c.

Let us see which of the semirings from Section 5.1 are strict monotonic.

Example 8.1 The Boolean semiring ({0,1}, max, min, 0, 1) of Example 5.2 is strict
monotonic, since 0 < 1 implies that min{0,1) < min(1,1). Its generalization on
the other hand, the Bottleneck semiring (R U {—o0, 400}, max, min, —oo, +00)
of Example 5.3, is not strict monotonic since we cannot conclude from a < b
that min(a,c¢) < min(b,c). A bit more challenging is the tropical semiring (N U
{0, 400}, min, +, 00, 0) from Example 5.4. Here, the canonical semiring order cor-
responds in fact to the inverse order of natural numbers. Nevertheless, this semiring
is strict monotonic, min{a, b) = b and a # b implies that min(a + ¢,b+c) =b+c
and a+c # b+ ¢, if ¢ # 0o, Also, the arctic setniring (R U {—o0}, max, 4+, —o0, 0)
is strict monotonic which follows from the same argument replacing minimization
by maximization. Further, we directly see that strict monotonicity cannot hold in the
truncation semiring of Example 5.6, but it does so in the semiring of formal languages
Jrom Example 5.7. Here, the strict order from equation (8.3) corresponds to strict set
inclusion which is maintained under concatenation. Finally, in the triangular norm
semirings of Example 5.8, strict monotonicity has to be verified for each choice of the
triangular norm separately since they are only non-decreasing in their arguments.

An important consequence of a total order flows out of Definition 8.3:
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Lemma 8.6 /n a totally ordered, strict monotonic, idempotent semiring we have for
aF#0thataxb=axcif,andonlyif b=c

Proof: Clearly, b = ¢ implies that a X b = a x ¢. On the other hand, assume
a X b = a x c¢. Since the semiring is totally ordered, either b < ¢, c < borb = ¢
must hold. Suppose b < c. Then, because X behaves strict monotonic, we have
a X b < a x ¢ which contradicts the assumption. A similar contradiction is obtained
if we assume ¢ < b which proves b = c. L]

So far, we called an idempotent semiring totally ordered, if its canonical order is
total. In fact, the following lemma shows that if other total and monotonic orders are
present in an idempotent semiring, they are always equivalent to either the canonical
order or the inverse canonical order. The exact case can be found out by comparing
the zero and unit element of the semiring. Thus, we may simply speak about totally
ordered, idempotent semirings without specifying the exact order relation. On the
other hand, we can limit our considerations to the total canonical order and the results
then also apply to other total orders.

Lemma 8.7 Ler (A, +, x,0,1) be an idempotent semiring with a total canonical
order <y and an arbitrary total, monotonic order <, defined over A. We then have
foralla,b e A:

1.0<551 => [agzb@aflb].
2.1<,0 = [a§2b®b§1a].

Proof: We first remark that 0 <, 1 implies 0 = 0 x b <5 1 x b = b and therefore
a = a+0 <5 a+ b by monotonicity of the assumed total order. Hence, a,b <, a +b
for all a,b € A. Similarly, we derive from 1 <5 O thata + b <5 a,b.

1. Assume that a <, band by monotonicity and idempotency a +b <o b+b = b.
Since 0 <5 1 we have b <5 a + b and therefore b <5 a + b <5 b. Thus, we
conclude by antisymmetry that a + b = b, i.e. a <; b. On the other hand, if
a <7 b, we obtain from 0 <5 1 that ¢ <3 a + b = b and therefore a <5 b.

2. Assume that g <, band by idempotency and monotonicity ¢ = a+a <, a+b.
Since 1 <, 0 we have a + b <, a and therefore a <5 a + b <5 a. Thus, we
conclude by antisymmetry that a + b = q, i.e. b <; a. On the other hand, if
b <1 a, we obtain from 1 <, O that e = a + b <, b and therefore a <5 b.

n

Note that for semirings where 0 = 1, both consequences of Lemma 8.7 are

trivially satisfied because these semirings consist of only one element.

Example 8.2 Consider the tropical semiring (NU {0, +00}, min, +, 00, 0) which is
idempotent and provides the natural order between non-negative integers. This order
is monotonic with respect to + and min. Since 0 = oo and 1 = O we have 1 < 0. We
therefore conclude from Lemma 8.7 that the natural order of the tropical semiring
corresponds to the inverse canonical order.
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8.3.2 Optimization Problems

We learned in Section 2.3 that inference problems capture the computational interest
in valuation algebras, and their efficient solution was the aim of the development of
local computation algorithms. Next, it will be shown that inference problems acquire
a very particular meaning when dealing with valuation algebras that are induced by
semirings with idempotent addition. Due to Lemma 5.5, Property (SP4) we then have
for an inference problem with query t C d(¢) = sand x € Q;,

¢ (x) = Y $(x,y) = sup{s(x,¥), y € Qu_s}, (8.15)
YEQ_¢

if ¢ = 91 ® ... ® ¢, denotes the objective function. This corresponds to the com-
putation of the lowest upper bound of all semiring values that are assigned to those
configurations of ¢ that project to x. In particular, we obtain for the empty query

qbw(o) = sup{¢(x), x € Qs},

which amounts to the computation of the lowest upper bound of all values of ¢. If
we furthermore assume that the underlying semiring is totally ordered, we obtain
according to Lemma 8.5

PH(x).= Y é(xy) = max{g(x,y), ¥y € U},  (8.16)

YEQs—¢

and
%) = max{o(x), x € O} 8.17)

In other words, inference problems on valuation algebras induced by a totally or-
dered, idempotent semiring amount to the computation of maximum (or minimum)
values. They therefore also called optimization problems or, if they are induced by
c-semirings, constraint problems. Let us survey some typical examples:

B 8.1 Classical Optimization

The most classical optimization problems are obtained from the tropical or arc-
tic semirings of Example 5.4, where x corresponds to the usual addition and
+ to either minimization or maximization. Let us consider the tropical semi-
ring (R U {o0}, min, +, oo, 0) and a knowledgebase {¢1, ..., ¢, } of induced
valuations. We then obtain for the inference problem with empty query

$00) = ($1®...0¢,)"

= min {qﬁl(xid("’l)) o4 P (xtin))y x € QS}

where s = d(¢). Recall from Example 8.2 that the natural order of a tropical
semiring corresponds to its inverse canonical order. This explains the difference

www.it-ebooks.info


http://www.it-ebooks.info/

308 DYNAMIC PROGRAMMING

to equation (8.17). Solving optimization problems induced by tropical or arctic
semirings is the typical task of reasoning with weighted constraints. A concrete
application from coding will be presented in Instance 8.5 below.

B 8.2 Satisfiability

Satisfiability with crisp constraints corresponds to the task of solving an op-
timization problem induced by the Boolean semiring ({0, 1}, max, min, 0, 1).
Given a knowledgebase of valuations induced by the Boolean semiring, the
crisp constraint ¢ = ¢1 ®. .. ® ¢, is satisfiable if Ry = {x € Q, : #(x) =1}
contains at least one configuration, and this is the case if ¢*?(c) = 1. Other-
wise, if 9*?(0) = 0 = zy(o), the set of constraints is contradictory due to the
nullity axiom of Section 3.4. This also includes the satisfiability problem of
propositional logic from Section 7.1. If { f1, ..., f»} denotes a set of formulae,
we may express their possible interpretations by a set of crisp constraints or
indicator functions {¢,...,¢,}. The objective function ¢ then reflects the
possible interpretations of the conjunction f; A ... A f,, and Ry corresponds
to its set of models. Thus, if [R4| > 0, the conjunction is satisfiable.

B 8.3 Maximum Satisfiability

Maximum satisfiability (Garey & Johnson, 1990) can be regarded as an ap-
proximation task for the satisfiability problem. For a set {¢1, ..., ¢, } of crisp
constraints or formulae, we do not require that all elements are satisfied as in
the foregoing instance, but we content ourselves with satisfying a maximum
number of elements. Thus, if ¢; to ¢, still map configurations to Boolean
values, we may compute

90) = max{@1 () 4+, (xH4), x € Q, }.

This identifies the maximum number of constraints or formulae that can be
satisfied by any configuration. The semiring used in this application is the
arctic semiring (Z U {—o0, 00}, max, +, —co, 0) of Example 5.5.

M 8.4 Most & Least Probable Values

We have seen in Section 5.4 that the arithmetic semiring induces the valuation
algebra of probability potentials. However, instead of a probability value, we
are sometimes interested in identifying either a minimum or maximum value of
all probabilities in the objective function ¢. The maximum can for example be
determined using the product t-norm semiring. Here, addition is maximization
and ¢*? (o) corresponds to the probability of the most probable configuration
or explanation of a given situation. This is especially important in diagnostic
problems. Similarly, if we replace maximization by minimization, the marginal
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identifies the value of the least probable configuration or explanation.

When dealing with optimization or constraint problems, we are in general less
interested in the optimum value of the objective function, but more interested in the
actual configurations that adopt this value. Following (Shenoy, 1996) we refer to such
configurations as solution configurations. The most and least probable configurations
of Instance 8.4 are typical examples of such solution configurations.

Definition 8.4 Let (®, D) be a valuation algebra induced by a totally ordered, idem-
potent semiring. For ¢ € ® with d(¢p) = s, we call x € Q; a solution configuration,

if p(x) = ¢*(o).

We shall see in Section 8.4 that solution configurations give rise to solution exten-
ston sets according to Definition 8.1. Let us consider some typical applications, where
knowing the solution configuration is more important than computing their assigned
semiring value. These examples all require to find a single solution configuration for
avaluation ¢ = ¢1 ® ... ® ¢, with d(¢) = s. Depending on whether the canonical
semiring order corresponds to minimization or maximization, we write

arg max or arg min ¢
ngQs¢ ngQs s

for the task of finding an arbitrary solution configuration.

B 8.5 Bayesian and Maximum Likelihood Decoding

Consider an unreliable, memoryless communication channel to transmit sym-
bols out of a finite coding alphabet A. If we assign the random variables X
and Y to the input and output of the channel, then the latter is fully specified
by its transmission probabilities p(Y" = y;|X = z;) for y;, z; € A. This is the
probability that input symbol z; is changed into output symbol y; by sending
it through the channel. Figure 8.1 illustrates such a channel for a binary coding
alphabet A = {0, 1}. Instead of single symbols, we now transmit code words
that consist of n € N consecutive symbols. Thus, an unknown input word
x = (z1,...,Ty) is transmitted over the channel and on the receiver side,
an output word y = (1, ...,y is observed. The decoding process asks to
deduce the input from the received output and this can for example be done
by choosing the input word x = (1, ..., ) that leads most probably to the
observed output y. In other words, we choose x such that p(y|x) is maximum.
Since p(y|x) = p(y, x)/p(y) and maximization only concerns the input code
words, it is sufficient to compute

"
argm’?x (H p(Yi =yl X =2) -p(X1 =21,...,Xn = xn)) .

i=1

Here, p(x) = p(X1 = z1,...,Xn = z,) is the prior distribution of the input
word. The semiring valuation algebra used in this example is induced by the
t-norm semiring ([0, 1], max, -, 0, 1) of Example 5.8.
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Input Output
p(Y=01X=0)
0 — 0
p(Y=11X=0)
p(Y=01X=1)
T pY=11X=1) 1

Figure 8.1 A binary, unreliable, memoryless communication channel.

The above decoding approach is generally called Bayes decoding since it is
based on a prior distribution p(x) of the input code words. Alternatively, this
can be simplified by assuming a uniform prior distribution that can be ignored
in the maximization process. We then obtain

arg max (H p(Yi = yi| X; = wi))

i=1

called maximum likelihood decoding. It is convenient for computational pur-
poses to replace the maximization of probabilities by the minimization of their
negated logarithms. We obtain for the case of maximum likelihood decoding

=1
arg min (— > logp(yilxi)) :
=1

This is an optimization problem induced by the tropical semiring.

arg max (H p(Yi =yl X; = a—)) = (8.18)

B 8.6 Linear Decoding

Linear codes go a step further and take into consideration that not all ar-
rangements of binary input symbols may be valid code words. Such systems
therefore provide a so-called (low density) parity check matrix H which assures
H-xT =0if, and only if, x is a valid code word. For illustration purposes,
assume the following example matrix (Wiberg, 1996):

1101000
H = 0 011010
0 001101
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Then, x = (21, ...,z7) is a valid code word if
(.’Il + T2+ 24,23+ Tg4 4+ T6, T4 + 5 + .’L‘7) = (O, 0,0).

These additional constraints can be inserted into the maximum likelihood de-
coding scheme using the following auxiliary functions:

0, ifey+zo+x4=0

x1(z1, T2, 24) .
o0, otherwise,

1
——

0, ifxs+x4+726=0
0o, otherwise,

x2(x3, T4, T6) = {

0, ifxs+x54+27=0
00, otherwise.

X3(034,$5,337) = {

We then obtain for equation (8.18) and n = 7,

7
arg min( Z — log p(yilz;) + x1{z1,Z2,z4) +
xX

=1

x2(x3, x4, 26) + X3($4,$5,$7))~

It remains an optimization problem with knowledgebase factors induced by
the tropical semiring. Furthermore, applying the fusion algorithm from Section
3.2.1 to this setting yields the Gallager-Tanner-Wiberg algorithm (Gallager,
1963) as it was observed by (Aji & McEliece, 2000). A survey of these and
related decoding schemes is given in (MacKay, 2003) where the author presents
the corresponding algorithms as message-passing schemes. This suggests that
even more sophisticated and state of the art decoding systems such as convo-
lutional or turbo codes are subsumed by optimization problems over semiring
valuation algebras.

More examples can be found in constraint literature, e.g. (Apt, 2003).

8.4 COMPUTING SOLUTIONS OF OPTIMIZATION PROBLEMS

Given a factorized valuation ¢ = ¢; ® ... ® ¢, with d(¢) = s, induced by a totally
ordered, idempotent semiring, we obtain the optimum value gbw(o) by applying an
arbitrary single-query local computation architecture from Chapter 3. But we have
seen in the foregoing section that in such cases, one is often interested in finding one or
more configurations x € §2, that adopt the optimum value, i.e. with ¢(x) = #*%(¢).
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Such configurations were called solution configuration in Definition 8.4, and it follows
directly from equation (8.16) that at least one solution configuration always exists.
Moreover, given an arbitrary configuration y € 2, for t C s, it is always possible
to find an extension x € Q,_; such that ¢+!(x) = ¢(x,y). Subsequently, we refer
to y as a configuration extension of x with respect to ¢. The set of all configuration
extensions of x with respect to ¢ is then given by

Wit = {yeiotxy) =6}, (3.19)

Theorem 8.4 Solution extension sets in optimization problems satisfy the property
of Definition 8.1, i.e. forall ¢ € ® witht C u C s = d(¢) and x € Q; we have

Wi(x) = {z €N : 2" € W) (x) and 24° 7" € W(x, zl“‘t)}.
Proof: It follows from equation (8.19) that
{z €02 e W (x)and 24 € W;,‘(x,z“‘"t)}
(€001 9¥(x) = % (x, 27 and p(x,2* ) = g(x,2)} =
{2€ 900" = 6(x,2)}

Configuration extension sets in optimization problems therefore instantiate the
general definition of configuration extension sets given in Section 8.1. So, we may also
specialize the general definition of solution sets given in Definition 8.2 to optimization
problems. We obtain

co = W(o) = {ye Q, : ¢(x) =¢w(<>)}. (8.20)

Observe that this indeed corresponds to the notion of solutions in constraint or
optimization problems given in Definition 8.4. Moreover, we also see that several
possibilities to define configuration extension sets may exist in a valuation algebra.
Instead of the configurations that map to the optimum value, we could also consider
all other configurations that do not satisfy this property as solutions and define the
configuration extension sets accordingly. In terms of constraint reasoning, we then
search for counter-models. However, we continue with the above definition and
show in the following example that computing solution extensions or solution sets in
optimization problems essentially amounts to a table lookup.

Example 8.3 Consider a set { A, B, C'} of variables with finite frames Q4 = {a,a},
Qp = {b,b} and Q¢ = {c,¢}, and a valuation ¢ induced by the tropical semi-
ring (N U {0, oo}, min, +, —o0, 0). We perform a step-wise projection of ¢ until all
variables are eliminated:
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A B C

a b ¢ 2

a b ¢ |4 A C

a b c 9 a c 2 C
¢o=|a b T4 ¢HA’C} =|a €| 4 ¢¢{C} =tfc | 2

a b c 5 a c 2 c |4

a b c 8 a c 5

a b c 2

@a b e >5

We finally obtain ¢*%(0) = 2. By consulting the tabular representation of ¢, we
determine the solution configuration set

cs = {(a,b,c),(a,b,c)}.

H{A}

For the partial solution (a) € c;'"" we find the solution extension set

A
wita) = {0}
again by consulting the above table, and for (c) € ci{c} we find

Wi e = {(ab),@b)}.

Since configuration extensions in optimization problems satisfy Definition 8.1, it
follows from Section 8.2.1 that the complete solution set c4 of a factorized valuation
¢ = P1Q. . .®¢d, can be determined from the results of a previous run of a multi-query
local computation architecture. The corresponding procedure is given in Algorithm
8.1. However, many practical applications of constraint reasoning just require to find
a single solution, and this should, if possible, be done without the additional effort of
a downward propagation in the local computation scheme. Indeed, we have seen in
Section 8.2.2 that this is possible if configuration extension sets are always non-empty
and condition 8.9 of Lemma 8.4 holds. The first requirement directly follows from
equation (8.19), i.e. configuration extension sets and therefore also solution sets in
optimization problems are always non-empty. The second requirement is guaranteed
by the following lemma:

Lemma 8.8 Inavaluation algebra induced by a totally ordered, idempotent semiring
we have for all 1,15 € P withd(y) = s, d(1p2) =t, s CuCsUtandx € Q,

Wi}j;t(xiumt) c WTZ1®¢2 (x)
Proof: Assumex € Q, andy € Wil (x}*"*). By equation (8.19) we have

1[}2 (xiuﬂt’ y) — %uﬁt(xiuﬂtL
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hence also

D) @Y (My) = i (x) @4y (),

By application of the definition of combination in semiring valuation algebras and
the combination axiom we obtain:

(1 ®Y2)(x,y) = ¥1(x*) @ ha(xMy)
— 1[)1 (XJ,S) ® d)%uﬁt (x,Lur‘lt)

= (mevl™) ) = @18 v) .

We conclude from (1 ® ¥2)(x,y) = (1 ® ¥2)¥¥(x) that y € Wi ows (x). =

Both conditions of Theorem 8.2 are therefore satisfied in optimization problems,
which allows us directly to apply Algorithm 8.2 or the computation of a non-empty
subset of solutions, or Algorithm 8.3 for the identification of a single solution. The
following example illustrates a complete run of Algorithm 8.3.

Example 8.4 We consider binary variables A, B,C with frames Q4 = {a,ad} to
Q¢ = {c,¢}. Let 11,12 and 13 be three join tree factors defined over the bottle-
neck semiring (R U {—00, oc}, max, min, —00, oo) with domains d(11) = {A, B},
d(y2) = {B,C}, ¢3 = {B} and the following values:

P

Yo P3

I
o oo |

ol 2l & ok

ol o o o | D

W R N
I

ol ool o o |

ol o o o0

W W N L

The join tree in Figure 8.2 corresponds to this factorization and numbering.

Figure 8.2 The join tree that belongs to the node factors of Example 8.4.

Let us first compute ¢ = 1)1 ® 12 ® 13 directly to verify later results:
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o ol o o o a ol

©

Il
ol ol 8 8 & & & 2 |p
o ool o o o ol o o[ [

ol

NN =W W

We observe that c, = {(a,b,c), (a,b,€)} are the configurations with the maximum
value. This will now be compared it with the result of Algorithm 8.2 that first requires
to execute a complete run of the collect algorithm:

B B
3| v =

4

(3 -
3 =

H13 = 1} poss =

ol o

SRS

oo |
w

o o |
—

Thus, the maximum value of ¢ is indeed $*%(0) = w(g)w {©) = 3. Next we compute

{B} = W$¢(s}( ) = W(z) = {I_’}
We can only choose x+B} = (l_)) and proceed for i = 2:
WiSE = (@@}
We choose (c) and obtain x*{1B-Ct = (b, ¢). Finally, for i = 1 we compute:

wiE = (@}

and obtain the solution configuration x = (a, b, c) € cg with ¢(a, b, c) = 3.

If we repeat the computations in this example with Algorithm 8.2, we find the
complete solution set cs = {(a, b, ¢), (a, b, ) }. But this is generally not the case. The
following example shows that sometimes strict inclusion holds in Lemma 8.8, which
makes the computation of all solutions using Algorithm 8.2 impossible. Moreover, we
cannot even know without computing ¢ explicitly, whether all solution configurations
have been found or not.

Example 8.5 We take the bottleneck semiring (RU{—00, 00}, max, min, —o0, 0o} of
Example 5.3 and assume two semiring valuations ¢ and v with domains d(¢) = { A}
and d(v) = {A, B}. The variable frames are Q4 = {a,a} and Qg = {b,b}.

A B A B
A b 6 a b 1
¢ = | a 1 v =|a b 7 oRY = |a b 1
a 1 a b 8 a b 1
a b9 z b |1
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Foru= {A} =unt, we have

A

pht = 7] @ept =

o o fp

e 8
©

Finally, we remark that

Wi (a) = WM @) = {(B)} C Wigyla) = Wigy(@ = {(b),(®)}-

All solution construction algorithms in Section 8.1 start from the marginal of ¢
with respect to the root node label A(r), which is obtained from the previous local
computation process. From this marginal, we may further compute

d,i(b (o) = <¢i/\(r)) v ()

by one additional projection. The following lemma states that if this value corresponds
to the zero element in the semiring, then all configurations are solutions of ¢. If this
is the case, we do not need to run the solution construction process.

Lemma 8.9 Ifd(¢) = s, then ¢*?(0) = 0 implies that cg = Q.

Proof: Property (SP3) in Lemma 5.2 implies that 0 < ¢(x) for all x € ). Hence,
if the maximum value is equal to zero, then all configurations are solutions. ]

Constraints with zero as maximum element are sometimes called contradictory.
Hence, it follows from the definition of solution extension sets in constraint systems
that all configurations are solutions to a contradictory constraint. If, at the end of
the collect phase, we obtain qﬁw (¢) = 0 in the root node, we know from the above
lemma that all configurations are solutions. It is therefore not necessary to build the
solution configuration set and we can stop the algorithm. Subsequently, we exclude
this special case in the root node, before starting the solution construction procedure.
Then, equality in Lemma 8.8 can be guaranteed, if the semiring is strict monotonic
according to Definition 8.3.

Lemma 8.10 In a valuation algebra induced by a totally ordered, idempotent and
strict monotonic semiring we have for all 1,1, € ® with d(11) = s, d(9) = ¢,
sCuCsUtandx €,

Nt/ dunt _
Wi;j'z (X “ ) - Wl};l@wz (X)
Proof: It remains to prove that

W«ngt (xJ,uﬂt)

J

WIZL1 R (X) .

Assume x € 0, with ¢, (x**) # 0andy € W} o, (x). By definition,

(h @)™ (%) = (Y1 ®¢)(x,y)
= P1(x?) x o (xMy).
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Similarly, we deduce from the combination axiom and the definition of combination

(1 @ Y)Y (x) = (Y1 ® Y3 ™)(x) = P (x*?) x Y3 ().

Therefore,

Y1) x Pa(x ™ y) = (%) x g (M),

We conclude from Lemma 8.6 that

,¢,2 (xluﬂt, y) — w%uﬂt (xilmt)
and consequently thaty € W&)‘:t(xiuﬂt). i

The additional property of strict monotonicity therefore allows us to apply Algo-
rithm 8.4 for the identification of all solution configurations based on the results of
a single-query local computation procedure only. But the exclusion of the zero ele-
ment as optimum value in the root node is crucial. We therefore execute an arbitrary
single-query local computation procedure on the factorization ¢ = ¢1 ® -+ ® ¢y,
and determine the optimum value ¢*?(0) in the rot node. If $*?(o) = 0, we know
from Lemma 8.9 that all configurations of ¢ are solutions. Hence, there is no need to
start the solution construction process. On the other hand, $*?(¢) # 0 implies that

D (x) £ 0 forall x € Cf‘(i) and A(i) C d(¢). Then,

0 # () = ¢7O0) = (4 @ heniyi ) (%)

_ wgr)(xwi) % Hch(i)_n_(xu(i)n,\(ch(i)))_

This shows that ¢*?(0) # 0 and x € ci’\(i) implies

d)lgr)(xiwi) £0 and Nch(i)_ﬂ(xu\(i)n,\(ch(i))) £0.

The requirement of strict monotonicity is therefore always satisfied when Lemma
8.10 is applied in the proof of Theorem 8.3, i.e. in each step of the solution con-
struction algorithm. To sum it up, it is always possible to compute a single solution
to an optimization problem based on the results of a single-query local computation
scheme. If all solutions are required, we either need the property of strict mono-
tonicity in the underlying valuation algebra, or we must execute a complete run of a
multi-query local computation architecture.

8.5 CONCLUSION

Many important valuation algebras have some notion of a solution, characterized by
the property that every solution to a projected valuation is also a partial solution to the
original valuation. This property allows us to extend partial solutions step-wise to a
complete solution. The first part of this chapter presents three approaches to compute
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solution sets of a factorized valuation. First, we presuppose a completed run of a multi-
query local computation procedure, determine the solution set with respect to the root
node label and proceed downwards the join tree to buildup the complete solution set.
It was shown that these computations take place in the relational algebra of solution
sets, such that the solution construction algorithm shapes up as a local computation
scheme. This first approach works for all valuation algebras with a suitable notion
of solutions, but it has the drawback to depend on a multi-query local computation
scheme. Alternatively, if solution sets are non-empty and if they satisfy an additional
condition with respect to combination, then it is possible to find a non-empty subset
of solutions based on the join tree node contents at the end of a single-query local
computation scheme. Finally, if a stronger condition with respect to combination of
solution sets holds, then it is possible to find all solutions based on a single-query
architecture. In the second part of the chapter we focus on the important application
field of constraint reasoning or solving optimization problems. It was shown that such
problems arise from totally ordered, idempotent semirings and they always satisfy
the weaker condition for solution construction. The stronger condition, that makes
the computation of all solutions based on a single-query architecture possible, holds
when the semiring is strict monotonic. Further applications of solution construction
for solving systems of linear equations will be studied in Chapter 9.

PROBLEM SETS AND EXERCISES

H.1 * Describe the solution construction process from Section 8.2.1 in terms of
local computation in the relational algebra of solution sets. The messages are given
in Equation 8.7. It therefore remains to express Theorem 8.1 in terms of natural join.

H.2 * Explore the t-norm semirings of Example 5.8 and Exercise E.6 in Chapter 5
for strict monotonicity.

H.3* Instance 8.5 shows that Bayesian and maximum likelihood decoding establish
optimization problems. This application only considers one channel. Identify the
optimization problems that occur when multiple channels are connected in series as
shown in Figure 8.3 and in parallel as shown in Figure 8.4.

p(YHIX) pY2IY1) p(YnlYn-1)

Yi
@— Channel1 [ —| Channel2 f---~----- #{ Channeln —@

Figure 8.3 A serial connection of unreliable, memoryless channels.

H.4 ** Context valuation algebras from Chapter 7 are based on the duality between
the sentences of a language and their models. All instances of this family satisfy

www.it-ebooks.info


http://www.it-ebooks.info/

EXERCISES 319

PIYIIX)

— Channel 1

p(YalX)

@ Channel 2

!

pYnIX)

L—— Channeln

<L

Figure 8.4 A parallel connection of unreliable, memoryless channels.

idempotency and can therefore be processed by the idempotent architecture of Section
4.5. In the introduction to this chapter, we mentioned several examples of context
valuations as typical formalisms with some notion of solutions, i.e. solutions in linear
equations, inequalities or models in different logics. Show that the set of models
associated with a context valuation always satisfies the requirements for a solution set.
Moreover, show that the interpretation of solution construction as local computation in
the relational algebra of solution sets given in Section 8.2.1 and recessed in Exercise
H.1 then complies with the usual distribute phase in the idempotent architecture.
Finally, investigate property (8.9) for context valuation algebras.
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CHAPTER 9

SPARSE MATRIX TECHNIQUES

We learned in Section 7.2 that the solution spaces of linear equation systems form
a valuation algebra and even an information algebra. This hints at an application of
local computation for solving systems of linear equations. However, in contrast to
many other inference formalisms studied in this book, the valuations here are infi-
nite structures and therefore not directly suitable for computational purposes. On the
other hand, the equations themselves are finite constructs and provide a linguistic
description of the solution spaces. It is thus reasonable for linear systems to perform
the computations not on the valuation algebra directly but on the associated language
level. This is the topic of the present chapter. Whereas solving systems of linear
equations is an old and classical subject of numerical mathematics, looking at it from
the viewpoint of local computation is new and leads to simple and clear insights
especially for computing with sparse matrices. 1t is often the case that the matrix of a
system of linear equations contains many zeros. Such matrices are called sparse, and
this sparsity can be exploited to economize memory and computing time. However,
it is well-known that zero entries may get lost during the solution process if care
is not taken. Matrix entries that change from a zero to a non-zero value are called
fill-ins and they destroy the advantages of sparsity. Therefore, much effort has been
spent on developing method that maintain sparsity. We claim that local computation

Generic Inference: A Unifying Theory for Automated Reasoning
First Edition. By Marc Pouly and Jiirg Kohias
Copyright ©) 2011 John Wiley & Sons, Inc. 321
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offers a very simple and easy to understand method for controlling fill-ins and thus
for maintaining sparsity. This is not only true for ordinary, real-valued linear equa-
tions, or linear equations over a field, but also for linear equations over semirings.
We have seen in Chapter 6 that path problems induce semiring fixpoint equation
systems, where the sparsity often comes from an underlying graph. Independently,
local computation maintains the sparsity in all these applications.

An interesting aspect that arises from studying equation systems in the context
of valuation algebras is the necessity to distinguish between factorizations and de-
compositions. The generic local computation methods from Chapter 3 and 4 solve
inference problems that consist of a knowledgebase of valuations which factor the
objective function. Where do these valuations come from? A key note behind the the-
ory of valuation algebras is that information exists in pieces and comes from different
sources, which indicates that factorizations occur naturally. This is for example the
case in the semiring valuation systems of Chapter 5, where factorizations are often
the only mean to express the objective function, due to the exponential complexity
behind these formalisms. In contrast, linear systems are polynomial, and it is of-
ten more realistic that a total linear system exists, from which the knowledgebase
must be artificially fabricated. We then speak about a decomposition rather than a
factorization. We will continue the discussion of factorizations and decompositions
throughout this chapter and show that both perspectives are equally important when
dealing with linear systems.

In the beginning two sections of this chapter, we treat ordinary systems of linear
equations by examining arbitrary systems in Section 9.1 and the important case of
systems with symmetric, positive definite matrices in Section 9.2. As an application,
the method of least squares is shown to fit into the local computation framework.
Formally, this is very similar to the problems that we are going to treat in Chapter 10;
only the semantics of the two systems are different. This uncovers a first application
of the valuation algebra from Instance 1.6 in Chapter 1. The remaining sections are
devoted to the solution of linear fixpoint equation systems over semirings. Section
9.3 focuses on the local computation based solution of arbitrary fixpoint equation
systems with values from quasi-regular semirings. The application of this theory to
path problems over Kleene algebras is compiled in Section 9.3.3.

9.1 SYSTEMS OF LINEAR EQUATIONS

We first give a short review of Gaussian variable elimination.
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9.1.1 Gaussian Variable Elimination

Consider a system of linear equations with real-valued coefficients,

a1 X1 + a12Xe + -+ aiaXn = b,
a1 X1 + a2Xa + -+ anX, = by

. 9.1
am,IXI + am,2X2 + -+ am,nX'n = bm

We make no assumptions about the number m of equations or the number n of
unknowns and neither about the rank of the matrix of the system. So this system
of linear equations may have no solution, exactly one solution or infinitely many
solutions. In any case, the solutions form an affine space as explained in Section 7.2.
The computational task is to decide whether the system has a solution or not. If it
has exactly one solution, then this solution must be determined. If it has infinitely
many solutions, then the solution space must be determined. The usual way to solve
systems of linear equations is by Gaussian variable elimination. Assuming that the
element a, 1 is different from zero, an elimination step based on a; ; proceeds by
first solving the first equation for X; in terms of the remaining variables,

b
X, = & _ 42y L _%ny 9.2)
a1 a1 ai,i

i

Then, the variable X is replaced by the right-hand expression in all other equations.
After rearranging terms this results in the new system of linear equations

a2,1a1,2 az1a1.n a2,1b1
(a2*2~_—1,1-) XZ + ... + (0127 — T)S{ = b —_1,1—’
Am,101,2 Am 141,n am,lbl
(a YQ_T))fz + ..+ (a i __1_1__))( = b e

This is called a pivoting step with a1 1 as pivot element. Variable X is called the pivor
variable and the first equation, where the pivot element is selected from, is called the
pivot equation. It eliminates variable X and reduces the system of equations to a new
system with one less variable and one less equation. The new system is equivalent to
the old one in the following sense:

1. If (z1,22,...,2y) is a solution to the original system, then (xo,...,2,) is a
solution of the new system.

2. If (xa,...,2,) is a solution of the new system, then (z1, z2,. .., Z,) With
by ai2 ayn
T, = —— - —ry— - — —2,
ar,i ai 1 a1

is a solution to the original system.

This procedure is called Gaussian variable elimination and can be repeated on the
new system. In order to execute a pivot step on a variable X; there must be at least
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one equation with a non-zero coefficient of X;. If there is no such equation, X; can
be eliminated from the system without further actions. In fact, in this case X; has
zero coefficients in all equations which is tantamount to say that X; does not appear
in the system. So, Gaussian elimination permits to reduce the system stepwise by
eliminating one variable after the other until only one variable remains. Several cases
may arise during the elimination of variables: assume that the variables X; to X,
have been successfully eliminated. Then, the following three cases may arise:

1. All coefficients on the left-hand side of the new system vanish, but on the
right-hand side there is at least one element different from zero. In this case
the system has no solution.

2. All coefficients on both sides of an equation vanish. Then, this equation can be
eliminated. If no equations remain after elimination, then the variables X,
to X, can take arbitrary values.

3. There remains a non-vanishing system of linear equations with at least one
equation less than the system before pivoting on X,,. Then, a next pivot step
can be executed.

The first case identifies contradictions in the system. For this, we do not necessarily
need to continue the pivoting process until all coefficients on the left-hand side of the
system vanish. Instead, we may stop the process when the first equation arises, where
all coefficient on the left-hand side vanish, but the right-hand side value is different
from zero. These three cases solve the linear system in the following sense:

1. If case 1 occurs, the system has no solution.

2. In case 2 a certain number of variables X1, ..., X, can be expressed linearly
by the remaining variables X1, ..., X,. This determines the solution space.

3. All variables up to and including X,,_; can be eliminated. Then X, gets a
fixed value in the last system, and a unique solution exists for the system. It
can be found by backward substitution of the values of X,,, X, 1, ...

Note that which of the above cases arises does not depend on the order in which
variables are eliminated.

The equations in the system after the first pivot step clearly show that original
zero coefficients of certain variables may easily become non-zero in a pivot step.
This is called a fill-in. The number of fill-ins depends on the choice of the pivot
element or, in other words, there may be many fill-ins if the pivot element is not
carefully chosen. Selection of the pivot element is partially a question of selecting
elimination sequences of variables, but also of selecting the pivot equation. In the next
section, we show how local computation allows to fix an elimination sequence such
that fill-ins can be controlled and bounded. 1t should, however, be emphasized that
limiting fill-ins is not the only consideration in selecting pivot elements. Numerical
stability and the control of numerical errors are other important aspects that may be
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in contradiction to the minimization of fill-ins. The reader should keep this aspect in
mind, although we here only focus on the limitation of fill-ins.

9.1.2 Fill-ins and Local Computation

To discuss a concrete scenario we assume that in our system of linear equations
(9.1) we have q;; = O forall j = 1,...,7rand % = h,...,n and also for j =
r+1,...,mand i =1,...,k for some r < m and k£ < h < n. This corresponds
to a decomposition of the system into a first subsystem of r equations, where only
the variables Xy to X} occur with non-zero coefficients and a second subsystem of
m — r equations where only the variables X to X,, occur. The corresponding
matrix decomposition is illustrated in Figure 9.1. We denote by A the r x h matrix
of the first subsystem for the variables X; to X, and by B the (m — r) x (n — k)
matrix of the second subsystem for the variables X to X,,. It is already clear that
if we select the pivot elements for the variables X to X}, in the first subsystem, then
pivoting does not change the second subsystem, and in the first subsystem only the
coefficients of the variables X; to X}, change. So the zero-elements outside the two
subsystems are maintained. This is how fill-ins are controlled by a decomposition.

Figure 9.1 A first decomposition of a system of linear equations into two subsystems and
the associated zero-pattern of the coefficients.

If we want to eliminate the variables X; to X}, we have to distinguish two cases:

1. First, assume that r < k, i.e. there are less equations than variables to be
eliminated. Then, we may eliminate at most r variables. Let us eliminate the
variables in the order of their numbering X, ..., X,.. Then, it either turns out
that the first subsystem has no solution, which implies that the whole system
has no solution, or X3, ..., X, are at the end of the elimination process linearly
expressed by the remaining variables X, 1, ..., X}, of the subsystem. We have
fori=1,...,r,

Xi = citerXepr+ X+ Cikr1 Xet1 + o CipXpe
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Here, the first variables X, 1 to X} can freely be chosen because they do not
appear in the remaining second part of the system, whereas the last variables
Xky1 to Xp are determined by the second part of the system which can be
solved independently of the first part.

2. In the second case, if k£ < 7, the elimination of the variables X, X2, ... may
already show that the system has no solution. Otherwise, the variables X; to
X, are eliminated from at least k equations of the first subsystem and there
remain at most r — k equations containing only the variables X, to X}, This
system is added to the second subsystem which still contains only the variables
Xk41 to X,,. We thus obtain a new linear system for the variables X1 to X,,.

The eliminated variables X, ..., X} are linearly expressed by the variables
Xk41,---,Xp. Once the second subsystem is solved for Xy q,..., X, we
can backward substitute the solution into the expressions for X7, ..., Xk.

This describes a simple local computation scheme: the decomposition of the
system can be represented by the two-node join tree of Figure 9.2. The variables of
the first subsystem are covered by the label of the left-hand node and the variables of
the second subsystem by the label of the right-hand node. The message sent from the
left to the right node is obtained from eliminating all variables outside the intersection
of the node labels. These are the variables X; to X. The message is either empty or
consists of the remaining system of the first subsystem after eliminating the variables
X to Xy. If the elimination of the variables in the first subsystem already shows that
the total system has no solution, then no message needs to be sent. Otherwise, the
arriving message is simply added to the subsystem of the receiving node. Then, the
variable elimination is continued in the new system until either a solution is found in
the sense of the previous subsection, or it is seen that no solution exists. In the first
case, assume that the variables X to X; are expressed by the remaining variables
X141, - .., Xn. Note that since we did not make any assumption about the rank of the
matrix, we cannot be sure that all this holds for all variables X1 to X}, but only
for some [ < h. Then, the expression of the variables X1 to X; may be backward
substituted into the expressions of the variables X to X, if r < k, or to X}, obtained
in the process of variable elimination in the first subsystem.

Figure 9.2 The join tree corresponding to the decomposition of Figure 9.1.

Let us point out more explicitly how the above scheme is connected to the local
computation framework. We know from Section 7.2 that solution spaces of linear
systems form a valuation algebra. Sets of equations provide a formal description of
solution spaces and can therefore be considered as a representation of the latter. The
domain of a set of equations consists of all variables that have at least one non-zero
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coefficient in this system. In the above description, we combined sets of equations
by simple union. The original system therefore corresponds to the objective function
and the knowledgebase factors are subsets of equations, whose union builds up the
total system. This corresponds to the decomposition view presented in the introduc-
tion of this chapter. When producing such a decomposition from an existing system,
we should keep the factor domains as small as possible. Otherwise, we will need
large join tree nodes to cover these factors, which results in a bad complexity. In the
case at hand, we can provide a factorization with minimum granularity where each
factor contains exactly one equation. Then, the above procedure can be generalized
as follows: we assume a covering join tree (V, E, A, D) for the knowledgebase where
each node ¢ € V contains a subsystem of linear equations whose variables are cov-
ered by the node label A(3). This join tree decomposition reflects a certain pattern
of zeros in the original total system. Note also that these systems may be empty on
certain nodes, which mirrors the assignment of identity elements in Section 3.6. If
we then execute the collect algorithm, the messages correspond to the description
above. At the end of the message-passing, the root node contains the total system
from which all variables outside the root label have been eliminated. We determine
the remaining variables from this system and, if it exists, build the total solution by
backward substitution. The depicted variable elimination process clearly maintains
the pattern of zeros represented by the join tree decomposition. Consequently, join
tree decompositions control fill-ins in general sparse systems of linear equations.
This process will be formulated more precisely in Section 9.1.3 for the important
case of regular systems that always provide a unique solution. There, we also point
out that backward substitution in fact corresponds to the construction of solution
configurations according to Section 8.2.1, see also Exercise H.1.

To identify the complexity of this approach, we consider a system that gives the
most of work, i.e. a regular system of n variables and n equations. Eliminating
one variable from this system takes a time complexity of O(n?) and eliminating
all variables is thus possible in O(n?). Backward substitution takes linear time for
one variable and is repeated n times which result in O(n?). Altogether, the time
complexity of Gaussian elimination without taking care of fill-ins is O(n3). If local
computation is applied, each join tree node contains a system of at most w* + 1
variables, where w™ denotes the treewidth of the inference problem derived from the
total system. The effort of eliminating one variable is O({(w* + 1)2), and a complete
run of the collect algorithm that eliminates all variables takes

O(n (Wt + 1)2). 9.3)

Backward substitution is performed n times with the equations that result from the
variable elimination process and which contain at most w* variables. We therefore
obtain a time complexity of O(nw™*) for the complete backward substitution process.
Because each node stores a matrix whose domain is bounded by the treewidth, we
obtain the same bound as (9.3) for the space complexity. If the treewidth is small with
respect to n, then big savings may be expected.
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9.1.3 Regular Systems

In this section we examine more closely and more precisely the local computation
scheme and the related structure of fill-ins for regular systems AX = b, where A is
a regular n x n matrix. This assumption means that there is a unique solution to this
system. In particular, we look at the fusion algorithm of Section 3.2.1 for computing
the solution to this system. We choose an arbitrary elimination sequence for the n
variables. By renumbering the variables and applying corresponding permutations
of the columns of the matrix A, we may without loss of generality assume that the
elimination sequence is (X1, Xa, ..., X,). Further, by a well-known theorem of lin-
ear numerical analysis, it is also always possible to permute the rows of the matrix A
such that in the sequence of the elimination of the variables X7, ..., X, all diagonal
elements are different form zero (Schwarz, 1997). Again, without loss of generality,
we may assume that the rows of A are already in the required order. This means that
the following process of variable elimination works fine.

In the first step variable X is eliminated. Since by assumption a;,; # 0 we may
solve the first equation for X,

n
X1 = a- E T1,:.X5,
=2
where
b1 ai;
i — — and T1: = 2 (94)
a1 ai
for i = 2,...,n. Using this linear expression, we replace the variable X in the

remaining equations to obtain

n

Z (ajyi — ljylal,,‘) Xi = bj - lj11b1

=2

forj=2,...,nwith

Y
li1 = 2ol ©.5)
ai
Let us define
a§,lz-) = aj; —lj1e1,; and bgl) = b; —lj1h
for j,i = 2,...,n. Then, the new system can be written as

n
Salx = o)
=2
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By assumption ag% is different from zero, variable X, can be eliminated by solving

the first equation of the new system and so forth. In the k-th step of this elimination
process, k = 1,...,n, we similarly have

n
Xy = o— . ThiXi 9.6)
i=k+1
where
_ (k—1)

b(k 1 ay;
Cp = %‘1—) and Tki = %__—1) (97)

Ay k Ak

for: =k + 1, ..., n. Further, with

a® = a* Y _ e and bgk) = bgk"l) -1

k—1)
3y 3 3.k Ok 4 5,k 9.8

forj,i=k+1,...,n, where

oFD
e = ©.9)
Ok
we get the system
~ ®) (*)
Do e X = by
i=k+1

In this process we define a ?)

. = a;;. For k = n — 1 it remains a simple system

(.
J
am VX, = oY

with one unknown that can easily be solved. By backward substitution for & =
n —2,...,1, using equation (9.6), we obtain the solution of the regular system.

In order to study the control of fill-ins by local computation, we consider the join
tree induced by the above execution of the fusion algorithm as described in Section
3.2.2. To each eliminated variable X; corresponds a node ¢ € V in the join tree
(V, E, A\, D) with a certain label A\(¢) € D = P({1,...,n}). Let us now interpret
the fusion algorithm as a message-passing scheme in this join tree according to
Section 3.5. To start with, consider node 1 where the variable X; is eliminated. Let

€(1) = {j:a;1 #0}

define the index set of all equations which contain the variable X;. Only these
equations are changed when variable X is eliminated. Further, let

A1) = {i:a;,; #0forsomej € ¢(1)}
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be the set of variables that occur in the subset of equations with indices in €(1).
Note that the first equation is in ¢(1), since by assumption a;; # 0. Hence, also
the variable X is in the label A(1) of node 1. When we now look at the elimination
process of variable X according to the equations (9.4) and (9.5) above, then we
remark that r; ; = 0 for ¢ ¢ A(1) and [;; = 0 for j ¢ €(1) and also
;12 = ag-?i) and bg.l) = b§0) for j ¢ €(1).

This shows that zeros in the first row and the first column of A are maintained when
eliminating variable X;. Further, it exhibits the locality of the process by showing
that only equations which contain variable X; will change. The message sent to the
child node ch(1) of node 1 in the join tree is determined by the coefficients

o = 0@ 1,10 and B = O 1, b0
forj € (1) — {1} and i € A(1) — {1}. These coefficients specify the new system of
equations after elimination of variable X;. This process is repeated for variables X
and nodes k for k = 1,...,n — 1. For node k& of the join tree, where the variable X}
is eliminated, we define as above

ek) = {j:alyV#£0}

for the equations containing variable X, after k£ — 1 elimination steps and
Aty = {i:a (k 1) 0 for some j € e(k)}

for the variables contained in these equations. Again, by assumption, a —1 7é 0.
Hence, the k-th equation belongs to (k) and the variable X}, belongs to /\(k)

we may eliminate variable X, from the k-th equation. Similar to the first step, we
remark that 7 ; = 0 fori ¢ A(k) and /5, = O for j ¢ e(k) and also

al® = ag-i_l) and bgk) = bg-k_l) forj ¢ e(k)andi=k,...,n.

J i
The message sent from node & to its child ch(k) is given by the coefficients

a® = k-1 (k—1) (k) _ plk—1) (k—1)
a;; = a;; —ljkag; ' and b7 =b; — l;.kb;,

for j € e(k) — {k} and ¢ € A(k) — {k}. The process stops at node n. This discussion
permits to clarify how the zero-pattern of the matrix A is controlled and maintained
by this fusion algorithm.

Lemma 9.1 The k-th equation of the system AX = b is covered by some node i < k
of the join tree (V, E, \, D). More precisely, there exists an index i < k such that

{h:akn #0} C A(@).

Proof: Let ¢ be the least index of the variables occurring in the k-the equation.
Since the k-th equation contains no variables with indices h < i, we conclude that

www.it-ebooks.info


http://www.it-ebooks.info/

SYSTEMS OF LINEAR EQUATIONS 331

k ¢ e(h) for h < zandhenceai)l =ap; forl =1,. nandai) = ax,; # 0. So,
the k-th equation belongs to €(7) and is therefore covered by A(4). ]

This result allows us to assign each equation & to some node ¢ < k of the join
tree, and we have ay p, = 0 for h ¢ A(¢). This zero-pattern is maintained through the

variable elimination process due to the remarks of the analysis above, i.e. afc)h =0
forh ¢ A(d) and I < i.

To complete the description of the fusion algorithm in the case of a regular system
of linear equations, we summarize it as a message-passing scheme: The system of
equations assigned to the node k of the join tree is denoted by Yrpfork=1,...,n.
Some of these systems may be empty. A system 4y determines the affine space 5, of
its solutions. If the system is empty, the affine space consists of all possible vectors.
In other words, ¥, is then the neutral valuation in the information algebra of affine
spaces. The problem of finding the solution to the system AX = b can then be
written for k = 1,..., n as the inference problem

G = (o @yn) R

Given the uniqueness of the solution, each such projection is just a number.

Now, the fusion algorithm is described in terms of the information elements vy, as
follows: at step 1, node 1 sends the message

Hiosch(l) = P

to its child node ch(1). This is done by transforming the systems of equations %,
according to the above procedure, i.e. by solving the first equation with respect to
X and replacing the variable X in the remaining equations of ;. The resulting
system is denoted by fi;_,.,(1) and represents the message f4;_,cn(1). The message
is combined to the content of node ch(1) to get

dfch(l) = wch(1)®ul—+ch(l)~

This new system is simply represented by
¢ch(1 = l/;cha) U i1 —eh(1)-

More generally, let w(k be the information element on node ¢ before step k of the
fusion algorithm. We therefore have ¢( ) = = ;. The associated system of equations
is denoted by 1/;2( ) At step k, node k sends the message

'
Hk—ch(k) = (1/1;(ck))

to node ch(k) by solving the first equation of the system 1/3,(!“) with respect to Xy,
and replacing the variable X}, in the remaining equations, which gives the system
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flgch(k) Tepresenting the message. This message is added to the system in the child
node ch(k) to yield

T(k+1) (k) ~
d}ch(k) = djch(k) U fik—ch(k)-

All other nodes remain unchanged, i.e. 1%'““) = 1/35’6) for i # ch(k). This process
is repeated for k = 1,...,n — 1. At the end, the root node n contains the valuation
¢+{X»} which is represented by the system

VX, = brh, (9.10)

This is the end of the fusion algorithm interpreted as message-passing scheme, or
equivalently, of the collect algorithm as described in Section 3.8, executed on the
particular join tree that is induced by the fusion algorithm.

Since we are dealing with an idempotent valuation algebra, we can use the cor-
responding architecture from Section 4.5 for the distribute phase to compute the
complete solution ¢*{Xi} forall s = 1, ..., n. We first transform equation (9.10) on
the node n into the equivalent form

bsl'n,—l)

from which we determine the solution value

bsln—l)

N

This in fact defines the single-point affine space ¢*{X»} = {z,,}. Observe now that if
n— 1 is a neighbor to node n such that ch(n— 1) = n, it follows by the construction of
the join tree from the fusion algorithm that \(n —1)NA(n) = A(n—1) — {Xn_1} =
{X.}. So, the message sent from node n to node n — 1 in the distribute phase is

NN e

This means that equation (9.11) is added to the system 1/31(1"__11) containing the equation
Xn—l = Cp-1 —"'n—l,ana (912)

besides possibly a second system that represents the message fromnode n —1ton in
the collect phase. This second system is redundant with the equation (9.11) and can
be eliminated. Finally, the solution z,, from equation (9.11) can be introduced into
(9.12) to yield the solution value for X,,_; determining the affine space ¢*{Xn-1},
In the general step of the distribute phase, node k receives a message

¢J,/\(k)r‘1)\(ch(k)) _ ¢¢/\(k)—{k}
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from its child node ch(k). By the induction assumption this message is a single-point
affine space given by the solution values z; for ¢ € A(k) — {k}. The system of
equations on node k contains the equation

Xk = Ci — z T'k,iXi~
ieX(k)—{k}

The solution values contained in the message are introduced into this equation to get
the solution value for X,

X = Cip— E Tk,iTq-

i€A(k)—{k}

So, by induction, distribute corresponds to the construction of the solution values of
the variables X on the nodes k of the join tree by backward substitution. This is
in fact a consequence of the theory of solution construction developed in Chapter 8
applied to context valuation algebras. In Exercise H.4 we proposed to define solution
sets in context valuation algebras by their associated set of models. The computa-
tions in the relational algebra of solution sets performed by the solution construction
algorithms of Section 8.2 therefore correspond to computations in the context valu-
ation algebra itself. Hence, the above execution of the idempotent distribute phase
coincides with the application of the generic solution construction procedure from
Section 8.2.3. We continue this discussion in Section 9.2 and Section 9.3.2, where
other valuation algebra are studied that do not belong to the class of context valuation
algebras. There, the solution construction procedures will be applied explicitly.

This completes the picture of the solution process as a message-passing procedure
on the join tree induced by the fusion algorithm. In particular, the discussion shows
that locality as represented by the join tree is also maintained during the distribute
phase. It is important to understand that a similar process can be executed on an
arbitrary join tree, where A(k) N A(ch(k)) = A(k) — {Xx} does not necessarily
hold. Here, we have chosen the very particular join tree of the fusion algorithm for
illustration purposes, i.e. exactly one variable is eliminated from the equation system
between two neighboring join tree nodes. It follows a numerical example:

Example 9.1 Consider a regular 4 x 4 matrix A and a corresponding vector b,

1100 2
2110 3
A=14397 1| @d b= 1,
00 2 1 6

We solve the linear system AX = b by elimination of the variables X1, X, and
X in this order. Eliminating X, yields the following new matrix A1) and the new
right-hand side vector b(%)

-1 -1
and b = 4

6

1
A = 1
2

— O

2
0
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We remember also the non-zero r- and l-elements r1 2 = 1 and ly = 2. Next, we
eliminate X4 and obtain

@ _ |31 @ _ |2
A [21] and b = 6 |

In addition we have rp 3 = —1 and l3 o = —2. It remains to eliminate X3 giving
A® = [1/3] and b® = [14/3 ]
with ly 3 = % andr3 4 = % We can now solve the equation

1
Ly, _ 1
3 3

for X4 and obtain the solution value x4 = 14.

Figure 9.3 shows the join tree induced by the fusion algorithm described above.
We may assign the first two equations to the left-most node and the last two equations
to the second node from the left. Eliminating the variable X, generates the equation

X2+ X3 = -1

as the message sent to the next node. There, this equation is added to the two equations
already hold by this node. This yields the linear system defined by the matrix A
and the vector bV, Next, eliminating the variable X, generates the system described
by the matrix A and the vector b\®) as the message to be sent from the second
to the third node. Since the system contained in the third node is empty, the node
content becomes equal to the received message. Finally, eliminating the variable X3
generates the equation (1/3)X4 = 14/3 as the message sent to the fourth node.
Again, the content of node 4 is an empty system such that the received message
directly becomes the new node content.

(o) ~ato) et )—(

Figure 9.3 The join tree induced by the variable elimination in Example 9.1.

Now, the distribute phase starts by solving the equation of node 4, which gives
us the solution value x4 = 14 as remarked above. Node 4 sends this solution value
back to node 3, where it can substitute the variable X 4. Using the first equation of
the system defined by A and b'®) on this node, we can solve for X3 to obtain

z3 = 2/3 — (1/3)x4 = —4. This is the value sent back to node 2, where it can be
used to determine the solution value of X9 using the first equation of the system on
this node, o = 1 + x3 = —3. Finally, this values is sent back to node 1, where we

get from the first equation x1 = 2 — x9 = 5. This constitutes the totality of the unique
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solution of the system AX = b. Note that in the whole process, at each step only
the variables belonging to the label of the current join tree node are involved. This
shows the locality of the solution process.

In the next section we study a variant of this process, which has advantages if the
system of equations AX = b must be solved for different vectors b. By memorizing
certain intermediate factors derived from the matrix A in the first run of the above
algorithm, we obtain a factorization of A into an upper and a lower triangular matrix.
If later another equation system with the same matrix must be solved, only the
computations with respect to the new vector must be repeated. This considerably
simplifies the computations of the involved local computation messages.

9.1.4 LDR-Decomposition

Let us review the process of Gaussian variable elimination described in Section 9.1.3.
From the recursive definition in equation (9.8) we derive

(k—1) (0) (1) (k—2)
Qg ; = aki—laay,; —lk2as; —--— lkvk—lak—l,i

= ki — g1V —leavos — = e —1Vk—1,i

for1 <k <4, if we define vy ; = afcki_l). This implies that

o

—1
ag; = Ik, V55 + Uk
1

.
Il

If we set I, = 1, we may also write

k
aki = ) lkgvs
j=1

This can also be expressed by the matrix product
A = LV,

where L is a lower triangular und R an upper triangular matrix,

1 0 o ... 0

lgyl 1 0 ... 0

L = l3,1 l3,2 1 P 0

ln,l ln,2 ln,3 1

and

V1,1 V1,2 V1,3 ... VUi
0 V22 V23 ... UV2n
V = 0 0 V33 ... UV3n
0 0 0 ... Uyn
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This representation is called LV -decomposition of the matrix A. We remark that the
vg,; used here are closely related to the elements 4 ; in equation (9.7). We have

(k—1)
, A Uk
k,i - (k_l) *
v
ay k.k

Therefore, if we define the diagonal matrix D with elements dj, x = 1/vk x on the
diagonal and zeros otherwise, and further the upper triangular matrix

1 Ti2 ™13 ... Tin
0 1 23 ... T2n
R = 0 0 1 oo T3n y
0 0 o ... 1
then we have the representation
A = LDR.

This is called LDR-decomposition of the matrix A.

We may neglect the right-hand side of the system AX = b in the fusion algorithm
described in the previous Section 9.1.3 and only compute the elements I ;, 7 ; and
agfk_ Y that depend on the matrix A. If we relate these elements to the join tree
induced by the fusion algorithm, we remind that r; ; = 0 for¢ ¢ A(j) and I ; =0
for j ¢ €(j). Thus, the two matrices L and R maintain the zero-pattern described by
the join tree. The computation of the LDR-decomposition in the fusion algorithm
can be interpreted as a compilation of the matrix A, which can then be used to solve

AX = b for different vectors b. This will be shown next.

Given some vector b and the LV- or LDR-decomposition of the matrix A, we
solve the system AX = b by first solving LY = b, yielding the solution y, and then
VX = DRX = y. This solution process is simple, since both matrices L and V
are triangular: We first solve the system LY = b by executing the collect algorithm
on the join tree. In fact, starting with node 1 we directly obtain the solution value
41 = by from the first equation Y; = b;. We introduce this value into the equations
j € €(1) — {1} and obtain the new system

Z LiiXi = bj—ljib.
i€A(1)

Defining b;l) = b; — l;,1b1, the message sent to the child node ch(1) is the set

(6891 j e e(1) - {13}
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This defines the new lower triangular system after elimination of variable Y. In the
k-th step, the equation for Y; on the node k is Y, = b;ck_l). The solution value
Yk = bik_l) is introduced into the equations j € e(k) — {k} to obtain

3o Y o= b b,
iEA(k)

So, the message sent to the child node ch(k) is the set
{875 € e(k) - {k}}

with b§k) = bg»k_l) — lj,kbik_l). In this way, the solution y; for k = 1,...,n is
obtained. It is important to remark that in the general case, the collect algorithm only
computes the solution for the variable Y, in the root node, and the values for the
remaining variables are found by backward substitution in the distribute phase. In the
case at hand, we are dealing with triangular systems and therefore obtain all solutions
y of the system LY = b already from the collect algorithm.

In a second step, we execute the distribute algorithm to solve the system VX =
DRX = y, respectively RX = D~ly. The root node n contains the equation
Xn = Yn/dn n from which we determine the solution value z,, = y,,/dp - This
value is sent to node n — 1 and replaces there the variable X, in the equations from
RX = D~y that are contained in the node n — 1. More precisely, we compute for

Ui

z;
3
d;.;j

— TjnTn
for j € A(n — 1), according to equation (9.12). In the general case, node k receives
a message from node ch(k), which consist of

»
Tj = o = Tich(kTeh(k)-
d;;j

for j € A(k). Altogether, this permits to solve the triangular system of equations on
thenode k fork =n,..., 1.

We again point out that the solution of AX = b for an arbitrary, regular matrix
A required in the previous section a complete run of the collect and distribute algo-
rithm. But if we dispose of an LDR-decomposition of A, we may solve the system
LY = b with a single run of the collect algorithm, because the involved matrix L
is lower triangular. Likewise, we directly obtain the solution to the system DR =y
by a single run of the distribute algorithm, because the matrix DR is upper trian-
gular. This symmetry between the application of collect and distribute is worth noting.

We apply this compilation approach to Example 9.1 above:
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Example 9.2 In Example 9.1 we determined the elements of the matrices L and R,

1 0 0 0 11 0 0
2 1 0 0 01 -1 0

L=10 2 1 o] 9 B= 1499 1 13
0 0 2/3 1 00 0 1

We remark how the zero-pattern controlled by the join tree of Figure 9.3 is still
reflected, both in the matrix L as well as in the matrix R. With the diagonal matrix
below we obtain the LDR-decomposition A = LDR.:

1 0 0 0
0 -1 0. 0

D =10 0 3 o
0 0 0 1/3

In the first step, we solve the system LY = b, where b is given in Example 9.3.
We again assign the first two equations of this system to the first join tree node and
the last two equations to the second node to control fill-ins. In the first node, we
obtain y; = 2 and introduce this value into the second equation, whose right-hand
side becomes bgl) = by — lp1y1 = —1. This value is sent to node 2, where now
the solution value y, = bél) = —1 is obtained. Also, node 2 computes the message
bg2) = bs — 3 2y2 = 2 and sends it to node 3. Node 3 computes ys = 2 and sends the
message bff’) = by — la,3y3 = 14/3 to node 4, where we finally obtain y, = 14/3.

The solution of RX = D~y by the distribute algorithm, using the values y
computed in the collect phase, is initiated by the root node 4. We obtain on node 4
the value ©4 = ya/ds s = 14. This value is sent to node 3, where we obtain x3 =
y3/ds,3 — r3.4x4 = —4 and send this message to node 2. Continuing this process,
we obtain o = Ya/da 2 — T2 323 = —3 innode 2 and x, = y1/d11 — 1,222 = 5
in node 1. This terminates the distribute phase. We note that on all nodes j only
variables from the node label \(j) are involved.

This ends our first discussion of regular systems. An important special case of
regular systems is provided by symmetric, positive definite systems. They allow to
refine the present approach as shown in the following section.

9.2 SYMMETRIC, POSITIVE DEFINITE MATRICES

The method of LDR-decomposition presented in the previous section becomes
especially interesting in the case of linear systems with symmetric, positive definite
matrices. Such systems arise frequently in electrical network analysis, analysis of
structural systems and hydraulic problems. Further, they arise in the classical method
of least squares, which will be discussed in Section 9.2.5 as an application of the
results developed here. In all these cases, the exploitation of sparsity is important.
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However, it turns out that in the case of systems of linear equations with symmetric,
positive definite matrices, the underlying algebra of affine solution spaces is of less
interest and can be replaced by another valuation algebra. We first introduce this
algebra, which interestingly is closely related to the valuation algebra of Gaussian
potentials introduced in Instance 1.6. The reason for this is elucidated in Section
9.2.5, where systems of linear equations with symmetric, positive definite matrices
are related to statistical problems.

9.2.1 Valuation Algebra of Symmetric Systems

To put the discussion into the general framework of valuation algebras, we consider
variables X1, ..., X, together with the associated index set» = {1,...,n}. Vectors
of variables X, as well as matrices A and vectors b then refer to certain subsets
s C r. For instance, a system AX = b is said to be an s-system, if X is the variable
vector whose components X; have indices in s C 7, A is a symmetric, positive
definite s x s matrix and b is an s-vector. Such systems are fully determined by the
pair (A, b) where A is an s X s matrix, b an s-vector for some s C r. These are
the elements of the valuation algebra to be identified. Let ®, be the set of all pairs
(A, b) relative to some subset s C 7 and define

e = |Jo.
sCr

By convention, we define for the empty set ¢ = {(¢,©)}. The label of a pair (A, b)
is defined as d(A, b) = s, if (A, b) € .

In order to define the operations of combination and projection for elements in ®,
we first consider variable elimination in the system AX = b. Suppose (A, b) € ®,,
1.e. the system is over variables in s, and assume £ C s. We want to eliminate the
variables in the index set s — ¢. For this purpose, we decompose A as follows:

Ais—t,s—t Als—i»t

A = Adts—t Attt
The system AX = b can then be written as
AJ,sAt,sftxis«t + AJ,s»t,tx.Lt — bis—t
A.Lt,s—txis—t + A,Lt,tx,Lt — b.J,t.

Solving the first part for X+°~* and substituting this in the second part leads to the
reduced system for X+t

(Ait,t _ Ait,s—t(Als—t,s—t)—lALs—t,t) XJ,t — bit_Aitws—i(ALS—t,S—t)—lbiS-t.

Here we use the fact that any diagonal submatrix of a symmetric, positive definite
matrix is regular. We define

Al}t — Al,t,t _ A,Lt,s—t(Ais—t,s—t)—lA.Ls—t,t
b{lt — bit _A.Lt,s—t(Ais—t,s—t)—lbis—t (913)
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and remark that A% is still symmetric, positive definite.

Theorem 9.1 Ifx is the unique solution of AX = b, then x*! is the unique solution
to AVtXYt = bl¥t. Conversely, if y is the unique solution of AY'Y = b¥t and

x = (A.Ls—t,s—t)—-lbls—t . (Ais—t,s—-t)—lAis-—t,ty,
then (x,y) is the unique solution of AX = b.

Proof: The proof is straightforward, using the definitions of A¥* and b¥?. Since x
is a solution of AX = b, it holds that

A.Ls—-t,s—txls-—t + A,Ls—t,txlt — blS—t,
Alt,s—txis—t + A.Lt,tx.Lt — b’l't,

hence
(AJ,t,t _ A.Lt,s—t(Als—t,s—t)—lA.Ls—t,t) X‘Lt = bli_Alt,S—t(AiS—tyS—t)—lbiS—t_

This proves the first part of the theorem. The second part follows from the first
subsystem above, if x**~¢ is replaced by x and x** by y and if it is multiplied on
both sides by (Ats—ts—t)=1 "

This theorem justifies to define the operation of projection for elements in by
(A,b)Y* = (A¥ Yy (9.14)

for t C d(A,b). It is well-known in matrix algebra that A¥* may also be written as
At — ((A—l).j,t,t) —1_
A proof can for example be found in (Harville, 1997).

Next, consider two systems A;X; = b; and A, X5 = b,. What is a sensible way
to combine these two systems into a new system? Clearly, taking simply the union
of both systems as we did so far with systems of linear equations makes no sense,
because the matrix of the combined system will no more be symmetric. Moreover,
the combined system will most of the time have no solution anymore. We propose
alternatively to add the matrices and the right-hand vectors component-wise. More
precisely, we define for d(A,b1) = sand d(As, bs) =1,

(A1,b1) ® (Ag,by) = (A]*Y 4 AJVE bIYF L bIYY).  (9.15)

At this point, the proposed definition is rather ad hoc. It will be justified by the
success of local computation and even more strongly by a semantical interpretation
given in the following Section 9.2.5. For the time being, the question is whether
(@, D) together with the operations of labeling, projection and combination satisfies
the axioms of a valuation algebra. Instead of verifying the axioms directly, we
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consider the mapping (A,b) — (A, u), where u = A~'b. Let U be the set of
all pairs (A,u), where A is a symmetric, positive definite s X s matrix and u
an s-vector. This mapping is a surjection between ® and ¥. We next look at how
combination and projection in ® is mapped to ¥. Let (A1, b;) and (A, bg) belong
to ® with labels s and ¢, respectively. Then, by the definition of combination above,
(A1,b1) ® (Az,bz) = (A, b) with

A — AISUt + Agsut'
Hence, (A1,b;) ® (A, by) maps to (A, u) with

u

I

A-p = A—l(bIsUt+b£sUt)

f

Al ((Alul)TSUt + (A2u2)TSUt) = Al (AIsUtuIsUt + A;‘sutugsut)’

whereu; = Al_lbl andu; = Aj 1h,. Consequently, a combination of two elements
in ® is mapped as follows to an element in ¥

(A1,b1) ® (Ag,b2) — (A, u)
with
A = AIsUt +A‘£5Ut
and
a = A-! (A‘{sutu‘{sut + A;sutugsw)_
Turning to projection, let (A, b) be an element in ® with domain s, which is
mapped to (A,u) withu = A~'b. If t C s, then (A, b)!® represents the system

AVtXIt = b¥t with the unique solution ut as a consequence of Theorem 9.1. This
means that (A, b)** maps to

(AUt’ (Aut)—l bUt) = (A% ult
where
At — ((A—l)u,t) _1'
We thus have the following projection rule in ¥:
(A,u = (((A‘l)“’t)_l,u“).
We observe that combination and projection in ¥ correspond exactly to the operations

of Gaussian potentials introduced in Instance 1.6 and we therefore know that (¥, D)
forms a valuation algebra. Moreover, due to the introduced mapping, (®, D) and
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(¥, D) are isomorphic which implies that (®, D) is a valuation algebra. We proved
the following theorem:

Theorem 9.2 The algebra of linear systems with symmetric, positive definite matri-
ces is isomorphic to the valuation algebra of Gaussian potentials.

Let us have a closer look at the combination of (A;,b;) and (A, by) with
d(A1,by) = s and d(Az,by) = ¢t. If X denotes an (s U t) variable vector, these
valuations represent the systems A;X‘* = b; and A,X* = by with symmetric,
positive definite matrices. We consider the system AX = b which is represented by
(A1,b1) ® (Ag, by) such that

A = A‘{sUt +A;sut and b = bl‘sut+b;sut'

In order to compute the solution to the system AX = b, we proceed in two steps by
first projecting to ¢, i.e. eliminating the variables X+*~, and then solving the system
A¥XH = b¥, This is justified by Theorem 9.1. We decompose the matrices and
vectors according to the sets s — ¢, s N ¢ and ¢t — s and write the system as

All,s—t,s—t A.{,s—t,sﬂt 0 Xls—t -
AJl,sr'\t,s—t A{sﬁt,sﬁt_}_A%sﬂt,sﬁt A,Lsﬂt,t—s X,Lsnt
0 A%t—s,sﬁt A;tés,tfs XJ,t—s
ls—t
by®
— le,sﬁt_i_b%sﬂt
Jt—s
b; ]

Eliminating the variables X+°~* means to solve the first subsystem for the variables
X+2=¢ and to substitute the solution into the other equations, which gives the system

Alljsﬂt,sﬁt_i_A%sﬁt,sﬁt AJ2,sﬂt,t—s :| [ Xisﬁt ] [ b#Lsr‘lt +b$sﬁt :l
Aét——s,sl"lt A%t,t—s XJ,t—s b%t—s .
Note that this system is represented by either
(ALb1) ® (A2, b2)" or (A;b)* ™M ®(Ag,b2).  (9.16)

This illustrates the combination axiom and shows how local computation can be
applied to symmetric, positive definite systems. If the second representation is used,
then the variables X+*~ in the first system are eliminated and the result is combined
to the second system. It would be reasonable to apply the local computation methods
of Section 9.1.2 and 9.1.3 for the variable elimination process. This however is
not possible because idempotency does not hold anymore in this algebra. Symmetric,
positive definite systems only form a valuation algebra but not an information algebra.
For local computation, this means that we must apply the Shenoy-Shafer architecture.
However, Theorem 9.1 offers an alternative possibility based on solution construction
which comes near to idempotency. This is exploited in the following section, and
variable elimination and LDR-decomposition with symmetric systems is examined
in Section 9.2.3.
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9.2.2 Solving Symmetric Systems

We now return to local computation as a means to control fill-ins. Note that zero-
patterns in a symmetric matrix are symmetric too. Consequently, symmetric decom-
positions of the matrix A as shown in Figure 9.1 are not possible. This implies that
the underlying valuation algebra of affine spaces introduced in Section 7.2 and used
so far is no longer of interest. In other words, combination as intersection or join of
affine spaces does not really reflect the natural decomposition of symmetric systems.
Instead, this is achieved by adding symmetric, positive definite matrices as showed in
the foregoing section. The corresponding algebra will now be used to control fill-ins.

Consider a join tree {V, E, A, D) with the labeling function A : V — D = P(r)
for r = {1,...,n}. We number the nodes from 1 to m = |V| and assume that any
node i € V in this join tree covers a pair ¢; = (A;,b;) with w; = d(¢;). They
consist of a symmetric, positive definite w; X w; matrix A; and an w;-vector b;. We
further assume that w; C A(¢) and wy U. . .Uw,, = 7. In other words, ¢; are elements
of the valuation algebra introduced in Section 9.2.1 and (V, E, A, D) is a covering
join tree for the factorization

according to Definition 3.8. As usual, the nodes of the join tree are numbered such
that if node 7 is on the path form node ¢ to node m, then i < j. We will see in Section
9.2.4 how such decompositions can be produced, and it will be shown in 9.2.5 that
factorizations of symmetric, positive definite systems may also occur naturally in
certain applications. The objective function ¢ represents the symmetric, positive
definite system AX = b, where

A A"+ .. +Alr

and
b = bl +...+bl".

The join tree exhibits the sparsity of the matrix A. We have a; 5, = 0, if j and h do
not belong both to some w;. Its zero-pattern is denoted by the set

Z = {(j,h): thereisnoi=1,...,m, suchthat j,h € w;}. (9.18)

Given a factorized system ¢ = (A, b) = ¢1 ® ... ® ¢, and some covering join
tree, we next focus on the solution process using local computation. As mentioned
above, this algebra is fundamentally different from the algebra of affine spaces and
does not directly yield solution sets. Instead, we aim at first executing a local com-
putation scheme and later build the solution x = A~!b using a generic solution
construction algorithm from Chapter 8. Hence, we start by introducing a suitable
notion of configuration extension sets for symmetric, positive define systems, moti-
vated by Theorem 9.1: For a t-vector of real numbers x, ¢ = (A,b) and ¢ C d(¢)
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we define
Wé(x) — {(Als—t,s“t)—lbls—i _ (A.Ls—t,s—t)—lAis—t,tx}‘ (919)
For later reference we prove the following property:

Lemma 9.2 Assume ¢1 = (A, by) and ¢2 = (A, bg) with d(¢1) = d(¢2) = s and
tCuCs If

bt = piet
then it holds for all t-vectors x that
W;i" (x) = W;%" (x).
Proof: By equation (9.19) and ¢f" = (AVy, bf") we have fori = 1,2
W) = {(y i) ey
((A{lu)iu—t,u—t)_1(Al}u)iu—t,tx}.

The statement of the lemma then follows directly from:

(blliu)’l'u_t _ (b%u _ AbsY( Ais—u,s_u)_lb%s_u)i"—t
= (b%u)iu_t _ (Alu,s—u(Als—u,s—u)—lb%s—u)iu_t
_ (bgu)“_t _ (Alu,s—u(A.Ls—u,s—u)—lbiz,s—u)iu_t
- (b&")w”t

Based on this lemma, we show that the definition of equation (9.19) complies with
the general definition of configuration extension sets in Section 8.1.

Theorem 9.3 Solution extension sets in valuation algebras of symmetric, positive
definite systems satisfy the property of Definition 8.1, i.e. for all = (A,b) € ®
witht C u C s = d(¢) and all t-vectors x we have

Wix) = {(y,z):yEWdt,w(x)andZEWg(y,x)}.

Proof: 1f xis the partial solution to the system ¢ = (A, b), then the above statement
follows directly from Theorem 9.1. In the following proof, we consider an arbitrary
t-vector x and determine a new system ¢; = (A,b;) to which x is the partial
solution. The statement then holds for x with respect to this new system, and if ¢,
is chosen in such a way that Lemma 9.2 applies, then the statement also holds for
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x with respect to the original system ¢. Hence, let x be an arbitrary ¢-vector. We
consider the new system ¢; = (A, by) with

bJ,s—t — bi,s—t
and determine b¥’ such that x is the solution to 7% = (A%, b¥?), ie.
A{th - bllit — b%t _ A,Lt,s—t(ALs—t,s—t)—lb%s—t
and therefore
le,t — Alltx + AJ,t,s—t(Ais—t,s—t)wlbis—t‘

Since x is the solution to (A, by )¢, it follows from Theorem 9.1 that (y, x) with

y = (Ai,s—t,s—t)-—lb,Ls—t _ (Al.s—t,s—t)—lA,Ls—t,tx
is the solution to the system (A, b;). We thus have

y € Wqﬁl (x) = Wi(x)

as a consequence of Lemma 9.2. Then, since (y,x) is the solution to (A, by), it
follows from Theorem 9.1 that (y+*~*, x) is the solution to (A, by )**. Hence,

W) = Wi ()
by Lemma 9.2. Finally, since (y**~%, x) is the solution to (A, by )** it again follows
from Theorem 9.1 that (y+“~¢, y+$~% x) is the solution to (A, b;). We have
y¥ U e Wi (yr'* =t x) = Wg(y“‘_t, X).

Altogether, this show that for an arbitrary ¢-vector x we have

Wix) = {(y,z) 'y € Wiu(x)andz € Wg(y,x)}.
"

Next, we specialize general solution sets from Definition 8.2 to symmetric, positive
definite systems. For ¢ = (A, b) € ® and t = 0, it follows from equation (9.19) that

cs = Wio) = {A7'b}. (9.20)

This shows that ¢, indeed corresponds to the singleton set of the unique solution
x = A~ !b to the symmetric, positive definite system AX = b. We therefore
conclude that the generic solution construction procedure of Section 8.2.1 could be
applied to build ¢4 based on the results of a multi-query local computation scheme.
However, the same is also possible using the results of a single-query architecture
only. This follows by verifying the property of Theorem 8.3:
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Lemma 9.3 Symmetric, positive definite systems satisfy the property that for all

Y1, 2 € ®withd(yr) = s, d(v2) =t, s C u C s Ut and u-vector x we have
Wl}j?t (xiuﬂt) = W$1®¢2 (X)

Proof: We observe the following identities for 11 = (A, b;) and 12 = (Ag, be):

(AIsut_‘_A;sut)usut)_u,(sut)_u _ Aé(sut)—u,(sut)—u _ Aét_u’t_u
and similarly
(bIsUt+bgsUt)¢(sUt)—u — bJ2,t—u
It then follows that
Wigu(x) = {([AT? + APV He0 -0 Zt [0t 4 pletjuteun =

_ ([AISUt +A;sut],L(sUt)—u,(sUt)—~u)-1[AIsUt +AgSUt]l(SUt)—“vux}

{(A%t—u,t—u)—lb%t—u _ (A%t—u,t—U)—1A%t—u,ux¢unt}
W:;ﬁt (xlur‘lt).
[ ]

Hence, given the results of a single-query local computation architecture, we may
apply Algorithm 8.4 to build the unique solution x = A~ !b of a factorized system
$=(A,b)=¢1 ®...0 ¢ with¢; = (A, b;) fori = 1,..., m. At this point, we
should remember that the valuation algebra of symmetric, positive definite systems
is isomorphic to the valuation algebra of Gaussian potentials and does not provide
neutral elements; see Instance 3.5. Hence, the domain w; = d(¢;) of node i € V in
the join tree does not necessarily correspond to the node label A(i). We only have
w; € A(i). Consequently, we must choose the generalized collect algorithm from
Section 3.10 to explain the message-passing view of this local computation based
solution. The run of this algorithm followed by the solution construction process is
delineated next, using the notation of equation (3.42) from Section 3.10.

Atstepi =1,...,m — 1, node 7 sends the message

) N A NA(ch(s))
Hissch(i) = (A§”,b§-”)

to its child node ch(7), where the message is combined with the current node content
(+1) LG+ _ (@) ()
(Ach(i) Bty ) = Hisch(s) @ (Aclh(i)’ bch(i))’
The domain of the node content updates to:

G+D) _ o AGHD L GHDY () @ :
Weniy = d(Achu) ’b:h(i)) = Wepgiy U (wil ﬁ/\(Ch(z)))-
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For all other nodes j # ch(i) we set

(A BED) = (AP BO) and wf*) = wff

with
(A B1) = (Asbi) and W = w,

forall i = 1,...,m. We now add an additional step that is not part of the general
collect algorithm. When node ¢ computes the message for its child node, it has to
eliminate the variables

w® = Ach(d)) = (i) — Mch(i)) 9.21)
from its node content. This equality is due to Lemma 4.2. The eliminated variables
satisfy the system

A= A(ch() A G A(ch(z‘)),A(i)—A(ch(i))) TH (0 1A =ACh() _

( AW PO-MEA)AG- A(ch(z’)))‘l 9.22)

A BT ONERED) 0 OMCA() i Lo NN (R (D).

For later use in the solution construction phase, we store in node ¢ the matrices on
the right-hand side of the equation. This is the only modification with respect to the
generalized collect algorithm. If we repeat this process up to i = m, we obtain on
node m the pair

(Aglm,bggn) — g

as a consequence of Theorem 3.7. The content of node m at the end of the collect
phase represents the symmetric system

AMXAm) - — b{™.

Solving this system gives us the partial solution set cj;\(m) as a consequence of
Lemma 9.20 and Lemma 8.1. We now follow the solution construction algorithm of
Section 8.2.3 starting in the root node m. Atstepi = m —1,...,1node i € V

receives the partial solution set

C;A(i)ﬂ)\(ch(i)) _ {XL,\(i)m)\(ch(i))}

from its child node ch(i). Using the matrices stored in (9.22), node i computes

D—X(ch(i w;NA(ch(i i ch(i
{xu( )—A(ch( ))} _ W(A;h(t,fig;))(x“( YA (ch( ))) (9.23)
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to obtain the partial solution x+(*) = (xMONMA(Ch(D) 3= (ch(d))) with respect
to its proper node label. At the end of the solution construction process, each node
i € A(Z) contains the solution x to the system AX = b projected to its node label, and
the complete solution x can simply be obtained by assembling these partial solutions.
This shows how factorized, symmetric, positive definite systems are solved using
local computation. The sparsity reflected by the join tree is maintained all the time.
A very similar scheme for the computation of solutions in quasi-regular semiring
systems will be presented in Section 9.3.2. Here, we next focus on the adaption of
LDR-decomposition to symmetric, positive definite systems.

9.2.3 Symmetric Gaussian Elimination

Consider again a system AX = b, where A is a symmetric, positive definite n x n
matrix, and X and b are vectors with corresponding dimensions. Since positive
definite systems are always regular, we could apply the local computation scheme
based on the LDR-decomposition from Section 9.1.3, if we have to solve this system
multiple times for different vectors b. However, here we are dealing with a different
valuation algebra such that parts of this discussion must be revisited. Moreover, the
approach presented in this section does not only exploit the sparsity of the system,
but also benefits from the symmetry in the matrix A. Because this matrix is regular,
we can use any variable elimination sequence in the Gaussian method to solve the
system. As in Section 9.1.3, we renumber the variables such that they are eliminated
in the order X1,..., X,,. We only need to permute the columns and the rows of the
matrix A accordingly. By the symmetry of the matrix, the same permutation must
be used for both columns and rows. In addition, it follows by symmetry that the
LDR-decomposition satisfies R = L7 such that

A = LDL”.
For positive definite matrices, D has positive diagonal entries. It also holds that
A = GGT,
where G = LDY/2. This decomposition is due to Choleski (Forsythe & Moler, 1967).

The symmetry of the matrix A can be exploited for the elimination of variables,
where it is now sufficient to store the lower (or upper) half of the matrix A and all

derived matrices. Then, equation (9.9) still applies: For j,i = k +1,...,n we have
k=1
j K k-1
lix = .Zk_l) = dk,kag,k ) (9.24)
ek

and according to equation (9.8) also

ag-i.) = ag-i_l) —lj,kagf;l) and bgk) = bgk_l) —lj,kbkk—l).
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Only the elements aﬁ-) for k£ < j < ¢ must be computed due to the symmetry in the
matrix A. We again remark that in a symmetric, positive definite matrix the diagonal
elements d, &, are positive in each step £ = 1, ..., n. They can thus be used as pivot
elements (Schwarz, 1997). Once the decomposition A = LDLT is found, the solu-
tion to the system is obtained by solving the triangular systems LY = b, DZ =Y

and LTX = Z, or alternatively by solving LY = band L”X = D'Y.

We now return to local computation to avoid fill-ins in the set of zero elements Z
given in equation (9.18). Since we are still dealing with a valuation algebra without
neutral elements, we again assume a covering join tree for the factorization of equation
(9.17) and further that the join tree edges are directed towards the root node m. As
usual, the nodes are numbered such that if node j is on the path form node  to node
m, then ¢ < j. Each node i € V contains a factor ¢; with w; = d(¢;) C A(7). If we
execute the collect algorithm as in Section 9.2.2, the computation of each message
Hi—sch(s) Tequires to eliminate the variables in

w® — Mch(i)) = @) — A(ch()).

See equation 9.21. This allows us to determine a corresponding variable elimination
sequence. Because the matrix A is regular, we may without loss of generality as-
sume that the variables are numbered such that X, ..., X, is a variable elimination
sequence that corresponds to the sequence of messages. Note that a possible renum-
bering of variables matches a permutation of the rows and columns of the matrix A
and the vector b.

We claim that the factors a;{c}z remain zero for all elimination steps k, if (j, h) € Z.

Theorem 9.4 Forall (j,h) € Zandk =0,...,n—1wehavea'") = Oandl;, = 0.

Proof: We prove the theorem by induction: For £ = 0 the proposition holds by
the definition of Z. We note also that [; ; = O for all (j,1) € Z. This follows from
equation (9.24). So, let us assume that the proposition holds for £ — 1 and also that
l;k = 0forall (§,k) € Z. From equation (9.8) follows that ag.{“,z =0,if (j,h) € Z.
Then, by equation (9.24) it also follows that [ x4+1 = O for (j,k + 1) € Z. |

The theorem states that the non-zero pattern defined by the join tree decomposition
of the matrix A is maintained in the LDL7 factorization of A.

We next observe that all diagonal, square submatrices of a lower triangular matrix
are lower triangular too. So, for s C r = {Xj,...,X,} the submatrix L+** is
lower triangular as well as L+t ~%¢=% and L+*"*" with s U t = r. This situation is
schematically represented in Figure 9.4.

Subsequently, we assume that the factors ag.{c,z or the [-elements are still available
from an earlier run of the collect algorithm, see equation (9.24). This means that each
node i € V contains the matrix L4 " which is lower triangular as remarked
above. Using these matrices, we now discuss how the system AX = b can be solved
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s-t

iy SR T
—

Figure 9.4  Square submatrices of a lower triangular matrix are lower triangular too.

by LDLT-decomposition and local computation. In a first step, we solve the system
LY = b by asimilar collect phase as in the foregoing Section 9.2.2. Thus, we directly
explain the computations performed by node i € Vinthestepi =1,...,m — 1. At
step ¢ of the generalized collect algorithm, node ¢ computes the message to its child
node by eliminating the variables

Yol -ACh@)  — yIA@ - A(ch(i)
(see equation (9.21)) from the system
prett Wyl @ e?

From the decomposition

LAO=AREN A AR y i@ =Aeh() = p) LA =Alch(@))

Lot M) A = Ach (@) YA =A(h(E) 4

Lt A k(@) w P NA(h(D))yiwNA(ch(@) (D) dw{PNA(ch (@)
we obtain

y A A =Ah@)) (Liz\(i)ﬂ\(ch(i))«\(i)—/\(ch(i)))~1b(i)l/\(i)—/\(ch(i)).

Note that due to the triangularity of the involved matrix, it is a simple stepwise
process to compute y+*(#)—A k() This solution is introduced into the second part
of the system which gives after rearrangement

L@t 0A(ch(6)),w P NA(ch (i) yrdw! NA(ch (@)
@ i NA(ch() _ Lwi")m(ch(nm(i)—x(ch(z‘))y¢A<i)~A(ch(i))‘
We define the vector

b Jwi7OMh(E) _ Llw AR AE) - Meh(E)) 3 A1)~ A(eh(s)

(ch(d) _
b b Ju—w®
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where wu is the union of all A\(k) for k = ¢, ..., m. So, node ¢ sends the message

_ng“m(ch(i)),,\(i)—,\(ch(i LAG)~ A(ch(i))

HisA(ch(z)) — ))y

. (i)
to its child node. The child node combines the message with its content b® e

NS A w@ Tl U@ NAeh))
bt l“’2’1)”’<§§>Ni—>ch(i) = (b(’) i“’ih)m) Penti i

(4) (O] ;
(Liwﬁ“m(ch(i)),A(i)—A(ch(i))yix(i)—/\(ch(i)))T‘”chmu(% MMeh(iN)

We thus obtain for the domain of the updated node content:

“’Sj(?)) = wﬁ’;t)(i),u (%(i) n )‘(Ch(i)))-

The content of all other nodes does not change at step i. At the end of the collect
algorithm, the root node m contains the system

LiMmLAm)yiA(m) o p(m) 1A(m)
from which we obtain

gAm) (me),A(m)) ~p(m) Wm).

This clearly shows how the collect algorithm operates locally on the join tree of the
decomposition (9.17). At the end of the collect algorithm, eachnodei = 1,...,m—1
contains the partial solution y+*(®—(ch(d)) "and the root node contains y+*(™). Re-
mark also that no solution extension phase is necessary, because the involved matrices
are all lower triangular. The total solution y could be obtained from Lemma 8.4, al-
though this is not necessary for the second part of the process.

As in Section 9.2.2 we now solve the system DLYX = Y by solution extension,
The root node m solves the system

(DLT)if\(m)«\(m)Xu(m) ylx\(m)
and finds the partial solution
-1
CAm) <(DLT)¢)\(m),A(m)> yJ)\(m)‘ (9.25)

These computations are simple because DL” is upper triangular. Assume now that
nodei = m—1,...,1 obtains the partial solution x**(!"X(¢h(?)) from its child node.
Then, node i computes equation (9.22) with A replaced by DLT and b by y:

((DLT)u(i)—A(ch(i)),A(i)—A(ch(i))) -1 yHAD-Aeh(D) (9.26)
( (DLT)u(z‘)—x(chu)),A(i)—A(ch(z‘))) -1

((DLT)iwi’"’ﬂ/\(ch(i)),wi"‘)ﬂ/\(ch(i)))xwg'")n,\(ch(i)) = M@= Xeh(@)
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and obtains

X6 = (an—A(ch(i)),xumwch(i))),

However, there is actually no need to compute the inverse matrices that occur in this
formula explicitly. Instead, x**(9)=2(¢h(2)) corresponds to the solution to the system

((DLT)M(i)—/\(ch(i)),A(i)—A(ch(i))) XM =A(ch(®) _
y,L)\(i)—)\(ch(i)) _ ((DLT)¢w§m>nA(ch(i)),wEmmx(ch(i)))xwgm)n,\(ch(i)),

and solving this system is simple because only triangular matrices are involved. This
process is repeated for ¢ = m — 1,...,1. At the end of the solution construction
process, each node 4 € V contains the partial solution x**() which can then be
aggregated to the total solution x of AX = b.

We given an example of this process:

Example 9.3 Consider the join tree of Figure 9.5 where the nodes are labeled with
index sets. This is suitable because we are going to solve two systems with differ-
ent variable vectors X on the same join tree. The variables are already numbered
according to an elimination sequence that corresponds to this join tree, if node 3 is
taken as root. The symmetric, positive definite matrices A, As and Ag are then
written as

1 1 1 3 3 3
_ 1 _ , , _
A= a3, a3, a3y |, Ax= 2 2 , Ag= | a54 a5s ase

1 1 1 af3 Q44
a4y G492 G4 a4 Qg5 Ggg

Similarly, we define the vectors b1, by and bz associated with the three matrices.
This defines three valuation ¢; = (A, b;) fori = 1,2, 3, which combine to the toral
system ¢ = ¢1 ® @2 @ P2 representing the valuation ¢ = (A, b) with

A = AI{1,2,3,4,5,6}+A12‘{1,2,3,4,5,6}_+_A‘:1;{1,2,3,4,5,6}

and

b = b‘lr{l,2,3,4,5,6}+b;{1,2,3,4,5,6}+bg{l,2,3,4,5,6}

Note also that all join tree nodes are filled in this simple example, i.e. w; = A(i). We
further observe that the matrix A has the following non-zero structure

r X T
r T T
r T
A = )
r r r r T T
r Tr T
L r r
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Figure 9.5 The join tree of Example 9.3.

where x denotes a non-zero element.

If we execute the collect algorithm on the join tree of Figure 9.5, we first eliminate
the variables X, and X, from the system in node 1 to obtain the message sent from
node 1 to node 3. Then, variable X3 is eliminated for the message of node 2 to node
3. Finally, on node 3 the variables X4 and X5 are eliminated. This gives the lower
triangular matrix L with the following non-zero structure:

- 9

1
z 1
1
L = z z z 1
z 1
] le_

We see that this matrix maintains the zero-pattern captured by the join tree and
exhibited in the matrix A. Note also that the submatrices like L+{1:24}1{1.2:4} gp4
LH3:4143:4} gre srill lower triangular.

Let us now consider the computations of the collect phase for solving LY = b
in more detail. In the first step, we eliminate the variables Y1 and Y3 to obtain the
message that is sent from node 1 to node 3. We thus have

Li{1!2}7{112}Y~L{1v2} — bi’{lg}_

Solving this system is very simple because the matrix L1212} is lower triangular.
In fact, from

Yi =b and p1Y1+Ys = by
we obtain
y1 = by and y; = by —12,1b;.
This solution is introduced into the fourth equation on node 3 to obtain
l34Ys+Yy = by—ls1y1 — la2u0.

The message of node 2 to node 3 determines the value of Ys, which then allows to
compute the solution values of variables Yy, Ys and Yg. This builds up the entire
solution 'y of the system LY = b and concludes the collect phase.
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The solution to the system AX = b is then obtained by solving DLTX =y by
solution extension. The root node obtains from equation (9.25) the partial solution
xHX0.X5.X6} gnd sends the message x X4} 1o the nodes 1 and 2. The two receiving
nodes compute the partial solutions with respect to their proper node label by equation
(9.26). For example, node 1 solves the system

(DLT uxl,xz},{xl,xz}) XHX1X2} — pH{Xa Xz} _ (DLT ¢{x4},{x4})x¢{x4},

Finally, the total solution x is build from x*{X4:Xs:Xe} I {X1,.X2} gpg xH{Xs},

At the beginning of Section 9.2.2 we assumed in equation (9.17) a join tree decom-
position of the valuation (A, b) that represents a symmetric, positive definite system.
There are important applications where such factorizations occur naturally, as for
example in the least squares method that will be discussed in Section 9.2.5 below.
If, however, no natural prior factorization of the total system is given, then a corre-
sponding decomposition must be found in order to benefit from local computation.
How such decompositions are produced is the topic of the following section.

9.2.4 Symmetric Decompositions and Elimination Sequences

The problem of producing a good decomposition of a symmetric, positive definite
system ¢ = (A, b) is closely related to the problem of choosing a good elimination
sequence for the construction of join trees that has already been addressed in Section
3.7. Here, we revisit parts of this discussion by following the graphical theory for
symmetric, positive definite matrices proposed by (Rose, 1972). Interestingly, this
can be done to a large extend without reference to an underlying valuation algebra,
but the algebra becomes important for the discussion of applications like the least
squares method in Section 9.2.5.

The non-zero pattern in an 7 X n matrix A of the symmetric, positive definite
system ¢ can be represented by an undirected graph: The vertices of the graph
G = (V, E) correspond to the rows or, equivalently, to the columns of matrix A.
The vertex associated with row ¢ is called v; for z = 1,...,n. We further introduce
an edge {v;,v;} € E for any non-zero element a; ; of the matrix A. This graphical
structure reflects the non-zero structure of the matrix A. The example below assumes
a7 x 7 matrix whose graph is shown Figure 9.6. We now apply the theory of Section
3.7.1 to this graph by first constructing a triangulation. In the triangulated graph, we
then search for all maximum cliques and form a join tree whose nodes correspond to
the identified cliques. Finally, we fix a node in the join tree as root, direct all edges
towards it and renumber the nodes of the graph G by n(7), such that the number of
rows in a join tree node before another one on the path to the root is smaller. More
precisely, if s and ¢ are neighbor nodes with s before ¢ on the path to the root, then
n(i) < n(j)foranyi € s —tand j € ¢.
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Example 9.4 The following table shows the non-zero pattern of a 7 x 7 symmetric
matrix, where non-zero elements are represented by a symbol x,

" V2 U3 V4 Us Us V7
U1 x X X
() x x X X x

v3 x X

V4 x x X

Vs x x X
Vs x x

V7 x x

The associated graph shown in Figure 9.6 has seven nodes v1 to v;. We observe that
it is already triangulated with maximal cliques {vy,vs,v7}, {va,vs}, {ve,vs,v4}
and {v2,v4, vg }. These cliques can be arranged in a join tree as shown in Figure 9.7.
The node {vq, vy, vg} is chosen as root node.

(W)

Vi Vs v7

Figure 9.6 The graph representing the non-zero pattern of Example 9.4.

Figure 9.7 The join tree of the triangulated graph in Figure 9.6.

From the left to the right in the join tree of Figure 9.7, the variables are elimi-
nated in the following sequence: first {vy, v}, then {vs} and {vs} until finally the
variables {va,v4,vg} in the root node remain. Hence, we may choose an elimi-
nation sequence from the set {vi,v7} x {vs} x {vz} x {v2,v4,vs}, for example
(v1,v7,vs,v3, V2,04, 6). This elimination sequence induces the following renum-
bering that satisfies the above requirement:

v1 V2 U3 V4 Vs Ve v7
1 5 4 6 3 7 2
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Rearranging the rows and columns of the matrix according to this numbering gives

v v7 Vs Vs v2 V4 Ve
™M X X X
v7 X X
Us X X X
U3 X X
V2 X X X X X
V4 X X X
Ve X X

This identifies the block structure exploited in local computation. The zeros outside
the blocks will not be filled-in, if the variables are eliminated in the sequence defined
by the renumbering. At the end of the collect algorithm applied to the above join tree,
we therefore have the following non-zero pattern of the triangular matrix:

U1 (%4 Vs V3 V2 V4 Vg
U1 X

v7 X X
Vs X X X

V3 X

V2 X X X

V4 X X X

Vg X X X

All unmarked matrix entries remain zero during the complete local computation
process. Alternatively, we could also select the node {2,5} as root and choose the
elimination sequence (vy, vr, s, U3, V4, Us, U2). This induces the renumbering:

m ve U3 V4 Vs Ve v7
1 7 4 5 6 3 2

Rearranging the rows and columns of the matrix according to this numbering gives

v VvV Vs V3 V4 Us U2

m X X X
U7 X X
U6 X

U3 X

V4 X X

Vs X X

LT TR R IR

V2 X X X X

In this case, variables X, and X7 are eliminated first and expressed by Xs in the
original equations 1 and 7. Then, in the original equations 2, 4, and 6, the variable
X is eliminated, i.e. it is expressed by Xo and X 4. This process continues for the
X3 and X4 until two equations for the variables X2 and X5 remain in the root node.

www.it-ebooks.info


http://www.it-ebooks.info/

SYMMETRIC, POSITIVE DEFINITE MATRICES 357

We obtain the following non-zero pattern of the lower triangular matrix:

V1 U7 Vg v3 V4 Vs V2
m X
v7 X X
Ve X
U3 X
V4 X X X
Us X X X
V2 X X X X X

These examples show that different numberings lead to different LDLT decomposi-
tions, but the non-zero pattern represented by the join tree is always respected.

We next present an application where factorizations of symmetric, positive definite
systems according to this valuation algebra occur in a natural manner.

9.2.5 An Application: The Least Squares Method

It is often the case in empirical studies that unknown parameters in a functional rela-
tionship have to be estimated from observations. Here, we assume a linear relationship
between the unknown parameters. In general, there are much more observations than
parameters which allows us to account for inevitable errors in the observations. This
leads to overdetermined systems which cannot be solved exactly. Statistical methods
are therefore needed to obtain estimates of the unknown parameters as for example
the method of least squares proposed by Gauss. In this method the parameters are
determined by minimizing the sum of squared residues in the linear equations. The
minimization process leads to linear equations, the so-called normal equations, in
the unknown parameters with a symmetric, positive definite matrix. So, the theory
developed above applies. Moreover, we shall see that a decomposition of the orig-
inal overdetermined systems leads to combining normal equations according to the
combination rule of the valuation algebra introduced in the previous Section 9.2.1.
In other words, we face here an important application of the theory developed so far.

B 9.1 Least Squares Method

Consider a system of linear equations

a1 X1 + a2Xe + -+ anX, + D = b,
a1 X1 + az2Xe + -+ anXn + D2 = by
am,le + am,2X2 + -+ am,an + D, = bm7

9.27)

where m > n, i.e. there are more equations than unknowns X; to X,,. Also,
we have introduced the residues or differences D; in order to balance the right
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and left-hand side of the equations. In matrix form, this system is written as
AX + D = b, where A is an m x n matrix and D and b are m-vectors. We
assume that the matrix A has maximal rank n. The principal idea of the least
squares method is to determine the unknowns X; to X, such that the sum of
the squares of the residues becomes minimal. This sum can be written as

DD = (b- AX)T(b—- AX) = XTATAX — 2(ATH)TX + bTb.

So, the function to be minimized is a quadratic function of the unknowns X.
For simplification we introduce the short-hand notations

C =ATA and ¢ = A"b,

where C is an n X n symmetric, positive definite matrix and c an n-vector. The
sum of squares can then be written as

F(X) = D™D = X"CX - 2¢"X + b”b = min! (9.28)

The necessary condition that F'(X) takes a minimum is the vanishing of the
gradient VF(X), whose i-th component can be determined from equation
(9.28) as

OF (X -
X(» ) = 2ZCZ:]X] - 26,’.
1 j=1

We divide by 2 and obtain the system of equations CX — ¢ = 0. These are
the normal equations of the overdetermined system (9.27). They can also be
written as

ATAX = ATp.

Since the matrix AT A is positive definite, the unknowns are uniquely deter-
mined by

x = (ATA)'AThb.

This is the so-called least squares estimate of the unknown parameters in the
system (9.27). If we compute the second order derivatives of F(X) we obtain
2C. Since C is positive definite, we conclude that the solutions of the nor-
mal equations indeed minimize the function F(X). Statistical theory justifies
this way of determining the parameters, in particular, if certain probabilistic
assumptions are made about the residues. We reconsider this in Chapter 10
and derive similar results by a very different method based on an isomorphic
valuation algebra.

In order to solve the normal equations we may proceed as described in Section
9.2.3 and use local computation to exploit the sparsity of the normal equations.
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In this respect, we prove a remarkable result relating the original overdetermined
system to its normal equations. In fact, already the original system may be very
sparse. More precisely, we assume that we may capture this sparsity by a covering
join tree for the original system. Thus, let r = {1,...,n} be the index set of the
variables of the system and (V, E, A, D) a join tree with D = P(r). We now assume
that this join tree covers the system (9.27). If V = {1,...,[}, then this means that
after permuting the rows of the system of equations, its matrix A decomposes into
submatrices A; fori = 1,...,1, where A; is an m; X s; matrix such that s; C A(¢)
and my + - - - +my = m. Therefore, every pair (A;, b;) is covered by some node of
the join tree and thus also every equation of the system (9.27). It is not excluded that
some of these systems are empty, i.e. ; = 0. The following theorem claims that the
corresponding normal system is decomposed into normal systems of the subsystems
of the decomposition above and covered by the same join tree. Here, ® denotes the
combination operation of the valuation algebra of Section 9.2.1.

Theorem 9.5 Let AX+D = b be an overdetermined system and A anm x n matrix
of full column rank n. Let further (V, E, X\, P(r)) be a join tree withV = {1,...,1}.
If, after permutation of the equations of the system AX + D = b, the matrix A
decomposes into m; x s; matrices A; and b correspondingly into m;-vectors b, for
i=1,...,1, such that

1. s; C A(i);

2 m+---+mp=m;

3. all matrices A; have column rank |s;|;
thenfor C = ATA andc = ATb

l

(Co) = QCi i),

i=1
where C; = ATA; andc; = ATb,.

Proof: The proof goes by induction over the nodes of the join tree. We select node
[ € V as aroot and direct all edges towards this root. Further, we number the nodes

such that ¢ < j if node j is on the path from 7 to the root I. Then, node 1 is necessarily
a leaf. Let s; = s to simplify notation and

!
1=2

If the system of equations covered by this node is empty, then we may eliminate this
node directly and proceed to the next node in the numbering. Otherwise, the first
my equations contain only variables from s. We then decompose the columns of the
matrix A of the first m; equations according to s — t and s N ¢,

Al = [ Al,sft Al,sﬂt ]
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The matrix B of the remaining m — m; equations contains only variables from the
set t. We decompose B according to s N £ and ¢ into
B = [0 Byx Bis].
Then the total matrix A of the system may be decomposed into

A = Aot Agsne 0
0 Bsne Bies |

We see that
[ A’{s t 0
- A _ Al, 0
wn = [ [t ]
0 B B
L t—s
[ A;s—tAl,S—t A’{s..tAl,sﬂt 0
- Al,smtAl,s—t A{sntAl,sﬁt + Bg‘ﬂtBSﬁt BZﬁtBt—s
i 0 BY _Bins B! B;_,

— (A’I’"Al)‘rsut + (BTB)TSUt.

The vector b is decomposed in the same way with respect to the first m; and the
remaining m — m; equations:
b
b = [ ' } :
c

Then, we see in the same way that
ATb — (A’{‘bl)TsUt + (BTC)TsUt
and finally conclude that
(ATA, ATb) = (AlTAl, AlTbl) ® (BTB, BTc).

If node 1 in the join tree is eliminated, the remaining tree is still a join tree and
node ch(1) is now a leaf. The remaining system of 7 — m, equations with matrix B
and right-hand side c can then be treated as the system above and this process may be
repeated until the remaining matrix is A; and the right-hand side is b;. If ¢ = ¢; and
t; fori = 2,...1 — 1 denote the variables in the remaining systems obtained during
this process respectively, such that ¢;_; = s;, we obtain in this way

ATA = (ATA)™Y 4 (A7 Ap)TV"
+ ( -4 (A?‘AI)TSl—lUSt)TSL—2U81—1 .. )ngutz )T31Ut1

= (ATA)" + (ATA)" + -+ (AT AT,
since s; U ¢; = r. Similarly, we also obtain

ATb = (ATb)" + (ATby)" +--- + (ATb)'".
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But this means that

l
Q(ATA;, ATb).

=1

(ATA,ATb)

which proves the theorem. u

Local computation in the valuation algebra of Section 9.2.1 is thus applicable to
the least squares method for linear equations, where a factorization of the normal
equation is induced by a join tree decomposition of the original overdetermined
system. We shall illustrate this more concretely in the following application. Note
also that if some factor in the decomposition of the original system is empty, then the
induced normal system corresponds to the identity element, see Section 3.9. Finally,
we refer to Chapter 10 where closely related problems are studied from a different
perspective. In particular, the assumption of Theorem 9.5 that the matrix of the system
has full column rank will be dropped.

B 9.2 Smoothing and Filtering in Linear Dynamic System

Let X, X1, X9 and X3 be n-dimensional variable vectors that satisfy

X; = A¢Xy + Dy,
X, = AX; + Dy,
X; = A3X, + Da,.

The vectors X; may be imagined as unknown state vectors of some system, and
the equations describe how these states change form time ¢ — 1 to ¢, here for
i € {1, 2, 3}. The residues D, represent unknown disturbances which influence
the development of the state over time. The matrices A; are all regular n X n
matrices. State vectors may not be observed directly, but only through some
measurement devices which are described by the equations

HoXo + E¢ = yo,
H:X, + Ei = yi,
HoX; + Ey = ya.

The matrices H; are m x n matrices and the vectors y;, representing observed
values, give information about the unknown states. The residues E; again
represent unknown measurement errors. The task is to estimate the values of
the state vectors from these equations and the observations. We first bring the
equations into the form of system (9.27):

AoXy — X, + Do = 0,
HyX, + Eo = yo,
A Xy — X2 + D = 0,
H.X; + E, = ¥y,
AX;, — X3 + Dy = 0,
H>X, + E, = y2
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We observe that the system can be decomposed into three subsystems, each
consisting of two consecutive equations that are covered by the three nodes of
the simple join tree in Figure 9.8. In order to apply Theorem 9.5, we assume that
the subsystems have full column rank, i.e. that m > n, and that H; have full
column rank too. If we switch to the valuation algebra of symmetric, positive
definite systems, then by Theorem 9.5 the normal equations of the total system
can be decomposed into

(Co, o) ® (C1,¢1) ® (Cg, c2),

where

c - [ A 177 [ A —1] _ [ ATA+HIH, —AT
v H, © H;, O - —-A; I ’

and

o= [w A 0] -]
* Hi 0 Yy: 0
for i € {0,1,2}. This allows us to apply local computation for the solution of
the normal equations using the collect algorithm as described in Section 9.2.2
or the fusion algorithm. If we select the rightmost node in Figure 9.8 as the
root, we eliminate first X and then X, i.e. we express Xy in terms of X; and
then X in terms of X,. The variables X are eliminated in the last node to
obtain X3. Determining the last state, given the past and present measurements
is called a filter solution. Then, by backward substituting, the least squares esti-
mates of the other states can be computed. This is called the smoothing solution.

Figure 9.8 The join tree covering the equations of the linear dynamic system.

We examine this procedure a bit more closely. In terms of message-passing, the
message from the leftmost node X, X in the join tree of Figure 9.8 corresponds to
the elimination of X . The message is the projection of (Cy, ¢p) to the variables X;
which, according to (9.13) and (9.14), is

(Borr0a) = (AoSg'AT +LAS;"Hyo),

where

% = ATA,+HIH,.
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This matrix is the sum of two positive definite matrices and is thus positive definite
itself, i.e. it has an inverse. The elimination process for Xy in the first subsystem
leads to the equation

X, = ¥7'ATX; +2;'Hlyo,

which can later be used for backward substitution, once X, is determined. Passing
the message to the next node of the join tree and combining it to the node content
is equivalent to substituting this expression for X in the second subsystem. More
generally, let us define fori =0,1,2,...

B = X +ATA; +HTH,,
and
vi = Vit HiT}’i,

where ¥_; 0 = 0 and v_; ¢ = yy. Since combination (9.15) corresponds to matrix
addition, the system on the node X;, X, at step ¢ of the collect algorithm is:

Ei ——A;T Xz _ v;
—A; 0 X1 o 0o |
Due to (9.13) and (9.14), the message from node X;_ 1, X; to node X;, X, com-
puted by eliminating X;_; is

(zi—l,ia Vi—l,i) = (Ai-lzf_llAiT_l +1, Ai—lz;_11HiT_1yi-l)
fori =1,2,... and the eliminated variables in this step can be expressed as
X;on = LA X+ 37 H yia.

If the sequence stops with X3 as in our example, then eliminating X, in the subsystem
on the middle node in join tree of Figure 9.8 gives

(FALSIAT DXy = AR,
hence
Xs; = (mAZJAT +1)7TALE .

This is also called a one-step predictor for X3 and can be used to start backward
substitution: first for X5, then for X; and finally for X,. Such linear dynamic systems
will be reconsidered from a more general point of view in Section 10.5. In particular,
it will be shown that the assumption that H; has full column rank can be dropped.
This closes our discussion of ordinary linear systems and we next focus on linear
fixpoint equation systems. A third class of linear systems called linear systems with
Gaussian disturbances will be studied in Section 10.1.
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9.3 SEMIRING FIXPOINT EQUATION SYSTEMS

A linear fixpoint equation system takes the form MX +b = X, where Misann xn
matrix, X an n-vector of variables and b an n-vector. If the matrix M and the vector
b take values from a field, we may express the fixpoint system as (I - M)X = b
and by defining A = I — M we obtain an ordinary linear system AX = b. This
allows us to apply the theory of the previous sections and shows that fixpoint equation
systems over fields do not need to be considered separately. However, we pointed
out in Section 6.2 that the computation of path problems amounts to the solution of
fixpoint equation systems over semirings. Moreover, we identified a particular class
of semirings called quasi-regular semirings, where all fixpoint equations provide
a solution determined by the star operation. If (A, +, X, *,0,1) denotes a quasi-
regular semiring, then the set M(A,n) of n X n matrices with values from A also
forms a quasi-regular semiring with the inductive definition of the star operation
given in equation (6.17), see Theorem 6.2. Hence, a solution to the fixpoint equation
MX + b = X in a quasi-regular semiring is always given by the element M*b.
How is this related to fixpoint equations over real numbers and thus to ordinary
equation systems? It was shown in Example 6.11 that real numbers R U {oo} form
a quasi-regular semiring with the definition

1
1—-a

a =

fora # 1and a* = oo for @ = 1. If we now consider its induced semiring of matrices
and further assume that I — M is regular, then the fixpoint system MX + b = X
has a unique solution that must be equal to the result of the star operation,

M*b = (I-M)'b.
By applying the star operation to I — M we obtain
I-M)b = I-(I-M))"'b = M 'b,

which solves the regular system MX = b. On the other hand, if we directly com-
pute (I — M)* without caring about the regularity of I — M, then the result cor-
responds to the inverse matrix of M, if (I — M)* does not contain the adjoined
semiring element oc. This follows from Theorem 6.18 and the uniqueness of the
inverse matrix (Lehmann, 1976). Concluding, we see that fixpoint equation systems
over quasi-regular semirings indeed provide an important generalization of ordinary
linear systems. Semiring fixpoint equations induce two different types of valuation
algebras which will both be used in the remaining parts of this chapter to obtain a local
computation based solution to such equations. First, we focus on quasi-regular valu-
ation algebras from Section 6.4 which leads to a solution approach that is similar to
local computation with symmetric, positive definite systems studied in Section 9.2.2.
The second approach is based on Kleene valuation algebras from Section 6.7 and
leads to an interesting compilation approach which is based on the query answering
technique for idempotent valuation algebras in Section 4.6. However, computation
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in both valuation algebras requires evaluating the star operation for matrices over
quasi-regular semirings. The following section therefore presents first a well-known
algorithm for this task.

9.3.1 Computing Quasi-Inverse Matrices

For a finite index set s, the set of labeled matrices M(A, s) with values from a
quasi-regular semiring (4, +, X, *,0, 1) forms itself a quasi-regular semiring with
the inductive definition of the star operation given in equation (6.17). This operation
is performed as part of the projection rule in quasi-regular valuation algebras, respec-
tively as part of the combination rule in Kleene valuation algebras. In the latter case,
we often use the alternative induction of equation (6.31), but it has also been shown
that the two definitions are equivalent for Kleene algebras. It is therefore sufficient
for both algebras to dispose of an algorithm that computes a quasi-inverse matrix M*
for M € M(A, s) that satisfies the fixpoint equation

M* = MM*+1 = MM +1. (9.29)

The well-known Warshall-Floyd-Kleene algorithm proposed by (Roy, 1959; War-
shall, 1962; Floyd, 1962; Kleene, 1956) computes quasi-inverses iteratively by the
following formula: For s = {1,...,n} and k = 0,...,n we define

M = M(k-1)+(M(k—l))is,{k}(M(k—l)(hk))*(M(k—l))i{k}’s (9.30)

with M(© = M. Note that the operation of matrix projection is used to refer to the
k-th column and row of the matrix M. Also, we again omit the explicit writing of
the semiring multiplication symbol. It is proved in (Lehmann, 1976) that M(®) 4 I
indeed corresponds to the quasi-inverse of equation (6.17), which implies that

M* = M® I

satisfies equation (9.29) as a consequence of Theorem 6.2. Formula (9.30) therefore
provides a general algorithm for the computation of the star operation in M(A, s)
using only the semiring operations in A. The space complexity of this algorithm
is O(]s|?) because it only needs to store two matrices. Given two indices i,j € s,
equation (9.30) is equivalently expressed as

M®) (i, 5) = MED(G k) + MED (k) (MED (&, k) " M*D (K, 5).

This shows that an implementation required three nested loops for the indices ¢, j and
k, which leads to a time complexity of O(|s|3). It is important to note that the theory
in the subsequent sections is independent on the actual algorithm used to compute the
star operation of matrices over quasi-regular semirings and Kleene algebras. Here, we
presented the Warshall-Floyd-Kleene algorithm but there are other algorithms as for
example the Gauss-Jordan method. However, we will use the Warshall-Floyd-Kleene
algorithm to reason about the complexity of local computation based approaches to
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the solution of semiring fixpoint equation systems, but if another algorithm is present
for some particular quasi-regular semirings that outperforms the Warshall-Floyd-
Kleene algorithm or its implementation, then this algorithm can be used and its gain
in efficiency also carries over to the local computation scheme.

Algorithm 9.1 The Warshall-Floyd-Kleene Algorithm

input: M € M(A,s) output: M*

begin
foreach X,Y € s do // Initialization.
Mp(X,Y) := M(X,Y)
end;

foreach Z=1...|s| do
foreach XY € s do
¢ 1= Mz (X,2)(Mz_1(Z,2))*Mz_1(Z,Y);
Mz(X,Y) := Mz_1(X,Y) +¢;

end;

end;

foreach X € s do // Addition of unit matrix.
Mz(X,X) := Mz(X,X) +1;

end;

return My ;

9.3.2 Local Computation with Quasi-Regular Valuations

We focus in this section on a local computation based solution of fixpoint equation
systems X = MX + b defined over a quasi-regular semiring (A, +, x, %, 0, 1). For
variables X1, ..., X,, and the associated index set r = {1,...,n}, we assume for
s C rthat M € M(A,s) is an s x s matrix of semiring values, X an s-vector
of variables and b an s-vector of semiring values. It was shown in Section 6.4 that
such systems correspond to valuations ¢ = (A, b) with domain d(¢) = s in the
quasi-regular valuation algebra (®, D) induced by the semiring A, where D = P(r).
We observe the similar structure with the valuation algebra of symmetric, positive
definite systems in Section 9.2.1: in both algebras, valuations are pairs of square
matrices and vectors, the operations of combination defined in the equations (6.30)
and (9.15) are identical, and also the operations of projection given in the equations
(6.23) and (9.14) look very similar.

As usual for local computation, we subsequently assume that ¢ = (M, b) is given
as a factorization or decomposition ¢ = ¢; ® ... @ ¢,,, of quasi-regular valuations
¢; = (M;,b;) € ®withi = 1,...,m.Itis important to note that the following local
computation based solution solves any such factorized system. But since we motivated
semiring fixpoint equations from the perspective of the algebraic path problem in
Chapter 6, we subsequently go into this important application field. Moreover, when
the system (M, b) models a path problem in a graph, such factorizations often come
from the underlying graph. Imagine, for example, that we want to compute shortest
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distances between cities of different European countries from road maps that contain
only direct distances between neighboring cities, see Instance 6.2. Hence, let s denote
the set of all European cities. Instead of a single road map M that contains all cities
of Europe, it is more natural to consider local maps M; for each country with some
overlapping region to neighboring countries. Since matrix addition corresponds to
minimization in the tropical semiring, we clearly have

M = MP4...+M (9.31)

Further, we explained at the very end of Section 6.3 that the vector b serves to specify
the distances to be computed. If we are interested in the shortest distances between
all possible cities of Europe and a selected target city T' € s, we define the vector b
suchthatb(T) = 1and b(Y) = Oforall Y € s— {T'}. Solving the fixpoint equation
X = MX + b then corresponds to the single-target shortest distance problem and its
transposed system represents the single-source problem. The vectors b; are therefore
specified with respect to query and must satisfy

b = b]*+...+bl:
This gives us a natural factorization
(M7b) = (M17b1)®®(Mm7bm)

for the shortest distance problem. If x = M*b is a solution to the system (M, b),
it contains the shortest distances between all European cities and the selected target
city T € s. For an arbitrary source city S € s, it follows from Theorem 6.3 that

HSTH = (Mys1)*bs1y-

Hence, the single-pair problem requires to compute

(M, b) ST} _ (M{S,T} , b{S,T})

and we therefore obtain its solution by solving the single-query inference problem

)i{S*T} l{SvT}

(M.b = ((My,b) &+ & (M, b))
This can either be done by the fusion or collect algorithm. As for symmetric, positive
definite systems in Section 9.2.2, we finally compute the complete solution x by a
step-wise extension of the single-pair solution in a solution construction process. To
do so, we show in this section that solutions to quasi-regular fixpoint equations satisfy
the requirements for general solutions in valuation algebras imposed in Section 8.1.
This allows us to directly apply one of the generic solution construction procedures.

Alternatively, if no natural factorization of the sparse system ¢ = (M, b) exists,
we have to produce a decomposition ¢ = ¢ ®. .. & ¢,,. There are many applications
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of path problems where the adjacency matrix is symmetric. Imagine for example the
modelling of air-line distances, which are always symmetric. We then obtain a de-
composition by applying the graphical theory of Section 9.2.4. This follows from
the similar structure between the two valuation algebras mentioned above. On the
other hand, if the matrix is not symmetric, then the construction of the graph for
the triangulation process must be modified. We propose this as Exercise 1.1 to the
reader. By application of local computation, we exploit the sparsity in the system
¢ = (M, b) captured by the factorization or decomposition. As shown below, this is
again similar to local computation for symmetric, positive definite systems studied
in Section 9.2.2 and also follows the same principle of locality.

We now propose a suitable definition of configuration extension sets for quasi-
regular valuation algebras: for ¢ = (M, b) € & with d{(¢) = s and t C s we define
the configuration extension set for an arbitrary ¢-vector x to ¢ as

Wix) = {(Mbte) e mtix bt | 9.32)

Again, observe the similarity to the definition of configuration extension sets for
symmetric, positive definite systems in equation (9.19). The following theorem shows
that this definition also satisfies the requirements for general solution extension sets
in valuation algebras imposed in Section 8.1.

Theorem 9.6 Solution extension sets in quasi-regular valuation algebras satisfy the
property of Definition 8.1, i.e. for all $ € ® witht C v C s = d(¢) and all t-vectors
X we have

Wi(x) = {(y,z) 1y € Wi (x)andz € Wg(x,y)}.
Proof: For an arbitrary t-vector x let
y = (M¥ bty (M tix bl W;(x)
It then follows from Lemma 6.2 and Definition 6.4 that y is the solution to the system
Y = (Mbststy 4 (MbsTtix 4 bt

We therefore have

yJ.u—t M,Lu-—t,u—t Miu—t,s—u y¢u—t
yl,s—u = M,Ls—u,u—«t Mis—u,s-—u y.Ls»u +

M.Lu—t,t b‘Lu—t
l: M.Ls—u,t :|X+ [ bis—u ]
and obtain the two systems

yJ,u—t — Miu—t,u—ty.l.u—t+Mlu—t,s—tyl.s—u_+_M.Lu—t,tx+b,l,u—t
yls—u — M,Ls—u,u—ty,Lu—t+Mls—u,s—uy¢s—u+Mls—u,tx+bls—u‘
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From the second equation follows that y+*~* is the solution to
Y.Ls—u — Mis—u,s—uyls—u + (M.Ls—u,u—tyiu~t + M.Ls—u,tx + bls—u).
‘We must therefore have
yJ,s—u — (Ml,s—u,s—u)*(Mls—u,u—tyiu—t + Mls—u,tx + b,Ls—u). (933)
We insert this expression into the first equation and obtain after rearranging terms:
ylu—-i — I:(MJ,u—t,u—t) + M,Lu—t,s—u(M,Ls—u,s—u)*M.Ls—u,u—t] y,Lu—t +
{Miu—t,s-—u(Mis—u,s—u)*Mis—u,tx +

M¢u—t,s—u(MJ,s—u,s—-u)*b,Ls—u + M,Lu—t,tx + biu—t] (934)

Next, we observe the following identities:

(M >¢u—t,u—t . (Mlu,u+MJ,u,s—u(Mis—u,s—u)*Mls—u,u>lu_t’u_t
. ES
— Miu-t,u—t+Mi,u—t,s—u(M,Ls—u,s—u)*MJ,s—-u,u——t’
(bu)iu_t — (b.Lu+M.Lu,s—u(Mis—u,s—u)*bls—u)iu_t

— bJ,u—t + M,Lu—t,s—u(M¢s—u,s—u)*bls-u.

This follows from the definition of projection in the equations (6.24) and (6.25).
Likewise, we also have

(M )lu~—t,t _ Ml,u—t,t_+_M¢u—t,s—u(Mls—u,s—u)*M,Ls—u,t'
We insert these identities in equation (9.34) and obtain

y,l,u—t — (Mu)lu—t,u—tylu—t + ((bu)lu——t + (Mu)lu—t,tx).
We observe that y+*~! is the solution to the system

YJ,u—t — (Mu)lu—t,u-—tylu—t + (bu)iu—t + (Mu),l,u.—t,tx

and it must again hold that

ylu—t — ((Mu)iu—t,u—t)* ((bu)lu—t + (Mu)¢u~t,tx) )
This shows that y+“~¢ ¢ W;..(x). Finally, we conclude from equation (9.33)
yis—u — (M,Ls—u,s—u)*(M.Ls—u,u—ty.j,u—t + Mls—u,tx + b.Ls—u)
— (M,Ls—u,s—u)* (Mis—u,u !: ylu_t jl N bis—u).
X
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This implies that y+*~* € W (y**~*,x). »

Configuration extension sets therefore fulfill the requirements for the generic
solution construction procedure of Section 8.2.1, that builds the solution set

cg = W) = {M"Db}. (9.35)

based on the results of a multi-query local computation procedure. However, remem-
ber that the combination rule for quasi-regular valuation algebras and symmetric,
positive definite systems are identical, see equations (6.30) and (9.15). For symmet-
ric, positive definite systems we know from Lemma 9.3 that they also satisfy the
additional condition of Theorem 8.3 for solution construction based on the results of
a single-query architecture. This property is only based on the combination operator
and therefore also holds for quasi-regular valuation algebras.

Lemma 9.4 Quasi-regular valuation algebras satisfy the property that forall 1y, , 2 €
O with d(¢y) = s, d(tp2) = t, s C u C s Ut and u-vector x we have

Wuzmt (xiuﬂt) = Wi}fl ®p2 (x)

Hence, we can conclude from Section 8.2.3 that Algorithm 8.4 returns the solu-
tion to a factorized, quasi-regular fixpoint equation system based on the results of
a single-query local computation architecture. The actual process is very similar to
the case of symmetric, positive definite systems, which we considered in detail in
Section 9.2.2.

To determine the complexity of solving fixpoint equation systems by local com-
putation, we first remind that projection is the more time consuming operation than
combination. For ¢ = (M, b) € ® with d(¢) = s and ¢t C s, the projection rule for
quasi-regular valuations, given in equation (6.23), is

(M,b)“ _ (Mit,t_+_M,Lt,s—t(M,I,s—t,s—t)*Mls—t,t’
bét 4 Mit,s—t(Mis—t,s—t)*bi,s—t)

includes the evaluation of the star operation for matrices and this has a cubic time
complexity in the general case, as shown in Section 9.3.1. However, let us now rewrite
this operation with variable elimination instead of projection. If ¢t = s — {Z} for some
Z € s, the matrix component of this operation becomes

Mibs—{Z}s={2} Mls—{Z},{Z}M(Z’ Z)y*MHZhs—12}
which requires computing
M(X,Y)+M(X,Z2)M(Z,Z)*"M(Z,Y)

forall X, Y € s — {Z}. This expression does not apply the star operation to matrices
anymore. Since the same holds for the vector component, the operation of variable
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elimination adopts a quadratic time complexity. This motivates the application of the
fusion algorithm instead of collect. Moreover, the size of the valuation stored in a
join tree node is bounded by the treewidth w* which then also gives an upper bound
for the time complexity of the operations of combination and variable elimination.
To sum it up, the time and space complexity of applying the fusion algorithm to
quasi-regular valuations is

o(m (Wt + 1)2).

The single-target path problem with targetnode T" € s is represented by the fixpoint
equation X = MX + by with b(T) = 1and b(Y) =0 forall Y € s — {T}. Its
solution x = M*by corresponds to the column of the matrix M* that corresponds to
the variable T'. If we solve this problem for all possible target nodes, we completely
determine the matrix M and thus solve the all-pairs path problem. This is possible
with |s| repetitions of the above local computation procedure using the same matrix M
but different vectors. In other words, we have a prototype application for a compilation
approach such as the LDR-decomposition for regular systems in Section 9.1.4 or the
LDL”-decomposition for symmetric, positive definite systems in Section 9.2.3. In
fact, it was shown by (Backhouse & Carré, 1975) that LDR-decomposition can also
be applied to regular algebras, which are quasi-regular semirings with idempotent
addition. This approach was later generalized by (Radhakrishnan et al., 1992) to
quasi-regular semirings. We propose the development of LDR-decomposition for
matrices with values from a quasi-regular semiring as Exercise 1.2 to the reader. In
the following section, we focus on an alternative approach based on Kleene valuation
algebras that computes some selected values of the quasi-inverse matrix M* directly.
This corresponds to the multiple-pairs algebraic path problem which does not assume
specific source or target nodes.

9.3.3 Local Computation with Kleene Valuations

For an index set r = {1,...,n} and s C r, the solution to the all-pairs algebraic
path problem M* defined by the matrix M € M(A, s) is a solution to the fixpoint
system X = MX + I. Here, X is an s x s matrix of variables, M an s x s matrix of
semiring values and I the unit matrix in M(A, s). We further assume in this section
that the semiring (A, +, X, *, 0, 1} is a Kleene algebra according to Definition 6.6. It
then follows from Theorem 6.5 that the set of labeled matrices M (A, s) also forms
a Kleene algebra, and we obtain its induced Kleene valuation algebra (@, D) by
defining D = P(r) and

¢ = {N*|NeM(A4s)andse D}

as shown in Theorem 6.6. Consequently, we may consider the solution M* to the
all-pairs path problem over a Kleene algebra as an element of a valuation algebra.
With regard to inference problems, we declare this element as the objective function
and assume a knowledgebase {Mj, ..., M2} C ® such that

M* = M} ®- @ M,
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This corresponds to the situation of having an existing factorization for the path
problem solution. Alternatively, we could take a factorization of the original matrix
M and start from a set of matrices {My, ..., M,,} with M; € M(4,s;)and s; C s
fori=1,...,m such that

M = MI*+.. .+ M5 (9.36)

This second factorization represents in the example of the previous section the local
road maps for each country, whereas the elements of the first factorization correspond
to tables of shortest distances that already exist for each country. Although probably
more realistic, the second factorization cannot be considered as a knowledgebase
directly, because the factors M; are generally not contained in ®. But as this example
foreshadows, it proves sufficient to compute the closure of each factor in order to
obtain a knowledgebase that factors M* as a consequence of Lemma 6.11 and 6.17:

Mo = (M M)
- (((M11‘s1U82 + Mgsxusz)‘]‘leJszUs:; 4 .. ‘)Tslu...Usm + Ml‘:lu...Usm)*

— (((M;TmUsz + M;TS1U32)*T51U32US3 +.. ‘)*Tslu...Usm + M;Islu..AUsm)*

The last equality follows from the definition of combination in Kleene valuation
algebras given in equation (6.38). Thus, we may either start from a factorization of the
path problem solution, which directly gives a knowledgebase of Kleene valuations,
or produce the latter from a factorization of the path problem input matrix. Note
that the second case includes the type of factorization that was considered for quasi-
regular valuation algebras in equation (9.31). Alternatively, if no natural factorization
of either the closure or the input matrix exists, we may exploit the idempotency
of semiring addition to produce a decomposition of the matrix M € M(A, s) that
satisfies equation (9.36): For X, Y € sand X # Y,

e if M(X,Y) # 0 or M(Y, X) # 0, add MH{X:Y'} 1o the factorization;
o if M(X, X) # 0, add M*{X} to the factorization.

This creates a factorization of minimal granularity where the domain of each factor
contains at most two variables. Note also that the same diagonal value M(X, X)
possibly occurs in multiple factors. This, however, does not matter as a consequence of
idempotent semiring addition in a Kleene algebra. Moreover, if the Kleene algebraisa
bounded semiring with the property a+1 = 1 forall a € A, it follows from equation
(9.29) that M*(X, X) = 1 for all X € s and independently of the original values
of M(X, X). In this case, we can ignore the diagonal elements in the decomposition
process. Also, the semantics of path problems often yield input matrices where most of
the diagonal elements are M (X, X'} = 1. Then, the decomposition process also leads
to factors that share this property, and the following lemma shows that these factors
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are equal to their closures. This simplifies the process of building a knowledgebase
from the decomposition process considerably, as illustrated in Example 9.5.

Lemma 9.5 In a bounded Kleene algebra we have

(5 =G5

Proof: We apply equation (6.32) and remark that the property of boundedness
implies f = b+ ce*d = 1. It follows from Property (KP3) in Lemma 6.8 that
f = f* = 1, and the statement then follows directly. m

Example 9.5 Consider the variable set s = {Berlin, Paris, Rome, Berne} and
the following sparse matrix defined over the tropical semiring of non-negative integers
(NU{0, 0o}, min, +, 0o, 0) expressing the path lengths between some selected cities:

(9.37)

Berlin  Paris Rome Berne
Berlin 0 1111 1181 [o'e}
M = Paris 1111 0 [es) 436
Rome 1181 00 0 00
Berne o0 436 o0 0

This table might be seen as the direct distances in a road map, where the symbol oo
tags unknown distances or the absence of a direct connection in the road map. The

matrix M then factorizes as

M = (Mi{Berlin,Paris})Ts_}_ (Ml«{Berne,Paris})T3+ (M.L{Rome,Berlin})Ts

with factors
Berlin  Paris
MH Berlin, Paris} Berlin 0 1111
Paris 1111 0
Berne  Paris
M,L{Berne,Par‘Ls} Berne 0 436
Paris 436 0
Rome  Berlin
M+ Rome,Berlin} Rome 0 1181
Berlin | 1181 0

We further recall from Example 5.10 that the tropical semiring is bounded with the
integer O as unit element. By Lemma 9.5 the above factors are equal to their closures
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and therefore directly form a knowledgebase, i.e. a factorization of the yet unknown
solution M*. We have

M* = ML{Berlin,Paris} ® M,L{Berne,Paris} ® M,L{Rome,Berlin}

The second component of an inference problem is the query set. When solving
the multiple-pairs path problem, we are interested in the semiring values M* (X Y)
for certain pairs of variables (X,Y") from the domain s = d(IM*) of the objective
function. To extract these values, it is in fact not necessary to compute the objective
function M* completely, but only the marginals M*+{*-Y} must be available. The
queries of the inference problem are therefore given by sets of variables {X,Y'}
for non-diagonal entries and {X} for the diagonal entries of the objective function.
Depending on the structure of the query set, we retrieve the classical types of path
problems: when the query set consists of a single element {X,Y'}, the inference
problem corresponds to a single-pair algebraic path problem. If the query set if
formed by all possible pairs of variables {X,Y}, we solve the all-pairs algebraic
path problem. If for a selected variable X € s, the query set contains the pairs { X, Y’}
for all nodes Y € s with X # Y, we find the single-source algebraic path problem.
Note that since we consider sets of variables, this is equivalent to the single-target
algebraic path problem. Finally, if the non-empty query set has no such structure, we
refer to the inference problem as the multiple-pairs algebraic path problem. It will
later be shown in this section that we can completely pass on the explicit definition
of query sets when dealing with Kleene valuation algebras. This, however, requires
some complexity considerations with respect to the local computation process. Until
then, we assume such an explicit query set as part of the inference problem and next
focus on the local computation based solution process.

Given an inference problem with a knowledgebase of Kleene valuations and a
query set, its solution can be delegated to one of the generic local computation
methods introduced in Chapter 4. Since Kleene valuation algebras are idempotent,
we go for the particularly simple idempotent architecture of Section 4.5. We first
construct a join tree (V, E, A, D) that covers the inference problem according to
Definition 3.8 and execute the chosen architecture. At then end of the message-
passing, each join tree node i € V contains M*+*(?) as a consequence of Theorem
4.4. The result of each query {X, Y} is finally obtained by finding a covering node
i € V with {X,Y} C A(4) and performing one last projection per query

(M*)‘L{X’Y} _ (Mu/\(z‘))i{x’y}. (9.38)

This shows how local computation solves multiple-pairs path problems represented
as inference problems over Kleene valuation algebras. Let us next consider the
complexity of this approach in more detail: since Kleene valuations are labeled
matrices, the space requirement to store a valuation M* with domain d(M*) = s is
O(|s|?). Concerning the time complexity of the valuation algebra operations, we first
remark that combination is the more expensive operation. Projection only drops rows
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and columns, whereas the combination of two Kleene valuations M} and M3 with
domains d(M7) = s and d(M3) = t performs a component-wise addition of the
two matrices and computes the closure of the result. Applying the Warshall-Floyd-
Kleene algorithm of Section 9.3.1 therefore gives a time-complexity of O(|s U t|3)
for the operation of combination. Based on the time and space complexity of Kleene
valuations and the generic complexity analysis for the idempotent architecture in
Section 4.5.1, we conclude that the message-passing process adopts a total time and
space complexity of

O(IVI- (@ +1)°) and O(IV]-(w* +1)?), (9.39)

where w* denotes the treewidth of the inference problem and |V| the number of join
tree nodes. This may be compared with a direct computation of M* that adopts a time
and space complexity of O(|s|?) and O(|s|?) respectively. Since it is always possible
to apply the fusion and bucket elimination algorithms to knowledgebases of Kleene
valuations, we may assume that |V/| ~ |s| when comparing the two approaches.
Depending on the treewidth and thus on the sparsity of the input matrix, the difference
to the local computation complexity of equation (9.39) may be considerable, as shown
in the following example.

Example 9.6 Assume that we are charged with the task of computing the travelling
distances of packets for a European express delivery service. Two different rules apply
Jor national and international shipping: In order to guarantee fast delivery, packets
are transported from the source to the target city directly, if both cities are in the
same country. Otherwise, packets are first transported to an international distribution
center. For simplicity, we assume that only one distribution center exists per country.
If we for example send a packet from a Portuguese city to a French city, the packet is
first transported to the Portuguese distribution center, then to the Spanish distribution
center, then to the French distribution center and finally to the French address. It is
Jurthermore assumed that the delivery service always chooses the shortest travelling
distance and that packets are transported by car or train. The data of this example
consists of a local map for each country including its distribution center and the 99
largest cities and villages. Hence, if we include 43 European countries with a common
land frontier to another European country, we have |s| = 4300. In addition, the local
road maps contain only the direct distances between neighboring cities and villages
in the corresponding country and the direct distances between its own distribution
center and the distribution centers of all neighboring countries with a common land
frontier. If we model these maps as valuations over the tropical semiring of non-
negative integers, we obtain a knowledgebase of 43 valuations. The 9 neighboring
countries of Germany are never exceeded in our example, which implies that the
German map contains exactly 9 international distances. The largest domain of all
valuations in the knowledgebase is therefore 109. Let us compare different approaches
Jor the computation of the required distances. First, we could unify all local road maps
to a single European road map and compute its closure. The complexity of O(|s|?) for
computing closures by the Warshall-Floyd-Kleene algorithm gives us an estimation

www.it-ebooks.info


http://www.it-ebooks.info/

376 SPARSE MATRIX TECHNIQUES

of 43003 = 79/507'000’000 operations for this approach. A more intelligent way
of solving this problem exploits the observation that it is in fact sufficient to know
all shortest distances between the distribution centers. An international distance
between two cities can then be computed by adding the shortest distances to their
corresponding distribution centers and the distance between the two distribution
centers. Hence, we create a European road map that contains only the distribution
centers and compute its closure together with the closures of all local road maps for
the national distances. Since the largest map has 109 cities, the computational effort
of this approach is bounded by (43 + 1) - 1093 = 56/981'276 operations. This is a
very rough estimation such that we can ignore the two additions needed to obtain
an international distance. We observe that the second approach is more efficient
because it exploits the problem structure. Finally, we could solve this problem by local
computation. The OSLA-SC algorithm of Section 3.7 implemented in the NENOK
Jramework (Pouly, 2010) returns a join tree with a treewidth of w* + 1 = 109. This
shows that the join tree identifies the same problem structure and local computation
essentially mirrors the computations of the second approach.

The complexity of solving a path problem by local computation depends on the
treewidth of the inference problem, which also includes the query set. Query an-
swering according to equation (9.38) presupposes that for each query {X,Y}, it is
possible to find some join tree node 7 € V that covers this query. This important as-
pect was ignored in Example 9.6. The join tree must therefore ensure that each query
is covered by some node, and this blows up the node labels. In other words, the larger
the query set is, the larger becomes the treewidth of the inference problem, and the
less efficient is local computation. The worst-case scenario is the all-pairs algebraic
path problem where the query set is built from all possible pairs of variables. Every
covering join tree for such an inference problem contains at least one node whose
label equals the domain of the objective function. We thus have w* + 1 = |s| and the
message-passing process essentially mirrors the direct computation of the objective
function. Conversely, if the query set is empty (or if each query is covered by some
knowledgebase factor), the treewidth depends only on the sparsity of the matrix,
which results in the best possible performance of local computation. From this point
of view, the query set may destroy the gain of the sparsity in the knowledgebase.
However, there are two properties of Kleene valuation algebras that allow us to ignore
the query set and benefit from a treewidth that only depends on the knowledgebase.
These are the polynomial complexity of Kleene valuations and the property of idem-
potency. Section 4.6 and in particular Algorithm 4.7 propose a general procedure for
the computation of uncovered queries based on the idempotent architecture. For a
given inference problem, it is thus sufficient to find a covering join tree for the knowl-
edgebase and execute a complete run of the idempotent architecture. This results in
a join tree compilation of the path problem, from which the unconsidered queries
can be computed by Algorithm 4.7: For each query {X, Y}, this algorithm searches
two join tree nodes whose labels contain the variables X and Y respectively. Then, it
computes the query by successively combining and projecting the neighboring node
contents on the path between the two nodes. We observed in Section 4.6.1 that the
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complexity of this algorithm doubles the treewidth. Its time complexity is
o(|V| (2w + 1))3) = o(|V| - 8(w* + 1)3) - o(|V| (Wt + 1)3).
Similarly, we obtain for the space complexity
o(Cw +1))?) = 04w +1)?) = o(w" +1?)

since only one such factor has to be kept in memory. Repeating this procedure for
each query provides the better option for two reasons: first, we keep the smallest pos-
sible treewidth that only depends on the knowledgebase and second, we can answer
new incoming queries dynamically without reconstructing the join tree. In addition,
this procedure does not presume any structure in the query set which is contrary to
many other approaches for the solution of path problems. On the other hand, it is
clear that solving the all-pairs algebraic path problem with |V'|?/2 different queries
still exceeds the effort of computing the objective function directly. Nevertheless, it
is an efficient method for the solution of sparse multi-pairs algebraic path problems
over Kleene algebras with a moderate number of queries.

A further query answering strategy is pointed out by the compilation algorithm 4.8
for uncovered queries in Section 4.6. Assume, for example, that we want to solve the
single-source problem for a knowledgebase of Kleene valuations. We first execute a
complete run of the idempotent architecture to obtain the join tree compilation. Then,
if S € s denotes the selected source variable, we search anode i € V with S € A(3).
Algorithm 4.8 then computes a new factorization such that each node j € V contains
the projection of M* relative to A(¢) U A(j). This corresponds to adding the node
label A(%) to each join tree node and is sometimes referred to as distance tree. For an
arbitrary variable T € A(j), we thus obtain the two values M*(S, T') and M*(T, S)
from the extended domain of node j € V. In other words, this algorithm solves
the single-source and single-target path problem simultaneously with the same time
complexity of answering a single query with Algorithm 4.7. In fact, applied to the
shortest distance problem, this procedure corresponds to the classical construction of
a shortest path tree rooted at variable S and confirms the common knowledge that
solving a single-source path problem using Dijkstra’s algorithm (Dijkstra, 1959) or
the Bellman-Ford algorithm (Ford, 1956; Bellman, 1958) does not take more effort
than computing a single-pair path problem. A similar way of deriving a distance
tree from a join tree factorization but limited to shortest distances is proposed in
(Chaudhuri & Zaroliagis, 1997). Finally, we could tackle the all-pairs algebraic path
problem by solving the single-source problem for each variable. This corresponds to
|s| = |V| repetitions of Algorithm 4.8 on the same propagated join tree that results
in a time complexity of

<9(|V|2 LW+ 1)),

For extremely sparse matrices, i.e. if the number of non-zero values is O({/|V]),
this might be more efficient than the direct computation of the objective function.
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On the other hand, it is improbable that a better time complexity can be reached for
the all-pairs problem based on Kleene valuation algebras. We need to compute |V|?
different values and the combination rule requires the execution of a closure in each
join tree node. However, we have seen in Section 9.3.2 that quasi-regular valuation
algebras provide a more efficient way to solve the all-pairs problem. There are still
|V|? values to be computed, but since the closure is part of the projection rule, the
corresponding effort can further be reduced.

Finding Paths in Kieene Valuation Algebras

Chapter 6 presented several applications of path problems that are not related to
graphs. Here, we return to the very first conception of path problems in weighted,
directed graphs represented by an adjacency matrix M with values from a Kleene
algebra (A, +, x,*,0,1). For a pair (X,Y") of variables the value M*(X,Y) € A
corresponds to the weight of the optimum path between X and Y, where the exact
criterion of optimality depends on the Kleene algebra. However, Kleene algebras
are idempotent semirings with the canonical partial order of equation (5.4). Property
(SP4) in Lemma 5.5 then states that a + b = sup{a, b} forall a, b € A. If furthermore
the Kleene algebra is totally ordered, we conclude that a + b = max{a, b}. A formal
proof of this statement is given in Lemma 8.5. Computing the sum of all path weights
between X and Y therefore amounts to choosing the maximum value among them
with respect to the canonical semiring order. In other words, the algorithms for the
computation of a matrix closure can be interpreted as a search algorithm under this
setting. In addition, we also conclude that if M* (X, Y) is the weight of the optimum
path evaluated by comparing path weights, we can always find a path between X
and Y with this total weight. Example 9.7 shows that this does not hold in partially
ordered semirings.

Example 9.7 We know from Section 5.1.1 that multi-dimensional semirings with a
component-wise definition of addition and multiplication again form a semiring. We
thus consider the two-dimensional semiring with values from the tropical semiring
(NU{0, oo}, min, +, 00, 0) of non-negative integers. An example of a directed graph
with values from this semiring is shown in Figure 9.9. There are two possible paths
connecting the source node S with the terminal T. Evaluating the total path weights
by multiplying their edge weights gives: (1,2) x (6,2) = (7,4) and (3,4) x (1,5) =
(4,9). Finally, we solve the path problem by adding the path weights and obtain
(7,4) + (4,9) = (4,4). There is no path between S and T whose weight equals the
computed optimum path weight, because the multi-dimensional, tropical semiring is
only partially ordered.

For totally ordered Kleene algebras, the Warshall-Floyd-Kleene algorithm of Sec-
tion 9.3.1 can be extended to build a so-called predecessor matrix simultaneously to
the computation of the matrix closure (Aho et al., 1974). For a pair of variables (S, T')
the predecessor matrix P determines the variable X = P(.S, T') that is the immediate
predecessor of variable T on the optimum path from S to 7". The corresponding
extension of Algorithm 9.1 is shown in Algorithm 9.2:

www.it-ebooks.info


http://www.it-ebooks.info/

SEMIRING FIXPOINT EQUATION SYSTEMS 379

Figure 9.9 A path problem with values from a partially ordered semiring.

Algorithm 9.2 The Warshall-Floyd-Kleene Algorithm with Predecessor Matrix
input: M € M(A,s) output: M*, P

begin
foreach X,Y € s do // Initialization.
Mo(X,Y) := M(X,Y)
P(X,Y) := X;
end;

foreach Z =1...|s| do
foreach X, Y € s do
¢ 1= Mz_1(X,Z)(Mz_1(Z,Z))*Mz_1(Z,Y);
Mz(X,Y) := Mz_1(X,Y) +¢c;
if MZ(va) #Mz—l(va) do
P(X,Y) := P(Z,Y);
end;
end;
end;
foreach X € s do // Addition of unit matrix.
if 1>Mz(X,X) do
Mz(X,X) := 1;
P(X,X) := X;
end;
end;
return Mz, P;
end

This algorithm still performs the same computations for the closure matrix. Be-
cause addition corresponds to maximization with respect to the canonical semiring
order, the value M z(X,Y) in the middle block is set to the larger value between
Mz_1(X,Y) and c. In the second case, it means that a better path exists from vari-
able X to variable Y through the intermediate variable Z. We therefore update the
predecessor of variable Y according to this new path. Finally, the addition of the
matrix Mz with the unit matrix I, in the last block affects the values Mz(X, X)
only if 1 > Mz(X, X). It is easy to see that both variations of the Warshall-
Floyd-Kleene algorithm adopt equal time and space complexity. The optimum path
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can then be constructed from the predecessor matrix by recursively enumerating all
predecessors. This is illustrated in Example 9.8.

Example 9.8 We take the adjacency matrix of Example 6.2 defined over the tropical
semiring of non-negative integers. Here, we identify the graph nodes with letters
instead of numbers to prevent confusions with the semiring values. We obtain

A B C D A B C D

Ajoo 9 8 ™ A] O 9 8 15
M={B|xow oo 6 M*=|B|18 0 6 13
Cloo oo oo 7 cl12 21 0 7

D| 5 o o o© D| 5 14 13 0

The predecessor matrix obtained from Algorithm 9.2 is

A B C D

AlA A A C

P =|B|!D B B C
c|\D A C C

D|D A A D

Let us now look for the shortest path from C to B which, according to the closure
matrix, has shortest distance 21. We obtain from the predecessor matrix P(C, B) =
A. This means that the last visited node just before reaching B on the path from C
to B is A. We proceed recursively and obtain P(C, A) = D for the predecessor of
A. Finally, P(C, D) = C means that the direct path between C and D also has the
shortest distance. Putting things together, the shortest path with distance 21 is

p = (C,D)(D,A)(4, B).

Given a single matrix with values from a totally ordered Kleene algebra, the
extended version of the Warshall-Floyd-Kleene algorithm computes the closure and
its associated predecessor matrix with the same computational effort. Based on the
predecessor matrix, it is then possible to recursively enumerate each path (X,Y)
in linear time to the total number of variables. However, the advantage of using
Kleene valuations and local computation for the solution of path problems is the
abdication of the explicitly computation of the total matrix and its closure. When we
are interested in paths, we must apply a similar strategy to deduce total paths only from
the predecessor matrices of smaller subgraphs. For that purpose, we subsequently
assume that Kleene valuations consist of pairs of closure and predecessor matrices and
start from a knowledgebase {¢1, . . . , ¢ } with ¢; = (M?, P;) where P; corresponds
to the predecessor matrix of M obtained from Algorithm 9.2. We define the domain
of ¢; by d(¢;) = d(M7). The projection rule still corresponds to matrix restriction
and is applied to both components separately. Here, it is important to note that the
values of the projected predecessor matrix may refer to variables that have been
climinated from the domain of the valuation. The combination is executed in the
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usual way for the closure component. It consists of a component-wise addition of the
two extended matrices, followed by the execution of a closure operation. Since we are
dealing with a totally ordered Kleene algebra, the component-wise addition of two
matrices corresponds to the component-wise maximum, which allows us to initialize
the predecessor matrix of the combination. For ¢ = (M}, P1) and ¢y = (M3, P3)
with d(¢p) = s, d(y) = tand X, Y € d(¢) U d(v), we compute

M(X,Y) = M™Y(X,Y) + M;™UH(X,Y)

and
P,(X,Y) ifX, Y esntand Mj(X,Y) > Mi(X,Y),
P2(X,Y) ifX,Y esntand M}(X,Y) < Mi(X,Y),
P(X,)Y) = P(X)Y) ifX,Yes—t,
Py (X,)Y) if XY et—s,
X otherwise.

The combined valuation ¢ ® v is then obtained by computing the closure of M with
P replacing the initialization of the predecessor matrix in Algorithm 9.2. We now
observe that this produces a correct predecessor matrix: if computing the closure
shows no effect, i.e. if M*(X,Y) = M(X,Y), then P(X,Y) either corresponds to
P,(X,Y), P2(X,Y) or X. In the first two cases, the correctness follows from the
assumption that ¢ and v are pairs of closures and their corresponding predecessor
matrices. The third case is equal to the initialization in Algorithm 9.2. If on the other
hand M*(X,Y) # M(X,Y), then some better path was found that goes through
some variable Z € s U t. The algorithm then sets P(X,Y) = P(Z,Y) and the
correctness follows by induction.

Let us now summarize the complete process of computing an optimum path from S
to T by local computation. We start from a factorization of Kleene valuations extended
by their predecessor matrices, build a covering join tree for this knowledgebase and
execute a complete run of the idempotent architecture. We then answer the single-
source problem for the variable S by the compilation approach presented above. If ¢
denotes the objective function, we answer the query

PHSTH = (Mw{s,T}, Pi{SvT})

from which we obtain the optimum path weight M*(S,T") and the predecessor
Z = P(S,T) of T. We proceed recursively by computing the query ¢*15:4} and
finally obtain the complete path by at most |V| repetitions of this process. It is
important to note that once the compilation for the single-source problem is available,
no more computations in the valuation algebra are necessary. We thus obtain the path
from S to 7" with a complexity equal to just computing the path weight.
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9.4 CONCLUSION

The first part of this chapter deals with sparse, linear systems AX = b with values
from a field. Exploiting the sparsity of the matrix A means to limit the number of
zero values that change to a non-zero value during the computations. These values
are called fill-ins. If no additional structure of the matrix A is present, then ordinary
Gaussian elimination with pivoting is performed. This corresponds to computing in
the valuation algebra of affine spaces, where the equations are considered as finite
representations of the latter. The equations are distributed over the nodes of a join tree,
such that the non-zero values in the matrix A are covered by the join tree nodes. Since
only these values are involved in the computations, fill-ins are controlled by the join
tree. Similar considerations for regular systems lead to LDR-decomposition based
on local computation. A second valuation algebra, which is isomorphic to Gaussian
potentials, was derived for the case of symmetric, positive definite matrices. Here, the
valuations are no more ordinary equations, but they are symmetric, positive definite
subsystems themselves. It was shown that such factorizations can either be produced
from the matrix, or they occur naturally from specific applications as for example for
the normal equations in the least squares method. Local computation with symmetric,
positive definite systems required replacing the ordinary distribute phase by a solution
construction process. The second part of this chapter focused on fixpoint equation
systems X = AX + b with values from a quasi-regular semiring. Such equations
frequently occur in path problems and their local computation based solution uses
quasi-regular valuation algebras, whose structure is very similar to symmetric, posi-
tive definite systems. Consequently, we have a similar solution construction process
that follows the usual collect phase of local computation. The second approach was
based on Kleene valuation algebras and can be applied to fixpoint systems with values
from a Kleene algebra. The application of the idempotent architecture to such knowl-
edgebases lead to a compilation of the path problem into a join tree that qualifies for
online query answering.

PROBLEM SETS AND EXERCISES

I.1 ** We observed in the introduction of Section 9.3.2 that the valuation algebra
of linear systems with symmetric, positive definite matrices and the quasi-regular
valuation algebra have a very similar structure. Given a symmetric, positive definite
system that represents the objective function ¢, it was shown in Section 9.2.4 how
a possible decomposition ¢ = ¢; ® ... ® ¢,, can be found. Repeat these consid-
erations for quasi-regular valuation algebras, where the matrices are not necessarily
symmetric anymore.

1.2 ** Section 9.3.2 discusses local computation with quasi-regular valuation al-
gebras. This process is very similar to local computation with symmetric, positive
definite systems in Section 9.2.2, from which we derived LDL7 -decomposition in
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Section 9.2.3. Show that LDR-decomposition based on local computation is also
possible for semiring fixpoint equation systems and thus for quasi-regular valuations.
Indication: It is shown in (Backhouse & Carré, 1975) that LDR-decomposition is
possible for quasi-regular semirings with idempotent addition. This approach is gen-
eralized to quasi-regular semirings in (Radhakrishnan et al., 1992).

L3 ** In graph related path problems we are often not only interested in the so-
lution of the path problem (e.g. the shortest distance) but also in finding a path that
adopts this optimum value (e.g. the shortest paths). At the end of Section 9.3.3 this
problem was addressed for Kleene valuation algebras. Provide a similar method that
computes paths for quasi-regular valuation algebras.

L4 ** In the least squares method of Section 9.2.5 the residues are often weighed.
a) Derive the normal equations, if residue D; has weight o; such that

n

212
E o; D;
i=1

is to be minimized.

b) More generally, derive the normal equations if DT XD is to be minimized.
The weight matrix X is a positive definite, symmetric matrix.

¢) Consider a join tree decomposition of the equations. What conditions must
3 satisfy in order that the normal equations can be solved by local compu-
tation on the join tree?

1.5 ** Reconsider the linear dynamic system from Instance 9.2:

a) Add the equation H3X3 = y3 to the equations in Instance 9.2. How does
the estimate of X3 change? This gives the filter solution for X3.

b) Treat this system in the general case for time ¢ = 1,...,n and derive the
one-step prediction and the filter solution for X;.

¢) Assume in the dynamic equations and the measurement equations that
the residues ID; and E; are weighed with weight matrices }; and R; (all
positive definite and symmetric). Derive the filter and smoothing solutions
in this case.

d) Note that the solution derived so far works if all A; are regular. No assump-
tion about the rank of H; is needed. Can you extend the valuation algebra
of Section 9.2.1 for non-negative definite, symmetric matrices? Indication:
Take (A, Ab) as valuations instead of (A, b). Similar algebras will be
studied in Chapter 10.

1.6 ** The equations of the linear dynamic system in Instance 9.2 may also be
differently assigned to a join tree: add a node X to the left of the join tree in Figure
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9.8 and put the equation HyX, on this node. On the next node Xg, X; put the
equations ApXy — X; = 0 and H; X;y; and so forth.

a) Derive the filter solution with this set-up.

b) Derive the smoothing solutions with this set-up.

1.7 ***  The exact algebraic relationship between the quasi-regular valuation alge-
bra of Section 6.4 and the symmetric, positive definite valuation algebra of Section
9.2 is yet unknown. The valuations both have a very similar structure, share the same
combination rule and also have a related projection rule. On the other hand, there are
also important differences, e.g. the quasi-regular valuation algebra provides neutral
elements which is not the case in the other algebra. Try to find a common theory for
the two algebras.
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CHAPTER 10

GAUSSIAN INFORMATION

In this chapter we look at linear systems with stochastic disturbances. Imagine, for
example, that we want to determine a physical state of a certain object by repeated
measurement. Then, the observed measurement results are always composed of the
real state and some unknown measurement errors. In many important applications,
however, these stochastic disturbances may be assumed to have a normal or Gaussian
distribution. Together with accompanying observations, such a system forms what
we call a Gaussian information. We are going to discuss in this chapter how inference
from Gaussian information can be carried out. This leads to a compact representation
of Gaussian information in the form of Gaussian potentials, and it will be shown that
these potentials form a valuation algebra. We may therefore apply local computation
for the inference process which exploits the structure of the Gaussian information.
This chapter is largely based on (Eichenberger, 2009).

Section 10.1 defines an important form of Gaussian information that is used for
assumption-based reasoning. This results in a particular stochastic structure, called
precise Gaussian hint, which is closely related to the Gaussian potentials of Instance
1.6. In fact it provides meaning to these potentials and shows that combination and
projection of Gaussian potentials reflect natural operations on the original Gaussian

Generic Inference: A Unifying Theory for Automated Reasoning
First Edition. By Marc Pouly and Jiirg Kohlas
Copyright © 2011 John Wiley & Sons, Inc. 385
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information. This gives sense to the valuation algebra of Gaussian potentials that
was introduced in Instance 1.6 on a purely algebraic level. Section 10.2 starts with an
illustrative example to motivate a necessary generalization of the concept of Gaussian
information and also indicates how inference can be adapted to this more general form.
Then, Section 10.3 rigorously carries through the sketched approach, which finally
results in an important extension of the valuation algebra of Gaussian potentials.
Section 10.2 will also be developed in another direction in Section 10.6. Here, we
show that the extended valuation algebra of Gaussian potentials serves to compute
Gaussian networks. Finally, Section 10.5 applies the results of this chapter to the
important problems of filtering, smoothing and prediction in Gaussian time-discrete
dynamic systems.

10.1 GAUSSIAN SYSTEMS AND POTENTIALS

In this section, we consider models that explain how certain parameters generate
certain output values or observations. In a simple but still very important case, we may
assume that they do this in a linear manner, which means that the output values are
linear combinations of the parameters. Often, there are additional disturbance terms
that also influence the output. Let us call the parameters 1, ..., ., the observed
output values 23, . . ., z,, and let the term which influences observation z; be w;. The
following model describes how the parameters generate the output values

n
Z ;i +wW; = 25,
i=1
where j = 1,...,m. This is often called a linear functional model. Then, the prob-
lem considered in this section is the following: Given this functional model and
m observations 27,..., %, try to determine the unknown values of the parame-
ters p,...,Zm,. Since the parameters are unknown, we replace them by variables
Xi,...,X,, and obtain for j = 1, ..., m the system of linear equations
n
daiXitw, = z (10.1)
=1

This system rarely has a unique solution for the unknown variables, and it is often
assumed that the system is overdetermined, i.e. the number of equations exceeds the
number of unknowns, m > n. The method of least squares, presented in Section
9.2.5, provides a popular approach to this problem. It determines the unknowns

Z1,..., Ty by minimizing the sum of squares
m n 9
(25— D azXi)"
j=1 i=1

We propose a different approach from least squares that yields more information
about the unknowns, but at the price of an additional assumption: we assume that
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the disturbances w; have a Gaussian distribution with known parameters. For that
purpose, it is convenient to change into matrix notation. Let A be the matrix with
elementsa;;fori =1,...,nandj = 1,...,m. X is the vector with components X
and w and z are the vectors with components w; and z; respectively. System (10.1)
can then be written as

AX+w = =z (10.2)

The vector of disturbances w is assumed to have a Gaussian distribution as in equation
(1.20) with the zero vector 0 as mean and an m X m concentration matrix K. We
further assume an overdetermined system where m > n and also that matrix A has
full column rank n. This setting is called a linear Gaussian system whereas more
general systems are considered in Section 10.3. The following example of a linear
Gaussian system is taken from (Pearl, 1988), see also (Kohlas & Monney, 2008;
Eichenberger, 2009).

Example 10.1 This example considers the causal model of Figure 10.1 for estimating
the wholesale price of a car. There are observations of quantities that influence the
wholesale price (i.e. production costs and marketing costs) and quantities that are
influenced by the wholesale price (i.e. the selling prices of dealers). Besides, each
observation has an associated Gaussian random term that simulates the variation of
estimations and profits. We are interested in determining the wholesale price of a car
given the final selling prices of dealers and the estimated costs for production and
marketing. Let W denote the wholesale price of the car, Uy the production costs and
U, the marketing costs. The manufacturer’s profit Us is influenced by a certain profit
variation w3. We thus have

W = U;+U;+Usz+ ws.

The selling prices Y1 and Y, of two dealers are composed of the wholesale price and
the mean profits Zy and Z, of each dealer. They are subject to variations w, and ws:

Y1 = W+Z1+w1,
Yo = W+ Zy+ ws.

The manufacturer’s production costs Uy are estimated by two independent experts.
Both estimates I and I, are affected by estimation errors 1, and vs:

11 = U1+l/1,
12 = U1+V2.

The marketing costs Uy are also estimated by two independent marketing experts.
Again, both estimates Jy and J; are affected by errors Ay and Ao

Ji = Uz+Aq,
Jo = Us+ A
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We bring this system into the standard form:

w + w = )/1—Z1,
w + we = Y2—Z2,
U1 + ©n = Il7 ‘

U + vy = Iy

Uz + & =

Uz + A = Jo

w - U1 - U2 — W3 = U3.

This is an overdetermined system with m = 7 and n = 3. The corresponding matrix
A has full column rank.

U1 : production costs }» ~{ Uz : marketing costs

w1 : profit variation Y :s::i;g’ 1- of Vz:s::nargrp;ce of <—‘ w2 : profit variation
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Figure 10.1 A causal model for the wholesale price of a car.

The idea of assumption-based reasoning is the following: although w is unknown
in equation (10.2), we may tentatively assume a value for it and see what can be
inferred about the unknown parameter x under this assumption. First we note this
system only has a solution if the vector z — w is in the linear space spanned by the
column vectors of A. The crucial observation of assumption-based reasoning is that
all w which do not satisfy this condition are excluded by the observation of z, since
z has been generated by some parameter vector x according to the functional model
(10.2). Thus, admissible disturbances w are only those vectors for which (10.2) has
a solution. In other words, the observation z defines an event

vz = {weR™:3xsuchthatw =z — Ax}
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in the space of disturbances and we have to condition the distribution of w on this
event. The set v, is clearly an affine subspace of R™. In order to compute this
conditional distribution, we apply a linear transformation to the original system
(10.2) which does not change its solutions. Since the rank of matrix A equals n, there
must be n linearly independent rows in A. If necessary, we renumber the equations
and can therefore assume that the first n rows are linearly independent. They form a
submatrix A; of A, and A, denotes the submatrix formed by the remaining m — n
rows. We then define the m X m matrix

(A o
B = |:A2 Im-—n]

where I,,,_,, is the (m — n) x (m — n) identity matrix. Clearly, B has full rank m
and has therefore the inverse

T:B"I:[Al—l 0]

—ARATY I,
Let us now consider the transformed system TAX + Tw = Tz. Since the matrix

T is regular this system has the same solutions as the original. This system can be
written as

X+w = Al—121
Oy = —AjATl'z 42 (10.3)
where
(;..11 = Al_lwl,
Wy = —A2A1_1w1 -+ wo

and z1, w; and z3, wy are the subvectors of the first 7 and the remaining m — n
components of z and w respectively. The advantage of the transformed system (10.3)
is that the solution is given explicitly as a function of (&;, whereas &w» has a constant
value. In this situation, the conditional density of &; given Wy = —Az A7 Yot + wo
can be determined by classical results of Gaussian distributions (see appendix to this
chapter). First, we note that the transformed disturbance vector & with the components
w; and &9 has still a Gaussian density with mean vector 0 and concentration matrix

K = B7”KB
_ [ AT A7 Kip K2 A, O
L 0 In ., Kyi1 Kz Ay I, ,
[ ATK, 1A+ ATK 2A, + ATK 1A ATK 2 + ATK,,
= ‘f‘AgKQ,zAQ
L K:1A; +Ko2A, Kjp»
~ ATKA ATK, , + ATK
| K21A1 + Ko A, Ko '
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The correctness of the first equality will be proved in Appendix J.2. Then, the
conditional distribution of «; given Wy = —A2A;1z1 + 25 is still Gaussian and has
concentration matrix ATK A (see Appendix J.2) and mean vector

(ATKA) ' (ATK 2+ ATK: ) (A2AT 21 — 20).
Note now that according to (10.3) we have
X = Al_lzl - d)l .

Since the stochastic term @; has a Gaussian distribution, the same holds for X. In
fact, it has the same concentration matrix ATKA as @ . Its mean vector is

AT'z; — (ATKA) ' (ATK 2 + ATKs ) (A2AT 'z —20) =

A2A1—1Z1 — Z3

A1A1_1Z1 —Z
A2A1_1Z1 - Z9

A7'z; — (ATKA) " Y(ATKA)AT 'z + (ATKA) 'ATKz =
(ATKA) 'ATKz.

Al'z; — (ATKA)™ 1ATK[ 0 ]

Ai'z — (ATKA)™ 1ATK[

We thus obtain for the unknown parameter in equation (10.2) a Gaussian density or
a Gaussian potential

((ATKA)—lATKz, ATKA). (10.4)

Assumption-based reasoning therefore infers from an overdetermined linear Gaussian
systems a Gaussian potential. How is this result to be interpreted? The unknown
parameter vector X is finally not really a random variable. Assumption-based analysis
simply infers that for a feasible assumption w about the random distributions, the
unknown parameter vector would take the value A;lzl — @. But this expression
has a Gaussian density with parameters as specified in the potential above. So, a
hypothesis about x, like x < O for instance, is satisfied for all feasible assumptions
w satisfying Al_lzl — @ < 0, and the probability that the assumptions satisfy this
condition can be obtained from the Gaussian density above. This is the probability
that the hypothesis can be derived from the model. The Gaussian density determined
by the Gaussian potential is also called a fiducial distribution. The concept of fiducial
probability goes back to the statistician Fisher (Fisher, 1950; Fisher, 1935). For its
present interpretation in relation to assumption-based reasoning we refer to (Kohlas
& Monney, 2008; Kohlas & Monney, 1995).

Example 10.2 We first execute a diagnostic estimation for the linear Gaussian system

of Example 10.1. The term diagnostic means that observations are given with respect
to the variables that are influenced by the wholesale price. These are the selling prices
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and the mean profits of both dealers, and inference is performed on the disturbance
vector w = [ w1 we ] We thus consider the first two equations of the system:

W +w
W + ws

-2,
Y, — Zs.

If Uf,i denotes the variance of the disturbance w; associated to Y; we have

1
1 0
A = [ 1 ] and K = 0‘ _0_%_
w2
With respect to equation (10.4) we compute
2 2
T _ Uw +Uw
ATKA = e
wy T we
and
Yi-Z Y: - Z
ATKz = ! L2 Ly

2 2
0 05,

Finally, we obtain the following Gaussian potential for the wholesale price W given
Y1,Y>, Z, and Z, in the above system:

( o2 o2, (yl ~Z YQ—ZQ) o, +af,2)

2 2 2 2 2 42
le + aw2 Uw1 Uw2 le Uwz

GW|Y1,Y2,Z1,22

Example 10.3 Let us next execute a predictive estimation for the Gaussian system
of Example 10.1. The term predictive means that observations are given with respect
to the variables that influence the wholesale price. These are the production costs Uy
and the marketing costs Uy which are estimated by two experts, and the industry profit
Us for which we have one estimation. We thus consider the remaining subsystem:

U, + nn = I,
U, + v = I
Uz + & = U1,
Uy + A = Jo,

W—Ul—UQ—UJg:Ug.

Observe that the last equation W = U; + U; + Us + w3 defines the wholesale price
as a linear combination of the production costs, marketing costs and the industry
profit. We may therefore conclude that the same holds for the Gaussian potential of
the wholesale price given the estimations for the production costs, marketing costs
and the industry profit. We have

GW|11J2,J1YJ2,U3 = (uW[117127J13J27U3’ KWlll,Iz,J1,J2,U3>
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where
BW\L 12,01, 02,0s = HBUi|LI, + HUp s, + Us
and
—_— -2
KWlll,Izle,JmUs - KU1|I1,12 + KU2|J1,J2 + Og -

A similar analysis as in Example 10.2 gives:

I 1
-1 1 2
Hon, = I<U I,I ( 7 T3
11,12 o2, 02,
and
_ -l S D
HU2|J11J2 - U2|J1,J2 0.2 0.2
A1 A2
with
2 2 2 2
K o, to, i K Oy, + 03,
Uil — o2 o2 an Uz|Jy1,J2 — o2 o2
Y%, A17 Az

Next, we are going to relate the operations of combination and projection in the
valuation algebra of Gaussian potentials from Instance 1.6 to linear Gaussian systems.
For this purpose, we fix a set r of variables with subsets s and ¢. So, let X denote an
(s U t)-tuple of variables. We consider the system of linear equations with Gaussian
disturbances composed of two subsystems,

A1X¢s +w = 2,
AgX"Lt +wy = 2Z9.

Here, we assume that A is an mn; X s matrix, As an ms X ¢t matrix and z;,w; and
Z9,w9 are m and mo-vectors respectively. Both matrices are assumed to have full
column rank |s| and |¢| respectively. Further, we assume that w; has a Gaussian density
with mean O and concentration matrix K, whereas ws has a Gaussian density with
mean 0 and concentration matrix K. Both vectors are stochastically independent.
Now, we can either determine the Gaussian potentials of the two systems:

Gi = ((ATK:A1)'Auzi, ATK;A)
and
G: = ((ATK>A:)'Azz, ATK:A,),

or we can determine the Gaussian potential of the combined system

All's_t A%snt 0 Wi . Zy
[ 0 APTt AR X+ we |l = |z |
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Here, the disturbance vector has the concentration matrix
K, 0
0 K, |’

Remark that the matrix of this combined system has still full column rank |s U¢|. The
Gaussian potential of the combined system is (¢, K) with

_ A,Ls—t T 0 Lot Lot
o (AR a]ps ogran a0
] 0 Aét_ST 0 K2 0 AQ A2
A,{,s—t TKlA%s_t A.i.s—t TKlA.Jl,sﬁt 0

Ai,sﬂt TKIA,{,S—t T A%sﬂt TKIA%Sﬂt T A%Sﬂt TK2A$t_s T
+Al2,sﬁt TKQA.%SF“ T

i 0 A%t—s TK2Al2,Sﬁt T Aét—s TK2A.12,t—S
- A.{.s—t TKlA%s—t A.{,s—t TKlAisﬁt 0 7
_ Ai,sﬂt TKlAll,s—t T A.{,sﬂt TKlA.{,Sﬂt T 0
0 0 0

0 0 0 i
=+ 0 A%Slﬁlt TK2A,2LSﬁt T A%sﬂt TK2A%SOt T
0 A%t—s TK2A%SI’U T A%t—s TKZAét—S

= (ATK 1 APY + (ATK A,) TV

Note that this is exactly the concentration matrix of the combined potential G; ® G4
given in equation (1.21). For the mean vector u of the combined system we have:

'A,J,s—-tT O
g = K! AisﬁtT AT K: 0 Zy
' fiosr 0 K; ||z

| 0 A}

A.ll,s—t TKlZl
— K—l Ai,sﬂt TK]Zl + A%Sﬂt TK2Z2
A%t—s TK2Z2

AT ] [0
= K—l A,{,sﬁt TK121 + Ags K2z2
0 A%t_s TK222

Let now p1 = (ATK;A)"'A K, z; and gy = (ATK3A5) 1A Koz, be the
mean vectors of the two potentials G; and G,. We then see that we can rewrite the
last expression above as

K-! ((A’{KIAI)TSUtu’ISUt + (A2TK2A2)TSU‘u§3Ut>.

www.it-ebooks.info


http://www.it-ebooks.info/

394 GAUSSIAN INFORMATION

But this is the mean vector of the combined potential G; ® G2 as shown in equation
(1.22). Thus, we have shown that

(LK) = G1®Gs.

Therefore, combining two linear Gaussian systems results in the Gaussian potential,
which is the combination of the Gaussian potentials of the individual systems. This
justifies the combination operation which itself is derived from multiplying the as-
sociated Gaussian densities. The combination of Gaussian potentials as defined in
Instance 1.6 therefore makes much sense.

Example 10.4 Let us now assume that all values in the system of Example 10.1 have
been observed. Then, inference can either be made for the complete model, or by
combining the two potentials derived from the submodels in Example 10.2. We have

Gwv,Y2,21,22,.11, 12,01, 02.Us = (1K) = Gwivi,v,,21,2, ® GWin,15,01,02,Us

The two components of the combined potential are:

K = KW|Y11Y2thZz+KW|11112,J1,J2,U3

and
_ -1
p=K (me,Yz,zl,zzﬂwlyl,vg,zl,zz +KW|11,12,11,Jz,Uaﬂwill,Ia,Jl,J2,U3>-

Note that since we are dealing with potentials over the same single variable, there
is no need for the extensions in the definition of combination. This is an example
of solving a rather large system by decomposition and local computation. However,
we remark that the theory is not yet general enough since the subsystems for the
decompositions do not always have full column rank.

Now, suppose that X is a vector of variables from a subset s C 7 which represents
unknown parameters in a linear Gaussian system (10.1). Inference leads to a Gaussian
potential (1, K) = (ATK,A)'ATK 2z, (ATK,A)).If t is a subset of s, and we
are only interested in the parameters in XV¢, it seems intuitively reasonable that for
this vector the marginal distribution of the associated Gaussian density is the correct
fiducial distribution. This marginal is still a Gaussian density with the corresponding
potential (1t ((ATKA)~1)4)~1). It corresponds to the projection of the Gaussian
potential (¢, K) to t as defined in Instance 1.6:

KM = (s, (ATK,A) )7, (10.5)

In fact, this can be justified by the elimination of the variables X+~ in the system
(10.1), but it is convenient to consider for this purpose the equivalent system (10.3).
The second part of this system does not contain the variables at all, and in the first
part we simply have to extract the variables in the set ¢ to get the system

XH = (A - ot
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The distribution of w; has not changed by this operation. This therefore shows that
the fiducial density of X+¢ is indeed the marginal of the fiducial density of X (for the
marginal of a Gaussian density see Appendix J.2).

By these considerations, Gaussian potentials are strongly linked to certain Gaus-
sian systems, and the operations of combination and projection in the valuation
algebra of Gaussian potentials are explained by corresponding operations on linear
Gaussian systems. The valuation algebra of Gaussian potentials therefore obtains a
clear significance through this connection. In particular, Gaussian potentials can be
used to solve inference problems for large, sparse systems (10.1), since they can
often be decomposed into many much smaller systems. This will be illustrated in
the subsequent parts of this chapter. However, it will also become evident that an
extension of the valuation algebra of Gaussian potentials will be useful and even
necessary for some important problems. We finally refer to Section 9.2.5 where a
different interpretation of the same algebra based on the least squares method is given.

10.2 GENERALIZED GAUSSIAN POTENTIALS

The purpose of this section is to show that the valuation algebra of Gaussian potentials
is not always sufficient for the solution of linear, functional models by local computa-
tion. To do so, we present an important instance of such models named time-discrete,
dynamic system with Gaussian disturbances and error terms.

B 10.1 Gaussian Time-Discrete Dynamic Systems

Let X1, X2, ... be state variables where the index refers to the time. The state
at time ¢ + 1 is proportional to the state at time ¢ plus a Gaussian disturbance:

X2 = (lX1+LO1,
X3 = aXz+ws,

The state cannot be observed exactly but only with some measurement error.
We denote the observation of the state at time 7 by z; such that

z21 = X1+I/1,
z2 = Xo+uy,

We further assume the disturbance terms w; and the measurement errors v; to
be mutually independent. The w; are all assumed to have a Gaussian density
with mean 0O and variance 03), whereas the observation errors v; are assumed
to have a Gaussian density with mean 0 and variance o2. Such a system has
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an illustrative graphical representation which indicates that state X ; is influ-
enced by state X; and observation z; by state X;. This is shown in Figure 10.2.
It resembles a Bayesian network like the one in Instance 2.1 with the difference
that the involved variables are not discrete but continuous. The computational
problem is to infer about the states of the system at time ¢ = 1,2, ... given the
equations above and the measurements z; of the states at different points in time.

X1

Y

X2

Y

X3 p---- »

Z1 z2 z3

Figure 10.2 The graph of the time-discrete dynamic system.

Let us now consider a manageable size of this instance where z; fori = 1,2, 3 is
given and the states X, X5 and X3 are to be determined. Then, the equations above
can be rewritten in a format corresponding to the linear Gaussian systems introduced
in the previous section:

Xl + W = m,
aX1 - X2 + wp = 0,
(I,X2 - X3 + Wy = 0,

X1 + 141 = 2, (106)
Xs + Vg = 29,
X3 + v3 = 23

The first equation has been added to indicate an initial condition on state X;. If we
consider each individual equation of this system as a piece of information, or as a
valuation, then we obtain a covering join tree for the system as shown in Figure 10.3.
Each equation of the system is on one of the nodes of the join tree. This constitutes
a nice decomposition of the total system. If we could derive a Gaussian potential
for each node, we could solve the problem specified above by local computation.
However, although each equation represents a linear Gaussian system, it does not
satisfy the requirement of full column rank imposed in the previous section. In fact,
the single equations do not represent overdetermined systems, but rather underde-
termined systems. So, unfortunately, we cannot directly apply the results from the
previous section and work with Gaussian potentials. This indicates the need of an
extension of the theory of inference in linear Gaussian systems.
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Figure 10.3 A covering join tree for the system (10.6).

In order to introduce the new concepts needed to treat such systems, let us have a
closer look at the first two equations of system (10.6):

X1 + wg = m,

aX1 - X2 + w = 0 (107)

Its matrix and vector are

A=y O] w7

The disturbance vector w = [ w; wy | has the concentration matrix
1
K - |z ©
w 0 ;12_ .

Finally, if X denotes the variable vector with components X; and X5, the system
(10.7) can be represented in the standard form (10.2) of Section 10.1:

AX+w = 1z

This system has full column rank 2 and thus fulfills the requirement of assumption-
based reasoning imposed in Section 10.1. We derive for X a Gaussian potential

Gx = (ﬂx, KX)

with

EQNI 8

o

1 a oz 0 10_1_;;&_
- lo -1 0 = |le -1] | -% '

w

Y

€

The mean vector of X can be obtained from system (10.7) directly,

px = [ m ] (10.8)

am

www.it-ebooks.info


http://www.it-ebooks.info/

398 GAUSSIAN INFORMATION

or from the results of Section 10.1. The fact that A has an inverse simplifies this way.

We now look at this result from another perspective. If we consider the second
equation of system (10.7) in the form X, = aX; + w;, we can read from it the
conditional Gaussian distribution of X3 given X as a Gaussian density fx,|x, with
mean ax; and variance ag. This is the same conditional density as we would get
from the Gaussian density of X above by conditioning on X . Hence, this conditional
density of X, given X; can also be obtained as the quotient of the density fx of
X divided by the marginal density fx, of X, which is Gaussian with mean m and
variance af,. If we compute this quotient, we divide two exponential functions, and,
neglecting normalization factors, it is sufficient to look at the exponent, which is the
difference of the exponent of fx and fx,,

2
O'W [0

2
e -5 T —m 1
[21-m z3—am ] PR 2y — am —(xl—m);g(xl—m).
w

The second term of this expression can be written as

{12} | T1—m

z1—m x2—am |K

[ 1 2 ] X1 |: 21 —am )

where K x, = [1/02] is the one-element concentration matrix of X;. If we introduce
this in the exponent of the conditional Gaussian density above, we obtain

2
-5 [ r1—m }
w .
— Zo —am

This looks almost like a Gaussian density, except that the concentration matrix
Kx,|x, in this exponent is only non-negative definite and no more positive definite,
since it has only rank 1. We remark that this concentration matrix is essentially the
difference of the concentration matrices of fx and fx,,

I8

Jo

[z1-m x2—am |

~q

£n)
e

Kx,x, = Kx — K"

This observation leads us to tentatively introduce a generalized Gaussian potential
(1, K x,|x, ) where 1 is still given by (10.8). It is thought that this potential represents
the conditional Gaussian distribution of X3 given X . This will be tested in 2 moment.

Remark that from the first equation of (10.7), it follows that X; has a Gaussian
density fx, with mean m and variance o2. This is the marginal obtained from the
density fx and it is represented by the ordinary Gaussian potential (m, 1/02). The
vector X then has the Gaussian density fx = fx,|x, fx,. Let us try whether we get
this also by formally applying the combination rule to the Gaussian potential for X
and the generalized potential of X5 given X;. So, let

(Mx, Kx) = (ltx2|x1, KX2|X1> ® (m, 1/03,)‘
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According to the combination rule for potentials defined in Instance 1.6 we have

Kx = Kxx, + K@

o L o9 14a® _a
s .
5z 5 0 0 —r T
This is indeed the concentration matrix of fx. Let us see whether this also works for
the mean vector. We first determine

38
B

o
=q
€N

£
£

K—l — 03) G,O'Z,
X ac? (1+a?)o?

w

According to the combination rule for potentials defined in Instance 1.6 we have

a? a 1
— " o7 %z m oz 0 m
o= ([ 5 2 ] 05 08 ])
2

1
R m m
= Kx H o2 ,
2 ZT am am
w w

This is indeed the mean vector of fx. It seems that the combination operation for
ordinary potentials works formally also with generalized Gaussian potentials.

We shall see later that it is even more convenient to define the generalized Gaussian
potentials as (Ku, K). Indeed, we remark that the generalized Gaussian potential of
X7 given X can also be determined directly from the second equation of system
(10.8) which defines the conditional density. Let A = [ a —1 ] be the matrix of
this equation and K,, = [1/02] its concentration matrix. We consider the exponent
of the exponential function defining the conditional density of X5 given X;:

(x2 — az1) K, (2 — axy)

Il

(—a(x1 —m) + (2 — am)) K, (—a(zy — m) + (z2 — am))

[#1—-m xz3—am ]ATKwA[ ;;1_-1331].

From this we see that indeed
& -5
Kxyjx, = ATK,A = i re |-
Further, we obtain

a m
KX2|X1.U‘X2IX1 - ATK‘*’A'U’X2|X1 = [ -1 :|Kw[ a -1 ] [ am—m :|

[ a ]me = ATK_ m.
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So, indeed, the generalized Gaussian potential is completely determined by the
elements of the defining equation only. This approach can be developed in general,
and it will be done so in Section 10.3. For the time being, we claim that the same
procedure can be applied to the equations associated with the nodes of the join tree
in Figure 10.3. We claim, and show later, that the extended Gaussian potentials form
again a valuation algebra, extending the algebra of ordinary Gaussian potentials. The
Gaussian potential of the total system (10.6) can therefore be obtained by combining
the generalized Gaussian potentials. The fiducial densities of the state variables is
then obtained by projecting this combination of potentials to each variable. Thus,
the inference problem stated at the beginning of this section can be solved by local
computation with very simple data rather than by treating system (10.6) as a whole.
This example is a simple instance of a general filtering, smoothing and projection
problem associated with time-discrete Gaussian dynamic systems. It will be examined
in its full generality in Section 10.5. Moreover, can also be seen as an instance of a
Gaussian Bayesian network. This perspective will be discussed in Section 10.6.

10.3 GAUSSIAN INFORMATION AND GAUSSIAN POTENTIALS

In this section, we take up the approach sketched in the previous Section in a more sys-
tematic and general manner by considering arbitrary underdetermined linear systems
with Gaussian disturbances.

10.3.1 Assumption-Based Reasoning
Let us assume a linear system with Gaussian disturbances
AX+w = =z (10.9)

which, in contrast to Section 10.1, is underdetermined. Here, X is an n-vector, A an
m X n matrix with m < n and z an m-vector. The stochastic m-vector w has a Gaus-
sian density with mean vector 0 and concentration matrix K. Further, we assume for
the time being that A has full row rank m. More general cases will be considered later.

We first give a geometric picture of this situation based on the approach of
assumption-based reasoning. Note that, under the above assumptions, system (10.9)
has a solution for any vector w € R™. So, in contrast to the situation in Section 10.1
with overdetermined systems, no w has to be excluded, and for any w € R™ the
solution space is an affine space £ + y(w) in R™. Here, L is the kernel (see Section
7.2) of the system and y(w) any particular solution of the system with a fixed w.
It is evident that the different assumptions lead to disjoint, parallel, affine spaces.
Therefore, we sometimes call I'(w) = £ + y(w) the focal space associated with w.
It is also clear that if w varies over R™, then their focal spaces cover the whole space
R™. The Gaussian probability distribution of w induces also an associated Gaussian
probability of the focal spaces. Such a structure is also called a sint: Each assumption
w out of a set of possible assumptions determines a set I'(w) of possible values for
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the unknown parameter x, and the assumptions are not all equally likely but have a
specified probability distribution. We refer to (Kohlas & Monney, 1995) for a general
theory of hints and to (Kohlas & Monney, 2008) for the connection of hints with
statistical inference. If B is a regular m x m matrix, then the transformed system
BAX + @ = Z with @ = Bw and Z = Bz has the same family of parallel focal
spaces I'() = I'(Bw) as the original system and also the same Gaussian density
over the focal spaces. Such hints, which differ from each other only by a regular
transformation, are therefore called equivalent. If m = n, we have an important spe-
cial case: the focal spaces I'(w) then reduce to single points, i.e. the unique solutions
y(w) = A~}(z — w) of the system for a fixed assumption w. We refer to the system
(10.7) and its analysis in the previous Section 10.2 as an example for such a situation.
It induces an ordinary Gaussian density with mean vector A~'z and concentration
matrix ATK,, A. This case is also covered in Section 10.1, and the Gaussian density
corresponds to the Gaussian potential (A "'z, ATK  A) associated with the system.
This can indeed be verified from (10.4) in Section 10.1: for the concentration matrix
we have the same expression. The mean vector in (10.4) can be developed in this
particular case as follows:

(ATK,A)'ATK, z = A7'KJ'AT 1ATK,z = A~z

Hints with one-point focal spaces result from assumption-based reasoning according
to Section 10.1 from any overdetermined system.

In the following, we usually assume m strictly smaller than n. We show that
in this case Gaussian conditional densities can be associated with linear Gaussian
systems (10.9) and thus also with generalized Gaussian potentials as exemplified in
the previous section. Since A has full row rank m, there is at least one m x m regular
submatrix of A. By renumbering columns we may always assume that the first m
columns of A are linearly independent. We decompose A into the regular submatrix
A ; composed of the first m columns and the remaining m X (n — m) submatrix Ag,
thatis A = [A, Ay]. Let us further decompose the vector of variables X accordingly
into the m-vector X; and the (n — m)-vector X,. Then, the system (10.9) can be
written as

AX)+AXo+w = oz
Applying the regular transformation B = Al"1 yields the equivalent system
X+ AT ALK+ = 7,

where @ = A]'w and Z = A]'z. The stochastic vector & still has a Gaussian
density with mean O and concentration matrix K; = ATK_A; as shown in the
appendix of this chapter. Using the transformed system, we can express X; by X,

X; = —A7'AX, + (2 -@).

If we fix X to some value x5, we can directly read the Gaussian conditional density of
X given Xy = X7 as a Gaussian density with mean-vector p1x, |x, and concentration
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matrix Kx, |x, obtained as follows:

pxy %, (X2) = AT'z— AT'Agx,
Kx,x, = ATK A,
This conditional Gaussian density of X; given X5 has the exponent
(x1 + AT Aoxs — AT'2)TATK LA (5 + AT Agx, — AT'z). (10.10)

Next, we are going to associate a generalized Gaussian density to this conditional
Gaussian density in a way similar to that of the previous Section 10.2: To do so, we
introduce two undetermined vectors p; and po which are linked by the relation

o = —A7'Asus 4+ Allz.
This also means that
Ay +Agps =z (10.11)

The vectors y; and pio are only used temporarily and will disappear in the end. We
introduce this expression into the exponent of equation (10.10):

(x1+ AT Aoxs — AT'Z)TATK A (x; + AT Agxy — AT '2)

((x1 — p1) + AT Ag(xa — p2))TATK A1 ((x1 — p1) + AT Ag(xz — p2))

I

L,
[ x1—pm x2—p2 | [ ATA'T ]A1TKWA1

[Ln AT'AT J[x1-m xe—pe2 .
This looks like the exponent of a Gaussian density with concentration matrix
1 _
K = [ Agf;” ]AITKwAl [ I. A['AT ]

_ { ATK, A, ATK,A,

_ T
ATK,A;, ATK,A, } = ATK.A.

Since this matrix is only non-negative definite, we call it a pseudo-concentration
matrix. The conditional Gaussian density above has an undetermined mean vector p
with components z:; and p9, but this mean vector disappears if we consider

v = Kp=ATK,Ap = ATK,, [ Ay Ag][zl}
2

= ATK, (Aju + Azpp) = ATK, 2.

The last equality follows from (10.11). To sum it up, we have associated a generalized
Gaussian potential
(ATK,z, ATK_ A) (10.12)
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with the original linear Gaussian system (10.9). We have done this via a conditional
density extracted from the system (10.11). Note that there may be several different
conditional Gaussian densities that can be extracted from (10.11), depending on
which set of m variables we choose to solve for. But the final generalized conditional
Gaussian potential is independent of this choice. It only depends on the Gaussian
information expressed by the system (10.9). Let us verify this assertion by considering
an m x m regular matrix B and the corresponding transformed system BAX +
@ = %, where K; = BT “'K_,B!. The generalized potential associated with this
transformed system has concentration matrix

K = (BA)TK;BA = ATB"BT 'K, B 'BA = ATK, A.
Similarly, we obtain for the first part of the generalized potential
7 = (BA)TK;Bz = ATB"BT 'K, B 'Bz = ATK_z.

So, the transformed equivalent system has the same potential as the original system.
In other words: equivalent systems have identical generalized Gaussian potentials.

10.3.2 General Gaussian Information

Linear Gaussian information can be represented in a compact form by generalized
Gaussian potentials. How are natural operations with linear Gaussian information
reflected by Gaussian potentials? Here, we look at the operations of combination.
For subsets s and ¢ of some set of indices of variables let X be an (s U t)-vector
and consider two pieces of linear Gaussian information, one referring to the group of
variables in s

AXY 4w = 7y (10.13)

where A; is an m; X s matrix and w; and z, are m,-vectors. w; has a Gaussian
density with mean vector 0 and concentration matrix K, . The second piece of linear
Gaussian information refers to the set ¢ of variables,

A XY +wy = 2o, (10.14)

where A is an my X ¢ matrix and w9 and zy are mg-vectors. wo has a Gaussian
density with mean vector 0 and concentration matrix K,,,. Together, the two systems
provide linear Gaussian information for the total vector X,

AX+w = =z (10.15)

The (m; +mg)-vector w has a Gaussian density with mean vector 0. Since we assume
that the vectors w; and ws are stochastically independent, its concentration matrix is

K,, O
Al
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The (m; + mz)-vector z is composed of the two vectors z; and 2. Finally, the

(my + m2) x (s Ut) matrix A is composed of the matrices A; and A as follows:
Al,s-—t Aisﬂt 0

A = [ o Aisnt At (10.16)

Now, even if the two matrices A; and A, have full row rank, this is no more
guaranteed for the matrix A. Therefore, we need to extend our assumption-based
analysis to the case of a general linear Gaussian system

AX+w = z, (10.17)

before we can return to the combined system above. Here, we assume A to be an
m x n matrix of rank ¥ < m, n. The number of equations m may be less than, equal
to or greater than the number of variables n. So, the following discussion generalizes
both particular cases studied so far. The vectors w and z have both dimension m, and
w has a Gaussian density with mean 0 and K, as concentration matrix. As usual, we
consider the system to be derived from a functional model where the linear, stochastic
function Ax + w determines the outcome or the observation z. Then, by the usual
approach of assumption-based reasoning, we first remark that, given the observation
z, only assumptions w in the set

v; = {weR™:w=12z-Ax, xe€R"}

may have generated the observation z. The set v, is an affine space in the linear space
R™ and in general different from R™. These are the admissible assumptions. Then,
each admissible assumption w € v, determines the set of possible parameters x by

Nw) = {xeR":Ax=12z—uw}.

As before, these are parallel affine subspaces of R™ which cover R™ completely. It is
also possible that the affine spaces are single points. Different admissible assumptions
w have disjoint focal spaces I'(w).

Next, we need to determine the conditional density of w, given that w must be
in the affine space v,. As in Section 10.1, we transform the system (10.17) in a
convenient way which allows us to easily derive the conditional density. For this
purpose, we select an m x k matrix B; whose columns form a basis of the column
space of matrix A. For example, we could take k linearly independent columns of
A, which is always possible since A has rank k. Consequently, the matrix B, has
rank k. Then, there is a k x m matrix A such that A = B; A. We complete B; with
an m x (m — k) matrix B such that B = [B; B5] is a regular m x m matrix and
define T = B~1. We decompose

T
v - =]
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such that T is a k X m and T3 an (m — k) x m matrix. Then, we see that

[TA] [ A ] [TiA
TA—[TQA]—[TgBlA]—[ 0]

since TB = I implies that T;B; = 0. Now, the matrix TA has rank k because T
is regular. This implies that the £ x m matrix T; A has full row rank k. The focal
spaces for w can now be described by

Nw) = {x:TAx+ Tiw =Tz}
and the admissible assumptions by
v, = {w:Tew=Tez}.
This corresponds to the transformed system

T AX +& = 24,
Gp = B, (10.18)

where &; = Tiw and z; = T;z. The transformed vector @ = Tw is composed of
the components @; and @,. It is still Gaussian with mean 0 and concentration matrix

BTK,B, BTK,B,

__gT _
Ko = B'K.B BIK.B, BIK.B, |’

(10.19)

From the system (10.18) it is now easy to determine the conditional Gaussian density
of (w; given we = Z,. According to equation (10.19) it has concentration matrix
BTK,B; and mean vector (see Appendix J.2)

-(BTK,B,) }(BTK,_B,)z.
Finally, we obtain from system (10.18) the following linear Gaussian system
T,AX+wo = Tiz+ (BTK.,B,) (BTK,B,)z, (10.20)
where
o = @ - BTK,B) YBTK,B,)z (10.21)

This is now a linear Gaussian system with full row rank k. Therefore, we can apply
the results from Section 10.3.1 to derive its generalized potential.

We now argue that this is also the generalized Gaussian potential associated with
the original system. In fact, the selection of the basis B; was arbitrary, and the
resulting system depends on this choice, but the associated generalized Gaussian
potential does not, as we show next. A linear Gaussian system like (10.17) is fully
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determined by the three elements A, z and K. Therefore, we represent it by the
triplet (A, z, K,,) and define the mapping

e(A,z,K,) = (ATK, 2z, ATK, A).

The image of this mapping looks like a generalized Gaussian potential. In fact, it is
one, but it remains to verify that the matrix ATK_ A is non-negative definite. This
however is a consequence of the following theorem:

Theorem 10.1 Let [ = (A, z,K,,) describe a linear Gaussian system (10.17) with
an'm X n matrix A of rank k, and

h:TiX+w = Tiz+(BTK,B) YBTK, B;)z

a system with full row rank derived from it as in (10.20) and (10.21). Then, e(l) =
e(h).

Proof: We define

A = TA,
z = Tiz+ (BTK,B,) {(BTK,B,)z,
K; = BTK B,

It follows that e(h) = (ATKyz, ATK;A). But then, if B is the matrix used in
transforming the system (A,z,K,) and T = B~!

ATK,A = ATTTBTK,BTA = (TA)'BTK,B(TA)

BTK,_ B, BTK_B T, A
T 1 Dpdd] 1 D2 1
[ (TlA) On,mfk ] l: Bg‘KwBl BngB2 } [ Om—k,n ]

= (T:A)TBTK,B,T;A = ATK A.

Further,

ATK,z = (TA)TBTK, BTz

B{K,B; BTK.B T,z
T 1 w1 1 Py D2 1
[ (TIA) On‘m—k ] l: BngBl Bg‘KwB2 :| [ T2Z ]

(T:A)” (B{K,,B; Tz + BT K,B,T,z)
= (T1A)"(BTK,B,) (T:z + (BTK,B,) 'BTK,B>T,z)
ATK ;7.

So, indeed the generalized Gaussian potential of h equals e(l). =

Since e(h) is indeed a generalized Gaussian potential, it follows that e(l) is one
too. Thus, by the mapping e(l), we associate a uniquely determined generalized
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Gaussian potential to each linear Gaussian information of the form (10.17) without
any restriction on the rank of the system. We may say that two linear Gaussian systems
l and !’ are equivalent if they induce equivalent systems h and h’ with full row rank.
Since we have seen that equivalent systems h and ' generate the same generalized
Gaussian potential, this also holds for equivalent Gaussian systems.

10.3.3 Combination of Gaussian Information

We are now able to compute the generalized Gaussian potential (v, K) of the com-
bined system (10.15) with the combined matrix (10.16). Note first that the generalized
Gaussian potential (v1, K;) corresponding to the first subsystem (10.13) is given by

A,Ls—i TK A,Ls—t A.J's_t TK Al,sﬁt
K; = ATK,,A; = [ Ysne g, Lsm Ysme g "l (10.22)
1 A,{, Nt le AJI, t Ai, nt KWlAJl,Sﬁt
and
APTUTK 2
- ATK, z, = 1 @il 10.23
V1 1 121 [A,{,sﬁtTlezl ( )

For the second subsystem (10.14), we have similar results, essentially replacing A
by A, K, by K., and z; by z2. Now, the second part of the potential (v, K) of
the combined system (10.15) is given by

K = ATK_A

[ APTET 0 _

_ | absrer guener [ K, 0 ] [ AT A0

- nt t—

‘o abmer [L O K 0 AP AP

[ A,lLs—t TKWIA.{S—t A.]l,s—t TleA,i,sﬂt 0

B A%sﬂt TleA.{,s—t A.i,sﬂt Tle A.{,sﬂt A%SﬂtszAét_s

+A%sﬂt TKw2A%sﬁt

o APTRIA ATl
- AJl,s—t TleA,lLs-»t A,]Ls—t Tle A.{.sﬂt 0 T

— A{snt Tle A%sﬂt A{sﬁt Tle Ai,sr‘lt 0
i 0 0 0
[ 0 0 0 T

+ 0 A%,:ﬁt Z:szA%::t ltésﬂt}’{u&AJéi:s _ K‘lrsUt + Kgsut'
L 0 A2 - Kw2A2 ’ A2 - KwQAZ - e

The last equality can be concluded from equation (10.22).
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Next, we compute the first part of the potential (v, K) of the combined system

v = ATK_z

r All,s—t T 0

_ AYSNET  Adsnt T K., 0 z;

! 2t—s T Y sz Z2

| 0 A}
[ APTTTK,, 2

—_ A.Jl,sﬁt TKw1Z1 + A%sﬂt ’TKW2 Zo
L Aétms TKLU2Z2
r A,{S-—t Tle 7 0

— Aisﬂt Tle z + A%sﬂt Tszzz _ VIsUt + Vgsut.
L 0 A%t—s Tszz2

This shows how generalized Gaussian potentials can be combined in order to reflect
the combination of the linear Gaussian information. Namely, if the potential (11, K;)
has domain s and (2, K2) has domain ¢,

(1, K1) ® (10, Kp) = (yISU‘ ot Ky K;sut).

10.3.4 Projection of Gaussian Information

After the operation of combination, we examine the operation of information extrac-
tion or projection. We start with a linear Gaussian system

[: AX+w = z (10.24)

where X is an s-vector of variables, A an m X s matrix, representing m equations
over the variables in s, z an m-vector and w a stochastic m-vector having Gaussian
density with mean vector 0 and concentration matrix K,. We want to extract from
this Gaussian information the part of information relating to the variables X** for
some subset £ C s. To this end, we decompose the linear system according to the
variables X¥*~t and X4¢,

Alxis—t + Azxit _+_w = Z. (1025)

Here, A, is the m x (s — t) matrix containing the columns of A which correspond
to the variables in s — ¢, and A, the m X ¢ matrix containing the columns of A
which correspond to the variables in {. Extracting the information bearing on the
variables in £ means to eliminate the variables in s — ¢ from the linear system above.
This operation has already been examined in Chapter 9. But here, we additionally
look at the stochastic component w in the system. To simplify the discussion, we
first assume that A; has full column rank |s — ¢| = k. This implies that there are k
linearly independent rows in the matrix A;. By renumbering rows, we may assume
that the first & rows are linearly independent such that the matrix A; decomposes
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into a regular & x k submatrix A, ; composed of the first k rows and the (m — k) x k
submatrix A, containing the remaining rows. If we decompose system (10.25)
accordingly into the system of the first £ equations and the m — k equations, we
obtain

Alylxi's_t + Al,gxit +w = 1z,

A XV 4 AgoXP twn = 2z,
Here, A 2 isak x (sNt) matrix and A, 2 an (m — k) x (sNt) matrix. The vectors
w1 and z; have dimensions k, whereas w, and z; have dimension m — k. Since A ;

is regular, we can solve the first part for X+*~* and replace these variables in the
second part of the system,

XUBT 4 ATTA XY +ATIwr = Az,
(Ag2 — A2,1A1_,%A1,2)X“ + (—A2,1A1—,iw1 +wy) = —A2,1A1_,}Z1 + z5.
This is a new linear Gaussian system
AX+o = z (10.26)
with
-1
A = [ OmI—kk,k A —AX;,?A?1A1,2 ] (1027)
and

(IJl — Al_jwl
w2 _A2,1A;}w1 +wy |’
7 — Z1 _ A;}zl

Z9 —A2,1A1—,}Z1 + z3 ’

We note that in the second part of the linear system (10.26) the variables in s — ¢
are eliminated. Therefore, this part of the system represents the part of the original
Gaussian information (10.24) bearing on the variables in ¢, that is

B Apo XY+ @y = 2Zo (10.28)

Here, the matrix AQ’Q_ = Ajo — Ag’lAl_jAl‘Q corresponds to the right lower
element of the matrix A. This linear Gaussian information can be represented by the
generalized Gaussian potential (7, C), where

v = Al ,Kz,Z2 and € = A, Ky, Azs. (10.29)

In order to fully determine this potential, it only remains to compute K, . For this
purpose, note that @ = Tw with the matrix

A7l 0
T = b
[—A2,1AL} I
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The inverse of this matrix is

A 0
-1 _ 1,1
N e

From this we obtain the concentration matrix of @ = Tw,
K, = T'TK,T!
[ AT, AT, ] [ Kip Kip ] [ A1 O ]

0 I K>1 Kapo Axy I
ATK, A, ATKT
= . 10.30
[ KoA; K, ( )

Here, A; is the matrix of X+t in the system (10.25), whereas
Ko = [ Kz K |

denotes the lower row in the decomposition of K. We finally obtain the concentration
matrix of the marginal density of @, and it is shown in Appendix J.2 that this also
corresponds to the concentration matrix of @s,

Ko, = Koo —-KyA (ATK, A 'ATKT. (10.31)

We have completely determined the information for X¥¢, once as extracted from the
original system and then as the associated generalized Gaussian potential. It is very
important to remark that these results do not depend on the particular choice of the
regular submatrix A; ; of A;, which is used in the variable elimination, since only
the matrix A appears in the generalized Gaussian potential.

We want to see whether and how this potential relative to the extracted information
can directly be obtained from the generalized Gaussian potential (v, C) of the original
system (10.24). As we have shown, equivalent systems have identical potentials. So,
instead of computing the potential of system (10.24), we can as well compute the
potential of the transformed system (10.26) with the matrix A as defined in (10.27).
For the pseudo-concentration matrix we have

iTw. i AT &
C = ATKwA = ATKQA = |:A1K""'A1 AleA2 :|

ATK.A; AIK,A,
The matrix A denotes the left-hand column of the matrix A in (10.27), whereas Ao
denotes the right-hand column. Here, C is decomposed with respect to s — £ and ¢.

The blocks of C are as follows, if the internal structure of matrix A in (10.27) is
used:

0
The last term equals the left upper element of K in (10.30). We thus obtain

Cii = ATK,A, = [ I o]Kw[I].

Ci.. = ATK, A,

3
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If Ay ; and A, ; denote the submatrices of Ay corresponding to the decomposition

with respect to s — £ and ¢, we obtain for the lower right element of C using (10.30)
C2,2 e A;K@ Az

[ A7, 72 ] KA, Kz Az

ATK A, ATKT ] [ {&2’1 ]
= A7, (ATK,A)A;, + AT ATKT Ay,
+ A7, K3Az1A01 + A7, Ko 2A0.
Next, we compute the lower left element of C:
02,1 = AngAl
I
0

[ AL, AQQ]KQ[ ] — ATL(ATK,A,) + ATLK:A,.

By the symmetry of the matrix C it finally follows that
Ci2 = CI, = (ATK,A)As; + ATK] A, .

These elements are sufficient to establish the relation between the concentration
matrix C in the potential of the original system (10.24) and the concentration matrix
C in the potential of the reduced system (10.28). In fact, we conjecture that the same
projection rule applies as for ordinary Gaussian potentials (10.5) in its transformed
form (Cp, C), i.e.

Cc¥ = (CcThHiH) ! = C22 — C2,1C{(C1 2,

see Appendix J.2. This can easily be verified by using the above results for the
submatrices C; ; to obtain

((C_l)u)_l = Cyp— C2,1Ci}01,2
= Al, (Ka2— KyA1(ATK,A)TTATK]) Ay
= A],K;A,, = C,

see equation (10.29). Similarly, we examine the first part v of the potential,

v = ATK,z = ATK 2
_ { I 0 HA{K@I A{K?Hzl]
AT, AL, K2A, K zZz |
We find for its two components
i = ATK,A1z + ATK] %,
vy = Al (ATKLA))Z; + Al KA 2 + AT ATK] 2, + A7 Ko 0%
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We next want to apply the projection rule for ordinary Gaussian potentials from
equation (10.5) to the first part of the potential. This requires first transforming the
rule to the new form of the potential. From v = Cy we derive

vi = Cyiipu +Cippg,
vy = Cgip1+ Copopa.

From this we obtain
-1 -1
vz = C2aC i = (Ca2 — C2,1C11Cr2)pe = CHpt
So, the conjecture is

t -1
I/u = Vs — 02,101’11/1.

In fact,
vp —CoCiinn = A7, (K2 — KoA(ATK,A ) 'ATKY) 2,
= A7, K.z = 7,

see equation (10.29). Putting things together, we conclude that generalized and ordi-
nary Gaussian potentials essentially share the same projection rule

(I/,C)'Lt — (Vllt,CUt) — (V.Lt__C.Lt,s—t(Cis—t,s—t)—lyis—t’
CJ,t,s—t(Cis—t,s—t)—lcis—t,t)‘

This, however, does not yet cover the general case, since we assumed for the extraction
of information that the matrix A1 has full column rank, i.e. that all columns of A,
are linearly independent, which is not always the case. Fortunately, it is now no more
difficult to treat the general case. So, we return to the original system (10.24) together
with its decomposition (10.25) according to the variables in s — ¢ and ¢. But this time
we allow that the rank k£ of A; may be less than the number of columns, k& < |s —£|.
Then, there are k linearly independent columns in A; and we again assume that these
are the k first columns. Denote the matrix formed by these k linearly independent
columns by A and the matrix formed by the remaining |s — ¢| — k columns by Af.
The columns in the second matrix can be expressed as linear combinations of the first
k columns. This means that there is a k x (m — k) matrix A such that

Al = AA.

Within the matrix A] of these first k columns there is a regular k x k submatrix.
Now, if we decompose the matrix A of the system (10.24) according to k, |s — ¢| — k
and |t| columns and the rows according to the first k and the remaining m — k rows,
we have

A = | A AnA Ay
Asqi A A Ay, |7
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The system (10.24) then decomposes accordingly, if = denotes the set of variables
associated with the first & columns of A; and y the set of variables associated with
its remaining columns such that x Uy = s — ¢, we have

1&1’1)('L:c + Al’lel'y + A112Xl't +wy = 2,
A XV 4 Ag ] AXY + Ap X fwp = 2.

As before, the first part of this system can be solved for X+* + AXY¥ which gives
XY+ AXY + ATIA XY + AT o = Alqz,
(Ag2 — A2,1A1_,1A1,2)X‘Lt + (—A2,1AI_&UJ1 +wy) = —Ag,lAl",izl + 2Zo.

We observe that w is transformed into @ = Tw just as before and consequently, @ still
has the concentration matrix K as computed in (10.30). It follows from equation
(10.31) that the same holds for K,. As above we define the matrix

A - I A ATlA1 1

Om-kk Omks—t|-k Az22— AalA;1A1,2

where the submatrices A (left-hand column), Ag’l and Az,g (right upper and lower
submatrices) are still the same. As a consequence, the generalized Gaussian potential
of the projected system

[+ :A2,2X¢t+a)2 = Z9

does not change and equation (10.29) still holds. In contrast, the potential of the
original system changes somewhat. If we define

T
B" = [ AT Opekjs—tj-k |,
we obtain
) ATK;A; ATK,B ATK A,

C = ATK,A = ATK;A = | B'K;A;, B'K;B BYK;A;
ATK; A, ATK B ATK A,

Writing C, ; for the submatrices above and ¢, j = 1,2, 3, we remark that C, ; is the
old C; ; computed above, Cs 3 is the old C3 3, C3 ; and C; 3 are the old C;; and
C; 2. It only remains to compute the new Csz 2, C5 1, Cs 2 and the symmetric C o
and C; 3. From the matrix above one easily obtains

Cyo = AT(ATK,A))A,

3

Cy1 = AT(ATK,A)),

)

Cs2 = A7 (ATKLADA +ALKyA A
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The remaining matrices C; 2 and Cj 3 are the transposes of C; ; and C3 . As before,
it follows from these remarks that

_1 =
Cs3—C5:1C1;Ci13 = C,
—-1 —

V3 — C3’1CL1U1 = .

More generally, it is now easy to verify that

Cao Co3 | | Can -1 _ |0
[ Cs2 Csp2 ] [ Cs1 ]Cl’l [Ciz Cis] = [ 0

Qo
|

and also that

vy Cs1 -1 0
— ’ Ci;ny = _ .
[ v3 } [ Cs1 ] 1 Z
This clarifies the general situation concerning extraction of information or projection.
The following theorem summarizes this important result:

Theorem 10.2 Consider the linear Gaussian system | : AX + w = z for the set s of
variables and the system IV for t C s obtained by eliminating the variables in s — t.
If (v, C) = e(l) is the generalized Gaussian potential for the system |, then there is
a subset x C y = s — t such that C¥* is regular of rank rank(C**) = rank(C%).
For each such subset x,

e(ll,t) — (U,Lt _ c:,],t,av((ji,ac)—lyuc7 CJ,t _ CJ,t,:v(cLz)—lc,Lz,t).

There may be several subsets © C s — t for which the statement of the theo-
rem holds, and for each such subset the generalized potential e(I*!) is the same. In
practice, this projected potential will be computed from the original potential (v, C)
by successive variable elimination. Gaussian potentials summarize the information
contained in a linear Gaussian system. In the following section, we show that these
potentials form a valuation algebra that later enables the application of local com-
putation for the efficient solution of large, linear Gaussian systems. Illustrations are
given in Section 10.5 and 10.6.

10.4 VALUATION ALGEBRA OF GAUSSIAN POTENTIALS

In the previous section, we defined combination of generalized Gaussian potentials,
representing union of the underlying linear Gaussian systems, and projection of
generalized Gaussian potentials, representing extraction of information in the cor-
responding linear Gaussian system. In this section, we show that the generalized
Gaussian potentials form a valuation algebra under these operations and that the
valuation algebra of ordinary Gaussian potentials introduced in Instance 1.6 essen-
tially is a subalgebra of this valuation algebra. For this purpose, we show that hints
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form a valuation algebra isomorphic to the algebra of generalized Gaussian potentials.

To start, we formally define the algebra under consideration. Let r be a set of
variables and D the subset lattice of r. For any non-empty subset s C r we consider
pairs (v, C) where C is a symmetric, non-negative definite s X s matrix and v an
s-vector in the column space C(C) of C. Denote by @, the set of all such pairs. For
the empty set we define ¥y = {(o,©)}}. Finally, let

<I>=U<I>s

sCr

to be the set of all pairs (v, C) with domain subset of 7. The elements of ® are called
generalized Gaussian potentials, or shortly, potentials. Note that ordinary Gaussian
potentials in the form (K, K) also belong to ®. Within ® we define the operations
of a valuation algebra as follows:

1. Labeling: d(v,C) = sif (v,C) € ®,.
2. Combination: If d(v1,C1) = s and d(1, C2) =t then

(11,C1) ® (1,C3) = (UlTsut+Vgsut, CIsUt+C‘2rsUt).

3. Projection: If d(v,C) = s and t C s then
(v, C)“ _ (Vu _ C.Lt,z(C,Lz)—lyJ,z’ CHt _ Clt,z(cl,x)—lciz,t)’

where z C s — t is selected such that C** is regular with rank rank(C+?) =
rank(C**~*). According to Theorem 10.2 such a subset always exists.

Instead of directly verifying the valuation algebra axioms for these operations, it
is easier to examine a corresponding algebra of hints. Indeed, we know that potentials
faithfully represent the associated operations with linear Gaussian systems, in partic-
ular with Gaussian hints. It turns out to be easier to verify the axioms of a valuation
algebra with hints rather than with potentials. We remember however that operations
with hints are not uniquely defined. For example, depending on how the variables in
s — t are eliminated in a hint & : AX 4 w = z on variables s, the reduced systems
h't are different, but equivalent. Therefore, rather than considering individual hints
h, we must look at classes of equivalent hints [h]. So, as with potentials, we define
W, to be the family of all classes [h] where h are hints relating to the subset s C r of
variables and

U = U\I/

sCr

As above, we represent hints h by triplets (A, z, K) where A is an 7n X s matrix
with full row rank, hence m < |s|, z is an m-vector and K a symmetric, positive
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definite s x s matrix. In order to define the basic operations of labeling, combination
and projection with hints we denote the operation of the union of two linear systems
lh =(Ay,2z1,K;) and ls = (Ag, 22, K>) on variables s and ¢ respectively by

AlsY z K 0
Lol, = 1 R ! D
1Pt ([A?“Hm”o K,

Similarly, for a system ! = (A, 21, K;) on variables in s and ¢ C s, let
llt = (A2,2a z;, KCJ)

denote a system like (10.28) were the variables in s — f have been eliminated. Finally,
if | is a linear Gaussian system, then let h(!) denote the equivalence class of hints
derived from [. We are now able to define the basic operations in ¥:

1. Labeling: d(lh]) = sif [h] € ¥,.
2. Combination: For hy € [h1) and hg € [hs]
[h1] ® [hz] = h(h1 35} hg)

3. Projection: If d([h]) = s and ¢t C s then for h € [h]

[RY* = R(RY).

These operation are all well-defined, since equivalent systems have equivalent unions
and projections. The very technical proof of the following theorem can be found in
Appendix J.1.

Theorem 10.3 The algebra of hints (¥, D) with labeling, combination and projec-
tion satisfies the axioms of a valuation algebra.

We show that the algebra of generalized Gaussian potentials (®, D), which consists
of the potentials e(h) € ® associated to the hints h € ¥, also forms a valuation
algebra. We first recall that the mapping e : ¥ — ®, defined by e([h]) = e(h),
respects labeling, combination and projection

d(e([r)) = d([h)), e([hl: ® [h]2) = e((hh) ®e((hl2), e((h]*') = e((h)*.

This has been shown in Section 10.3. Further, we claim that the mapping is onto. In
fact, let (v, C) be an element of ®. C is therefore a symmetric, non-negative definite
3 x s matrix and v an s-vector in the column space C(C) of C. For any symmetric
non-negative definite s x s matrix C of rank k < |s|, there exists a & X s matrix A
of rank k such that C = AT A. This is a result from (Harville, 1997). The columns
of C span the same linear space as AT and therefore, there is a k-vector z such that

v = ATz
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Consequently, h = (A, z, 1) is a hint on s such that
e(h) = e([h])) = (ATLz, AILAT) = (AT, ATA) = (v,C).

The fact that (¥, D) is a valuation algebra then implies that (®, D) is a valuation
algebra, too, and that both algebras are isomorphic.

We have seen in Section 10.1 that Gaussian hints h = (A, z, K), where A has
full column rank, are represented by ordinary Gaussian potentials

((ATKA)—IATKZ, ATKA) ,

that in turn determine Gaussian densities. Such a potential can also be one-to-one
transformed into a generalized Gaussian potential (AT Kz, ATKA), and combina-
tion as well as projection of ordinary Gaussian potentials correspond to the operations
on generalized Gaussian potentials. Thus, the original valuation algebra of ordinary
Gaussian potentials can be embedded into the valuation algebra of generalized Gaus-
sian potentials and can therefore be considered as a subalgebra of the latter. These
insights are summarized in the following theorem:

Theorem 10.4 Both algebras of hints (U, D) and generalized Gaussian potentials
(®, D) are valuation algebras and e : ¥ — ® is an isomorphism between them. The
valuation algebra of ordinary Gaussian potentials is embedded into {®, D).

Consequently, we may perform all computations with hints also with generalized
Gaussian potentials. This will be exploited in the remaining sections of this chapter.

10.5 AN APPLICATION: GAUSSIAN DYNAMIC SYSTEMS

Linear dynamic systems with Gaussian disturbances are used in many fields, for
instance in control theory (Kalman, 1960) or in coding theory (MacKay, 2003). The
basic scenario is the following: the state of a system changes in time in a linear
way and is also influenced by Gaussian disturbances. However, the state cannot
be observed directly, but only through some linear functions, again disturbed by
Gaussian noise. The problem is to reconstruct the unknown present, past or future
states from the available temporal series of measurements. This is a very well-known
and much studied problem, usually from the perspective of least squares estimation
or of maximum likelihood estimation. Here, we shall look at this problem from the
point of view of local computation in the valuation algebra of generalized Gaussian
potentials. Therefore, this section will be an illustration and application of ideas,
concepts and results introduced in previous parts of this chapter. Although the main
results will not be new, the approach is dramatically different from the usual ways
of treating the problem. This results in new insights into the well-known problem
which is a value in itself. We should, however, credit (Dempster, 1990a; Dempster,
1990b) and also refer to (Kohlas, 1991; Monney, 2003; Kohlas & Monney, 2008)
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for applying the theory of Gaussian hints to this problem. But the use of generalized
Gaussian potentials, as proposed here, is different and more straightforward. We also
refer to Instance 9.2 for a simplified version of a similar problem.

B 10.2 Kalman Filter: Filtering Problem

The basic model of a time-discrete, linear dynamic system with additive Gaus-
sian noise is as follows:

Xk+1 = AiXi + wg, (10.32)
Y., = HXi+ v, . (10.33)
Y = Yk (10.34)
Xy = wo, (10.35)
for k = 1,2,... Here, X, are n-dimensional vectors, the matrices A are

n X n real-valued matrices, the vectors Y are m-vectors, yi € R™ and Hy
denote m x n real-valued matrices. The n-vector disturbances wy, and m-vector
disturbances vy are distributed normally with mean vectors 0 and variance-
covariance-matrices Q. and Ry respectively. Equation (10.32) defines a first
order Markov state evolution process. Further, equation (10.33) defines the
measurement process for state variables, namely how the measurement Y
will be determined from the state X. In equation (10.34) the actually observed
value yy is introduced into the system. Finally, equation (10.35) fixes the
initial condition of the process. Although this is usually introduced as part of
the system, this information is not really needed in our approach. We come
back to this point later in the development. Such a linear Gaussian system is
called a Kalman filter model after the inventor of the filter solution associated
with the system. We can easily transform this system into the standard form of
a linear Gaussian system,

X
[Ax 1] [ inl ] +uwp = 0, (10.36)
H. Xy +vr = ¥k, (10.37)
~Xo+wy = 0. (10.38)

Note that we substituted the observation equation (10.34) directly into (10.33)
as suggested in the previous Section 10.6. This has the effect that the variables
Y. disappear from the model. In fact, the Kalman filter model is also an in-
stance of a Gaussian Bayesian network as discussed in the following Section
10.6. Figure 10.4 represents the system graphically. Alternatively, if conditional
Gaussian densities instead of the linear Gaussian systems are given in the graph
of Figure 10.4, we speak of a hidden Markov chain. It will be shown in Section
10.6 that we may reduce this model to a Kalman filter model.
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Figure 10.4  The direct influence among variable groups in the Kalman filter model.

If we consider the standard form of the Kalman filter model given above, but
with the variables Y, eliminated, we see that we may cover this system by the join
tree of Figure 10.5. Each subsystem (10.36) is assigned to the nodes labeled with
Xk, Xr+1. We point out that node labels in join trees usually correspond to either
sets of variables or indices. Here, it is more convenient to refer to the node labels by
the vectors directly. So, the subsystems (10.37) are affected to the nodes with label
X, and the initial condition (10.38) is on the node labeled with Xq. To each of these
linear Gaussian subsystems belongs a corresponding generalized Gaussian potential.
Let ¢y 41 for k = 1,2, ... denote the potential on node Xy, X1, o the potential
on node X and 1, are the potentials on the nodes X.. According to equation (10.12)
these potentials are

TA-1 ATA-1
b0 = (0.Q5"), onn = (0, | Mdyde AT ) 039

and

Ve = (H{R;lyk, H{R,;lHk). (10.40)

Figure 10.5 A covering join tree for the Kalman filter model.

Assume now that measurements yy, are given for £ = 1,.. ., h. The information
about the whole system (10.32), (10.33), (10.34) and (10.35)fork = 1, ..., histhen
represented by the potential

h—1 h
Xh = $P0® <® ¢k,k+1> ® <®¢k> .
k=0 k=1

Computing Xth means to infer about the state X;, given the Kalman filter model and
state measurements for k = 1 up to k = h. This is called the filter problem for time
h. It can easily be solved by orienting the join tree of the Kalman filter model in
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Figure 10.5 towards node X}, and applying the collect algorithm from Section 3.8. In
fact, due to the linear structure of the join tree in Figure 10.5, after the messages are
passed up to node X,_1, this node contains the valuation Xt’: ! Then, the message
Xt}i_ll is sent from node X, _; to node X;_;, X} where it is combined with the
node content @, _1 . Finally, the result is projected to h and sent to the root node

X, where it is again combined to the node content. The root node then contains

_ ih
= (AT @ i) @ . (10.41)

This is a recursive solution of the filtering problem. The recursion starts with the
initial condition X$O = ¢o and is applied iteratively for each time step h = 1,2,...
incorporating the new state measurements at time h. The message

_ th
Bh—thy—h = (x,ﬁ’if@a&h_l,h) (10.42)

sent from node X;, 1, X}, to node X, is also called the one-step forward prediction.
It corresponds to the inference about the state variable X, before the measurement
v of this state becomes available. Note that these results do not yet depend on the
actual valuation algebra instance, but they only reflect the linear form of the join tree.

The recursive computation of the potentials (10.41) can be translated into corre-
sponding matrix operations for the elements involved in the potentials, if we use the
definitions of combination and projection of the algebra of generalized Gaussian po-
tentials given by (10.39) and (10.40). The recursion (10.41) can now be transformed
step-wise into the corresponding operations on the associated generalized Gaussian
potentials. To start with let

k
x5 = (v, Ck),
where for k¥ = 0 we have the initial condition
0 ~
Xé = ¢p = (Vonol)-

We now apply the valuation algebra operations for generalized Gaussian potentials
defined in Section 10.4. If follows from the rule of combination that

ATQ'A:, —ATQ;! D
-Q;lA, Q;!

([ Vi :| |: A{Q;lAk—{-Ck —-A{Q;l :|)
0 ’ _Q;lAk Q;l

From this we compute the projection or one-step forward prediction (10.42),

th Qbkkr1 = Wk, Cr)® (0, I:

Wkkt1) skt = (Q;lAk(AzQEIAk'FCk)_IVkv (10.43)

Q;' - Q7 A(ATQ Ay + C) TATQLT) (10.44)
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Here, we tacitly assume that the matrix AZQ;lAk + Cy is reguiar. This is surely the
case if either Ay or Cy is regular, since then either AfQ;lAk or Cy, is symmetric,
positive definite. If this is not the case, then Theorem 10.2 must be applied to compute
the projection. We further define

Kkt 1)—k+1 = (’/k,k+la Ck,k+1)7
with
Vek+1 = Qi lAL(ATQi'Ar +Cr) i (10.45)
Cern = Qp' —Qi'Ax(ATQL'Ax +Cr)'AT Q! (10.46)

This determines the one-step forward prediction. Finally, we obtain the filter potential
(10.41) for X+ 1, given the observation y, . . ., Yx+1, again by the combination rule
for generalized Gaussian potentials:

Lk+1

Xit1 = MBokt1) k1 © Yrtl
= (”k,k+1 +H] R ves1, Crpsr + H£+1R;i1Hk+1)-
So, we have
Vktr = kg1 + HE RO Yee (10.47)
Ciy1 = Crpr1 +H{ R Heypy (10.48)

The equations (10.45), (10.46), (10.47) and (10.48) define a general recursion scheme
for the filtering solution of a linear dynamic system with Gaussian disturbances. Note
that in this general solution no assumptions about the initial condition of X are
needed. In fact, it is not necessary that ¢g is an ordinary Gaussian potential as as-
sumed above. Further, no regularity assumptions about the matrices Ay, are needed;
provided that for the computation of the one-step forward projection the general pro-
jection rule of Theorem 10.2 is used. However, in the usual Kalman filter applications
as discussed in the literature, see for instance (Roweis & Ghahramani, 1999), the
initial condition ¢ in the form of an ordinary Gaussian potential is assumed and
the matrices A, are assumed to be regular. Consequently, all the filter potentials
th are ordinary Gaussian potentials, which of course simplifies the interpretation of
the filter solution as well as the computations. That the potentials th are ordinary
Gaussian potentials in this case follows by induction over k. Indeed, Xéo = ¢pg is an
ordinary Gaussian potential by assumption. Assume then that this holds also for xtk
which means that in the generalized Gaussian potential xtk = (v, Ck) the matrix
Cy. is positive definite, hence regular. But then, as remarked above, the same holds
for Ci, ;41 and by the same argument it then also holds for Cy, defined in (10.48).

We propose in this case to compute directly with the mean vector and the variance-
covariance matrix of the different potentials. If th = (v, Cg) is an ordinary
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Gaussian potential, i.e. the matrix Cj, is regular and C,;l = ¥ is the variance-
covariance matrix of the filter solution at time k, then

k
Xt ® Pk k+1

is an ordinary Gaussian potential too. It represents a two-component vector, where
the first component is the filter solution at time & and the second component the
one-step forward prediction to time k + 1. It has the variance-covariance matrix

[A{Q;lAk —ATQ;! ]‘1: [ N AT

by _ . 10.49
“Q'Ar Q! ArSy AkzkA£+Qk] (10.49)

This can easily be verified. Then, since v, = Cypuy if py is the mean value of the
ordinary potential representing the filter solution th at time k, we conclude that

[ ik _ b AL Crpr | _ Pk ]
Bk k41 AT, ALEAT + Qg 0 Appy |’

where i p+1 = C;}c +1Vk k+1 is the mean vector of the one-step forward prediction.
It follows that

Bkl = Agp.

This, by the way, is a result which could also be derived from elementary probability
considerations. For the variance-covariance matrix of the one-step forward prediction
we read directly from equation (10.49) that

Sekt1 = ArZiAT 4 Q.

Next, we go for the filter xt’fll = (Vk+1, Ck41). According to equation (10.48), the
inverse of Cy, 1 is the variance-covariance matrix of the filter solution at time &k + 1,

Bie1 = (Crprr +HE Ry Heyr) ™!

= Zppt1 — ZeariHE o (Hi 1 Bk HE + Rir) ' Higp1 Tk k1
Here, we use a well-known and general identity from matrix algebra (Harville, 1997):

(A+BTC'B)"! = A '-A"'BTBA'BT+C)'BA!
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and ¥y k41 = C,;}c i1 This result together with equation (10.47) can be used to
compute the mean value pi;; of the filter solution,

perr = Cifivin

= e (Bjiqitresr +HE R i)

= (ke — Bt (Hen S e Hip g + Rirn) Hin Seen)
(St + HEL R yig)

= it — Sepr1Hp o (Hep1 Sepr H + Rigr) 7!
[~ (Hi1 Zepen By + R 1) Ry Vs + iyt ken +
Hk+12kvk+1H£+lRI;ilyk+1]

= pokrt — SepnHE (Hep e e B + Ripr) ™!
Het1pkkr1 — Y]

This determines the classical Kalman filter for linear dynamic systems with Gaus-
sian noise. Often, the gain matrix

T —
Ki = SeenHip (HenZSeeeHi + Rigr) ™!
is introduced and the filter equations become

prt1 = prk+1l — Ke(Hpipe k61 — Yegt) (10.50)
Y1 = Zpet+1 — KieHer 13k k41 (10.51)

We finally remark that these recursive equations are usually derived by the least
squares or by maximum, likelihood methods as estimators for the unknown state
variables. In contrast, they resuit from assumption-based reasoning in our approach
and the potentials represent fiducial probability distributions. Although the results
are formally identical, they differ in their derivation and interpretation.

10.6 AN APPLICATION: GAUSSIAN BAYESIAN NETWORKS

Graphical models such as the Bayesian networks of Instance 2.1 are popular tools for
probabilistic modeling, in particular using discrete probability distributions. These
models serve to generate a factorization of a probability distribution into a product
of conditional distributions, which is then amenable to local computation. A similar
scheme applies also to Gaussian densities.

B 10.3 Gaussian Bayesian Networks
We recall that a Bayesian network is a directed, acyclic graph G = (V, E)

with a set V' of nodes representing variables and a set E of directed edges. We
number the nodes from 1 to m = |V| and denote the variable associated with
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node 7 by X;. The parent set pa() of node 7 contains all the nodes j with a
directed edge from j to i, i.e. pa(i) = {j € V : (j,1) € E}. Nodes without
parents are called roots. Let X,,5(;) denote the vector of variables associated to
the parents of node i. Then, a conditional Gaussian density function fx,x,, .,
is associated with every node ¢ € V. If ¢ is a root, this is simply an ordinary
Gaussian density fx,. The graph gives rise to a function f of m variables which
is the product of the conditional Gaussian densities associated with the nodes,

flxy,. ., 2m) = Hin’Xpa(i)(xilxpa(i))~

eV
Theorem 10.5 The function f(x1,...,Zm) is a Gaussian density.

Proof: 1Itis always possible to number the nodes in the graph G in such a way that
any parent j of a node 7 has a smaller number than ¢, i.e. j < ¢ if j € pa(i). Such an
order of the nodes is called a construction order (Shafer, 1996). Let us now assume
that the nodes of G are numbered in a construction order. We then have

flzr, ..., zm) =
Fx (@) x5, (21122) FX5 0% oy (T3] Xpa(3)) - - FXon (X pamy (T Xpa(m))-

Clearly, each subproduct from j = 1 up to some ¢ < m is a Gaussian density, hence
this holds for the whole product. ]

The factorization of a Gaussian density f(z1,...,z,,) into a product of condi-
tional Gaussian densities as induced by a Bayesian network is very particular. We
may have much more general factorizations of Gaussian densities,

f@.zm) = ] fxux. (ealxe) (10.52)

(h,t)ed

where 7 is a family of pairs (h,t) of subsets h,t of the index set {1,...,m} of
the variables X,..., X,,. The set h is called the head and the set ¢ the tail of the
conditional density fx,x, (xx|x;). The symbols X}, and X, represent the vectors of
variables over the index sets h and ¢ respectively. Similarly, x5, and x, represent the
corresponding real-valued vectors of the variable vectors. Of course, the collection
of conditional Gaussian densities fx,x,(Xxr|x;) must satisfy some conditions to
turn f(x1, ..., Tm) into a Gaussian density. In fact, it is necessary and sufficient that
the conditionals can be brought in such an order (h;,¢;) for j = 1,...,n that the
following conditions are satisfied:

1. t; is empty;
2. t; CdyU...Ud;_ and h; is disjoint from d; U...Ud;_; whered; = h; Ut;.

Theorem 10.6 If these conditions above are satisfied, the product

i
11 Sxn, 1%, (X, |x¢,)
j=1
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is a Gaussian density foralli = 1,...,n.

Proof: We proceed by induction: The theorem holds for 7 = 1 since

th1|xt1 (xh1 lxt1) = thl (xhl)
is a Gaussian density. Assume that the theorem holds for i — 1, i.e.

i—1

flena) = [T i, (nlxe,),

Jj=1

where {1,...,k} =d; U---Ud,;_; is a Gaussian density. Then

f@e, 2 Xy, X, (Rhe [Xe)

i+1
is a Gaussian density too, because t;4; is a subset of the variables 1 to k of the prior
f(z1,...,z) and h; represents variables outside the prior (see Appendix .2). =

A sequence of pairs (h;,t;) satisfying these conditions is called a construction
sequence (Shafer, 1996) for the Gaussian density of equation (10.52).

Example 10.5 Consider the linear dynamic Gaussian system discussed in the pre-
vious section. The dynamic equations (10.32) induce conditional Gaussian densities
with head X,; and tail X; 1 for i = 1,2,... The measurement equations (10.33)
can be represented by conditional Gaussian densities with head X; and tail Y ;.
If we further assume ordinary Gaussian densities for Xo and Y; (interpreted as
“conditional” densities without tail) then a possible construction sequence is

(X07 Q)a (Yh 0)) (X17Y1)7 (X17 X0)7 (Y27 0)7 (XZa Y2)7 (X-Z) X1)7 o
There are other ones. Construction sequences are generally not unique.

The decomposition of a Gaussian density into a product of conditional densities
is a problem of modeling. Bayesian networks may help. Subsequently, we assume
a given factorization and focus on computational aspects. For local computation of
marginals of such a factorized Gaussian density (10.52) we need a join tree that covers
the domains d = h U ¢t of the head-tail pairs (h,t) € J as explained in Chapter 3.
Let (V, E, A, D) be such a join tree, where D is the lattice of subsets of the index
set {1,...,m} of the variables of the Gaussian density f(z1,...,Zm). SO we have
d C A(y) for every conditional (h,t) € J for some node j € V. Assume that we
want to compute the marginals of f(z1,...,Z,) for all variables X; to X,,. For that
purpose, it suffices to compute the marginals of f(xy,...,z,,) for all node labels
A(7) in the join tree. The one-variable marginals follow then by one last projection
per variable. This can be achieved by the Shenoy-Shafer architecture of Section 4.1.
As a preparation, we transform all the conditionals fx, x,(xx|x:) into generalized
Gaussian potentials (v, +, Cp, ;). To do so, we represent the conditional Gaussian
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density fx, x,(xx|x;) with mean vector z;; + ApX; and concentration matrix
K}, ; by a linear Gaussian system

Xr = Zae+ AL X+ why (10.53)

with concentration matrix K
a linear Gaussian system

wn.e = Kp,¢. This transforms into the standard form of

X
[T —An ] [ XI: ] —Wht = Zng (10.54)

and then into the generalized Gaussian potential

Kh,tzh,t Kh,t '_Kh,tAh,t (10.55)
'—Az;tKh,ch,t ’ 'Ar;’;tKh,t Ag,tKh,ch,t )

according to equation (10.12) in Section 10.3. We then select an arbitrary noder € V
of the join tree as root node and execute the collect phase of the Shenoy-Shafer archi-
tecture with the generalized Gaussian potentials on the nodes of the join tree. At the
end of the message-passing, the Gaussian potential of the marginal of f(z1,...,Zm)
to the root node label A(r) can be obtained from the root node. This corresponds
to an ordinary Gaussian potential since this marginal is a Gaussian density. After
the distribute phase, the marginal of f(z1,...,Z) to each node label A(¢) can be
obtained from the corresponding join tree node 7 € V, and these marginals are all
ordinary Gaussian potentials.

As long as we remain within the valuation algebra of the generalized Gaussian po-
tentials, we have to use the Shenoy-Shafer architecture due to the absence of a division
operator in this algebra. However, we may embed this valuation algebra into the larger
valuation algebra of potentials (v, C), where C is only assumed to be symmetric, but
no more non-negative definite. In this algebra, division is defined and the application
of local computation architectures with division such as the Lauritzen-Spiegelhalter
or the HUGIN architecture become possible for factorizations of Gaussian densities
into conditional Gaussian densities. For details see (Eichenberger, 2009).

An essential aspect missing so far concerns observations. Assume that we have
observed the values of some variables and want to condition the Gaussian density
f(x1,...,zn) on these observations and again compute the marginals of the con-
ditional density to all remaining variables. This amounts to adding simple equations
like X; = Z; to the system. More generally, we may need to add general linear sys-
tems without disturbances. This gives a combination of linear Gaussian systems with
ordinary linear systems of equations. We shall not treat this general case and refer
to (Eichenberger, 2009) where an extension of the valuation algebra of generalized
Gaussian potentials to a valuation algebra covering both ordinary linear equations
and linear Gaussian systems is developed. Here, we treat only the simpler case of
observations of single variables, Consider a Gaussian density f(z1,. .., Z,,) defined
by a factorization (10.52) and assume that the values of a subset of variables X;
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with ¢ € o has been observed such that the equations X; = z; for i € o hold. We
decompose the index set {1,...,m} into o and its complement o° and let X, and
X, denote the corresponding variable vectors. Then we want to compute marginals
of the conditional density

f()_(ov Xoc )

IX e 1 Xo=x, (Xoe|X0) = o,)

where f4°(x,) is the marginal of f with respect to o. This is clearly again a Gaus-
sian density. In fact, it is simply the nominator f(x,,X,-) renormalized to one. In
view of the representation of Gaussian and conditional Gaussian densities by linear
Gaussian systems and their associated generalized Gaussian potentials, the density
f(zx1,...,z,) is represented by the totality of the linear Gaussian systems associated
with the conditional Gaussian densities into which f(xy,...,Z,,) is factorized. So,
we may simply add the observation equations X, = X, to this system. Or, we may
simply replace all variables X; with ¢ € o by their values Z; in all these equations.
This is exactly what we did in the linear dynamic Gaussian system discussed in the
previous Section 10.5.

To be a little more explicit, consider a conditional fx, x, (xx|x:) of the factor-
ization (10.52) and its associated linear Gaussian system (10.54). Define h; = hNo,
the set of observed head variables, hy = h — hy and similarly t; = ¢t N o, the set of
observed tail variables, ¢ = ¢t — ¢,. Decompose the matrix A, ; according to theses
subsets of h and ¢ into

_ Al A
Ane = [A2,1 Asn |’

where A171 is a hy X t; matrix, ALQ is hy X to, A2’1 is ho x t1 and A2’2 is a
ha x t2 matrix. Decompose also the variable vector X accordingly, whereas w and z
are decomposed according to the head variables 4, and hy of the conditional density.
Then the system (10.54) reads as

Xp,

I 0 —A171 —ALQ Xh2 + Wh,
0 I Az Ay Why

If we introduce the observed values X, = X5, and X;, = X, into these equations
and rearrange the equations to the standard form, we get the system

0 —-A,, X, Wh, Zj, Xp, Ay |
, + — 1 _ 1 + , % .
[ I _A2’2 jl [ th Wh, Zp, 0 AQYI t1
This permits to compute the associated generalized Gaussian potential and then to

carry out local computation as above to get the marginals of the conditional Gaussian
density f(x1,...,Zn), given the observation X; = Z; fori € o.
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To conclude this section, we emphasize again that there is an alternative approach,
which considers ordinary linear equations as information in the same way as con-
ditional Gaussian densities or the associated linear Gaussian systems and which is
based on an extension of both the valuation algebra of generalized Gaussian potentials
and the information algebra of linear systems (Eichenberger, 2009). This approach
has the advantage that more general linear system than simple observations can be
considered. Further, observation can be added as they arrive by using update versions
of local computation (Schneuwly, 2007). This approach is also more in line with
least squares estimation. We further mention that mixed discrete Gaussian systems
have been considered in connection to local computation (Cowell et al., 1999). These
systems however do not fit anymore into the algebraic structure of valuation algebras.

10.7 CONCLUSION

The valuation algebra of Gaussian potentials was introduced in Chapter 1 in a pure
algebraic context. In the first section of this chapter we gave meaning to this algebra.
By dint of a technique called assumption-based reasoning, we showed that a Gaus-
sian potential can be associated with an overdetermined, linear system with Gaussian
disturbances, whose matrix has full column rank. Combination and projection for
Gaussian potentials then mirror the operation of union of equations and variable
elimination in the associated linear system. However, we then observed by studying
certain time-discrete, dynamic systems that the requirement of an overdetermined
system with full column rank is too strong for many interesting applications. This
inspired a generalization of Gaussian potentials that correspond to conditional Gaus-
sian distributions and that can be associated with arbitrary linear, Gaussian systems.
This finally allows us to solve arbitrary linear systems with Gaussian disturbances by
local computation. Two typical models of such systems and their local computation
based solution were studied in the final part of this chapter. These models are Kalman
filters and Gaussian Bayesian networks.

Appendix:
J.1 VALUATION ALGEBRA PROPERTIES OF HINTS

We are going to verify the axioms of a valuation algebra for the algebra (¥, D) of
hints following (Kohlas & Monney, 2008). This supplies the missing poof of Theorem
10.3. We directly observe that the labeling (A2), projection (A3) and domain (A6)
axioms follow directly from the definitions of labeling and projection. The remaining
axioms are verified as follows:

(A1) Commutative Semigroup: Commutativity of combination follows from the
equivalence of the linear systems h; & hs and ho & h,. Therefore,

[h1] ® [h2] = h(h1 ® h2) = h(ha @ hy) = [h] ® [h1].
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For the associative law of combination, we note that
(] ® [he]) @ [h3] = h(k' @ h3),

where b’ € h(h; @ hs). But then k' is equivalent to k1 & ho and further b’ & hg
is equivalent to ((hy @ hg) @ hg = (hy @ (ho @ ha)). This in turn is equivalent
tohy®h” forah” € h(ha®hs). So, finally h' & hz and hy B h” are equivalent,
This implies that

([f1] @ [ha]) ® [hg) = h(h' ® h3) = h(h1 @ ") = [h] ® ([h2] @ [h3]).
This proves associativity of combination.

Transitivity: This axiom needs a somewhat longer reflection and is the most
difficult part of the proof. We first generalize the approach to variable elimi-
nation, which is used to define projection. If h = (A, z, K) is a hint on s and
t C s, we decompose the linear systems into

A XV L AXY 4w = 2.

Now, if A, is anm X |s — ¢| matrix with rank & < m, |s — ¢|, then there is an
m X k matrix B, which spans the column space C(A ) such that A; = B A.
Further, there is an m x (m — k) matrix B, such that B = [B; B] is a regular
m x m matrix. Let then T = B~! and

N
R ES
where T is a k& x m matrix and T an (m — k) x m matrix. The original
system can be transformed into the equivalent system
R TAX+Tw = Taz.

Here, @ = Tw has concentration matrix BTKB or variance-covariance matrix
TKT!. In a decomposed form, the matrix TA is written as

TA = [%] (A, Ay] = [%} [BiA A, ]
_ [TlBlA TIAQ} B { TA,; TlAQ}
TyBiA TeAy | | Opgs ToAy |-
and the transformed system becomes
TA XY 4 TIAXY + Thw = Tz,
T A XY + Tow = Tz
In the second part of this system,
ToA XY 43y = Tz, 3.n
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the variables in s —t have been eliminated. The stochastic vector wy = Tow has
a Gaussian density with concentration matrix (ToK~'TZ)~! as the marginal
with respect to ¢ of the Gaussian vector & = Tw. Since the matrix T is regular
and A has full row rank, it follows that TA has full row rank and therefore,
the matrix T2 A has full row rank too. Hence,

(T2A2, Tz, (T2K_1T2T)_l)

is a hint. It represents [h]*! because the solution space of (J.1) is a projection
of the solution space of the original system for every disturbance w. This is a
generalization of former approaches to compute a projection of a linear Gaus-
sian system, see Section 10.3.4.

An (m — k) x m matrix like Ty which has the property

1. of full row rank m — k and

2. ToA; =0p 1k

is called a projection matrix for A to t. A matrix A may have different projec-
tion matrices to ¢, but they all lead to equivalent systems. In fact, if T and T
are projection matrices for A to ¢, then TA; = TA; = 0, thenalso ATT7 =
ATTT = 0, which shows that the rows of both matrices T and T are bases of
the null space of AT This implies that there is a regular (m — k) x (m — k)
matrix C such that TT = TTC. Hence, the system TA, X} + Tw = Tz is
the same as the system CTTA, X4 + CTTw = CT Tz, which is equivalent
to the system TA; XY + Tw = Taz.

Further, elimination of the same variables in equivalent hints results in equiva-
lent hints. Indeed, if h; = (A, z,K) and hy = (A, z, K) are equivalent hints,
then both A and A are m x s matrices for some m and s and there is a regular
m x m matrix T such that

A=TA, z=Tz K= (TK 'TT)" L

For t C s, decompose the matrix of the first system for the elimination of the
variables in s — ¢ into

A = [ Al A.lA A2 ],

where A, is an m x k matrix of rank k < |s — ¢| spanning the column space
of the submatrix A¥$~f. The matrix A, has dimension m x ¢t. We decompose

v - %]
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such that T is a k x m and T3 an (m — k) x m matrix and obtain

T:A, T:AA T,A;

TA =1 7oA, T,AA ToA, | =
The matrix T A; has rank £ and is regular, because T is regular, hence T

has rank & as well as A ;. It follows that the matrix
P = [ —T2A1(T1A1)_1 L,._& ] s

is a projection matrix for A to t. Indeed, we have

T
PA;, = PTA; = [ -ToA(T1A)7! Ik ] { T; ]Al

= —TA(T1A])'TiA, + T2A; = 0.

The system reduced with projection matrix P is PAX + P& = Pz or also
PTAX + PTw = PTz. But the last system is the reduced system of AX +
w = z with projection matrix PT. This proves the equivalence of the reduced
systems, hence of projected hints hy and hs, stated in the following lemma.
We remark for later reference in the proof of the combination axiom that these
considerations can be generalized to arbitrary linear Gaussian systems. We
have proved the following lemma:

Lemma J.1 Projections of equivalent systems are equivalent.

These results about projection of hints with the aid of projection matrices
finally permit to prove the transitivity axiom of projection. Let h = (A, z, K)
be a hint with label x and s C ¢t C «. Select a projection matrix P; for A to t.
Decompose the matrix A into A = [A+*~t A¥t=s AS] We then obtain for
the hint £ projected to ¢,

M = [([PlA“'S P,AY], Pz, (PlK‘lPlT)"l)].

According to the discussion above, this unambiguously defines the projection
of hint [h]. Further, let P, be a projection matrix for P; A to s, such that

(s = [(PP1AY PPz, (PP K'PTPT) )] 02)

The matrix PP, is indeed a projection matrix, since Py A**~t = 0 and
P,P;A}~* = 0, hence

PP, [ Al AM=5 ] = P,[0 PoAY*] = 0.

Both matrices P, and P have full row rank which implies that PoP; has full
row rank too. More precisely, P is an (m — rank(A+*~%)) x m matrix and
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P; an (m —rank(AY* =) —rank(P1AY=%)) x (m — rank(A**~t)) matrix.
It holds that
rank(AY*"%) = rank(AY*"Y) 4 rank(P,AY %),

Thus, rank(P2) = rank(PP1). But this implies that PoP is a projection
matrix for A to s. Therefore, P3P is also the projection of [h] to s, hence

([ = [np
and transitivity holds.

Combination: The results about projection matrices also help to verify the
combination axiom. Let Ay = (Aj,2z1,K;) and hy = (Ap,22,Ks) be two
hints with A an my X x matrix and A, an my X y matrix. The vectors z; and
Z2 have dimension m, and my, respectively, whereas K, and Ky are m; x m;
and mg X my matrices. Accordingly, we have d([h1]) = z and d([h2]) = ¥
and assume = C z C x U y. Select a projection matrix P for A, to y N z such
that PALY ™% = 0 with rank rank(P) = m; — rank(AYY~%). We then have

[ho]¥* = [(PAgy“Z, Pz, (PK;lpT)—l)].

Y17 of the two hints k; and h3¥"* is

ATV APV 0 z
0  (PA)¥M (PA,)¥*~* |'| Pzp |’

[If)l (PKz_?PT)'1 ])

On the other hand, we define the matrix

The combined linear system h; @ hj

= I, O
P - %]
and it follows that
_ R Al$~y Aizﬂy 0 0
P(Al @A2) = P[ 10 Aézﬂy A,sz—w A%y—z
[ Ay A (] 0
B 0 PAY™Y PAYT 0

We note that for the rank of P we have
rank(P) = my +rank(P) = my + (my — rank(Az" %))

and also rank(h; @ h3¥") = rank(A¥"?). Therefore, P is a projection
matrix for hy @ ho to z. Finally, this shows that

[(hy @ ho)**} = [h1 @ B3"™] = [h1] @ [ha]*¥"*
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but it also holds by definition of combination and projection that
(b1 @ h2)]¥* = [(h ® h2)Y] = (] ® [ha])¥ = [l] ® [Ra]*¥"™.

This proves the combination axiom.

J.2 GAUSSIAN DENSITIES

Let x € R™ be an n-vector, u an n-vector and K a symmetric, positive definite n x n
matrix, then the function
| det(K)|

. —L(x—p)TK(x—
flx) = _(27)7_6 3Oemp) K(x—p)

is the Gaussian density with parameters p and K. The matrix K is called the con-
centration matrix of the density and the square root of the fraction in front of the
exponential is the normalization factor, which ensures that the integral over the Gaus-
sian density equals 1. The vector p is the expected value or mean of the density
and ¥ = K~! is the variance-covariance matrix of a random n-vector X with the
Gaussian density above. The matrix 3 is also symmetric and positive definite.

Let Y = ¢ + BX be an affine transformation of the random vector X having a
Gaussian density with expected value px and variance-covariance matrix ¥x, where
¢ is an m-vector and B an m X n matrix. Then, Y still has a Gaussian distribution
with expected value ¢ + By and variance-covariance matrix BXBT . In the particular
case that m = n and the matrix B is regular with inverse T the Gaussian density of
the random vector Y has the expected value

py = c+Bux
and concentration matrix
Ky = (BXxBT)™' = TTKxT.
Let s be a subset of {1,...,n}. The marginal of the Gaussian density with respect to

s is still a Gaussian density with expected value ;+* and variance-covariance matrix
349 Its concentration matrix is

-1
((K41)Ls,s) .
if K = £~ If K is decomposed according to the sets sand t = {1,...,n} — s,

K.Ls,s Kis,t
K = [Ku,s Kitt ]:

the concentration matrix of the marginal can also be written as

-1
((K—l)is,s) — Kis,s _ KJ,s,t(KJ,t,t)—lKLt,s.
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The conditional distribution of a random vector X with Gaussian distribution is
still a Gaussian distribution. Let again s be asubsetof {1,...,n},t = {1,...,n}—s
and the concentration matrix K be decomposed according to s and ¢ as above. Then,
the conditional Gaussian density of the random vector X!° given X}! = x'* has
expected value

uis _ (Kis,s)«lK,Ls,t(xit _ ’u,],t) — M.Ls 4 Z,Ls,t(zit,t)—l(xit . uit)
and concentration matrix
KJ,s,s — (Els,s _ Eis,t(zit,t)—lzit‘s)—l )

If f denotes a Gaussian density over variables X € R”, f+* the marginal density
with respect to the subset ¢ C {1,...,n} and fxss;x1 the conditional density of
X1s given XV, then

FX) = fxospxae (x4 xM) ().

More generally, if f is a Gaussian density over a set of variables s and g a conditional
Gaussian density over variables in a set h given variables in a set £, such that t C s
and h N s = {), we claim that for x € R?,

F0)g(xtt|xt)

is a Gaussian density. To verify this, consider the generalized Gaussian potentials
(r1,K;) and (v2,K2) of f and g. Then, the product above is associated with the
generalized Gaussian potential (v1, K1) ® (v2,Kz) = (v, K) and in particular

. +sUR tsUk
K = K" "+K};"

Now, assume the conditional Gaussian density g is associated with a system of linear
equations like (10.53) having the concentration matrix K, ;. Then, the associated
concentration matrix is given according to (10.55) by

K, —Kp it Ap

K, = T T
—A;Kne A KirtAny

From this we deduce that

Kh s -KptAp: 0
K = | Al Kn: K{''+A] KA, K
LsZtt lo—t,s—t
0 Kls K13 S

This matrix is positive definite, since K; and K}, ; are both positive definite. Hence,
the generalized potential (v, K) associated with the product f(x)g(x*?|x*) is indeed
an ordinary Gaussian potential and therefore this product is a Gaussian density.
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PROBLEM SETS AND EXERCISES

J.1* Develop the prediction for k + 1,k + 2, .. . in the Kalman filter model, given
observations up to time k, by continuing the collect algorithm beyond the node for
time £ in the join tree.

J.2 ** Develop a general smoothing algorithm for nodes i = 1,...,k — 1 in the
Kalman filter model given observations up to time k. Take node 2 as the root of the
join tree for the collect algorithm and show that the smoothing solution at time ¢
is given as the combination of potentials for the filtering solution at time ¢ and a
backward filtering from time k backwards to 7.

J.3 ** Develop the backward filtering found in the preceding exercise in terms of
generalized Gaussian potentials.

J.4 ** Develop the backward filtering in terms of mean vectors and variance-
covariance matrices assuming that the potential 1) at time k is ordinary Gaussian
and that the matrices A are regular. Solve the smoothing problem in this case.

J.5 **  Study the updating of the smoothing solution if a new measurement at time
k + 1 is added.

J.6 ** Solve the filtering, prediction and smoothing problem for the discrete state
hidden Markov chain model.

J.7 *¥%*  Solve the filtering, prediction and smoothing problem for a general semi-
ring valuation algebra.

J.8 *** Tn this chapter, we studied linear systems with Gaussian disturbances and
showed that the corresponding operations of combination and variable elimination
are mirrored by the operations for Gaussian potentials in Instance 1.6. Parts of this
theory for linear systems with disturbances can be developed without the assumption
that the disturbances are Gaussian (Kohlas & Monney, 2008). Abstract the theory of
this chapter in such a way that other distributions can be assumed for the disturbances.
Does this induce valuation algebras based on other classes of densities? This question
is closely related to Exercise A.7 of Chapter 1.
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adaptive consistency, see bucket elimination
addition-is-max semiring, 305
adjacency matrix, 225
affine space, 276
algebraic information theory, 123
algebraic path problem, 219, 231
all-pairs problem, 142, 236, 374
multiple-pairs problem, 371, 374
simple path, 263
single-pair problem, 367, 374
single-source problem, 237, 374
single-target problem, 237, 374
AND-OR search, xxxi
arithmetic potential, 10, 192
assumption-based constraint, 195
assumption-based reasoning
in constraint systems, 195
in Gaussian systems, 388, 400
attribute, see variable

backward substitution, 294, 324, 329, 337
basic probability assignment, see mass func-
tion
Bayesian decoding, 310
Bayesian network, 33, 423
construction order, 424

posterior probability, 34
query and evidence variable, 34
query event, 34
belief function, 12, 143
Bellman-Ford algorithm, 377
Bellmann’s principle of optimality, 236
Boolean function, see indicator function
bucket elimination, 50, 58, 294
bucket-tree, 59
bucket-tree elimination, 113

Choleski decomposition, 348
chordal graph, see triangulated graph
clique, 30

maximal, 30
closed set, 283
closure operator, 246, 251, 271, 282
cluster tree elimination, see Shenoy-Shafer ar-

chitecture

collect algorithm, 87, 93
combination, 4
combination axiom, 5, 21, 25, 69
commonality function, 171
communication channel, 309
computational graph, 259
concentration matrix, 433
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configuration, see tuple
configuration extension set, 295
for optimization problem, 312
for quasi-regular valuation algebra, 368
for symmetric, positive definite system,
344
congruence relation, 105, 154
connectivity problem, 220
consequence finding, 290
consequence operator, 282
constraint formalism, 304
constraint problem, 307
constraint semiring, see c-semiring
context, 268, 281
context valuation algebra, 289, 318
control of fill-ins, 329, 343
convex polyhedra, 284
convolutional code, 311
counter-model, 312
covering join tree, 75, 78
for factorization, 78
for inference problem, 79
free variable, 79
valuation assignment, 79
crisp constraint, see indicator function

Dempster rule, 173
Dempster-Shafer theory of evidence, 37, 173
density function, 13, 164
conditional, 26
support, 27, 164
Dijkstra algorithm, 377
dioid, 186, 228, 304
topological, 228
disbelief function, 202
discrete cosine transform, 44, 45
discrete Fourier transform, 42, 98
amplitude, 42
time and frequency domain, 42
distance tree, 377
distributive law, xxvi, 11
domain, 4
domain axiom, §, 21, 25, 27
domain-free valuation algebra, 105
support, 106
dual graph, 83
dynamic programming, 50, 294

eliminator, 82
equivalence relation, 105, 154
existential quantifier, 266

factor graph, see valuation network
factorization vs. decomposition, 322
family of compatible frames, 23

fast Fourier transform, 99
fast Hadamard transform, 104
fiducial distribution, 390
fill-in, 321, 324
focal set, 12
focal space, 400
focusing, see projection
frame
variable, 6
variable set, 7
frame of discernment, 22
fusion algorithm, 50, 51
graphical representation, 52
fuzzy set, see probabilistic constraint

Gallager-Tanner-Wiberg algorithm, 311
Galois connection, 283
Galois field, 189, 280
Gauss-Jordan method, 365
Gaussian Bayesian network, 418, 423
construction sequence, 425
observation, 426
Gaussian density, 14, 15, 433
concentration matrix, 15
conditional, 424, 434
head and tail, 424
expected value, 433
mean vector, 15
variance-covariance matrix, 15, 433
Gaussian diagnostic estimation, 390
Gaussian distribution, see Gaussian density
Gaussian dynamic system, 387, 395
filtering, smoothing and projection prob-
lem, 400
Gaussian hint, 400
precise, see Gaussian hint
Gaussian information, 385, 403
Gaussian potential, 15, 45, 385
Gaussian predictive estimation, 391
Gaussian variable elimination, 293, 323
pivoting, 323
generalized collect algorithm, 93
generalized Gaussian potential, 402
generalized relational algebra, 287
generic, xxiii
generic construction, xxviii, 182, 255
generic inference, xxvi
graph
bipartite, 263
connected, 30
cut node, 263
cycle, 30
degree, 30
directed, 30
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directed, weighted, 223
edge and node, 30
labeled, 31
labeling function, 31
neighboring node, 30
ordered, see ordered graph
path, 30
length, 30
source and terminal node, 30
triangulated, 83, 354
undirected, 30
greatest lower bound, see infimum
Green relation, 164
group, 155

Hadamard transform, 41, 104
Hamacher product, 218
hidden Markov chain, 45, 418
filtering, prediction, smoothing, 46, 173
hint, see Gaussian hint
HUGIN architecture, 128
hybrid inference methods, xxxi
hypergraph, 31
hyperedge, 31
hypothesis, 272

idempotent architecture, 132, 319
implicate, 274
prime, 274
indicator function, 7, 192
inference
exact and approximated, xxxi
inference problem, 33
induced width, 63
multi-query, 33, 109
separator width, 97
single-query, 33, 48
treewidth, see treewidth
infimum, 18
infomorphism, 271, 288
information algebra, 123, 265
information set, 283, 288
theory, 283

Jacobi matrix, 261
join graph, 86
join tree, 56, 79
binary, 116
directed, 81
parent, child and leaf, 82
node domain, 93
node factor, 80, 92
join tree factorization, 80, 93
join tree property, see running intersection
property
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joint probability distribution, 33
joint valuation, see objective function
junction tree, see join tree

Kalman filter, 418

filter problem, 419

gain matrix, 423

one-step forward prediction, 420
Kleene algebra, 246, 246
Kleene valuation algebra, 251, 255
knowledge compilation, xxxi
knowledgebase, xxv, 32

inconsistent, 74

labeled matrix, 14, 237, 251
direct sum, 251
domain, 14
extension, 14
identity, 14
projection, 14, 252
zero element, 14
labeling, 4
labeling axiom, 4, 20, 25
language of an automaton, 223
lattice, 18
bottom and top element, 18
bounded, 18, 189
complete, 18, 286
conditional independence, 91, 176
distributive, 18, 189
independence, 176
Lauritzen-Spiegelhalter architecture, 124
LDR-decomposition, 336
least probable configuration, 309
least squares method, 322, 338, 357, 386
least squares estimate, 358
normal equation, 357, 358
least upper bound, see supremum
Lindenbaum algebra, 271
linear codes, 310
linear dynamic system, 418
filter solution, 362
one-step predictor, 363
smoothing solution, 362
with Gaussian disturbances, see Gaus-
sian dynamic system
linear equation system, 275
equivalence, 278
minimal system, 278
solution space, 275
linear functional model, 386
linear inequality, 284
linear mapping, 275
null space, 276
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range, 275
rank, 275
linear programming, 284
linear space, 7, 275
dimension, 275
local computation, xxiv, xxvii, 48
LV-decomposition, 336

mailbox, 97, 111
marginal problem, 175
marginal set, 24
marginalization, see projection
Markov chain, 257
transient and recurrent state, 258
transition matrix, 258

Markov property, see running intersection prop-

erty

Markov state evolution model, 418
Markov tree, see join tree

mass function, 36, 172

matrix compilation, 336

matrix power sequence, 226
maximum capacity problem, 221
maximum likelihood decoding, 310
maximum reliability problem, 222
maximum satisfiability problem, 308
monoid, 186

most probable configuration, 45, 308
multigraph, 225

natural join, 9, 270, 299

network compilation, 263
neutrality axiom, 69, 123
nil-potent maximum t-norm, 218
nullity axiom, 73

numeric partial differentiation, 259

objective function, 33
optimization problem, 307
configuration extension, 312
solution configuration, 309
OR search with caching, xxxi
order of information, 174
order relation, xxiii
ordered graph, 63
induced graph, 63
induced width, 63
node width, 63
width, 63

parameterized complexity, xxvii, 65
parity check matrix, 310

partial k-tree, see treewidth

partial order, 17

partition, 19

block, 19
partition lattice, 19

decomposition mapping, 22
path counting problem, 257
possibilistic constraint, 193
possibility measure, 202
possibility potential, 26, 193, 202
powerset, 4, 19
predecessor matrix, 378
predicate logic, 284

rank of predicate, 284
preorder, 17, 186
primal graph, 32, 83
principal ideal, 165, 175
probabilistic constraint, 194
probabilistic semiring, 185
probability potential, 10, 33
projection, 4
projection axiom, 4, 20, 25
projection problem, see inference problem
proposition

valuation, 267
propositional formula, 266

atomic, 266

equivalence, 268, 269

interpretation, 269

model, 268

satisfiable, 269

valuation, 267
propositional information, 270
propositional logic, 266

clause, 273

conjunctive normal form, 272

context, 268

literal, 273

normal forms, 272

resolution, 273

resolvant, 273

subsumption, 273
propositional theory, 270
pseudo-concentration matrix, 402

quasi-inverse, 229

quasi-regular valuation algebra, 237, 244
query, xxv, 33

quotient algebra, 105

refinement mapping, 22

regular algebra, 371

relation, 9

relational algebra, 9, 35, 192, 287, 293
selection operator, 35

relational representation, 8

resolution algorithm, 273
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ring, 189
of polynomials, 189
running intersection property, 56, 91

satisfiability
in constraint system, 308
in propositional logic, 269, 272
satisfiability problem, see satisfiability
scaled HUGIN architecture, 151
scaled Lauritzen-Spiegelhalter architecture, 150
scaled Shenoy-Shafer architecture, 147
scaled valuation algebra, 145
search methods, xxxi
semi-join, 10
semigroup
cancellative, 26, 155, 212
commutative, 4, 155
regular, 210
separative, 205
semigroup axiom, 4, 20, 25
semilattice, 206
semiring, 183
bounded, 188, 245, 372
c-semiring, 188
cancellative, 213
commutative, 183
idempotent, 183
multidimensional, 185
of matrices, 185
positive, 183
quasi-regular, 232
regular, 210
separative, 207
unit and zero element, 183
semiring fixpoint equation, 229, 237
semiring matrix
power sequence, 228
semiring valuation algebra, 191
sensor network, xxxi
separator, 82, 97, 128
width, 97
set potential, 12, 36
support, 163
set-based constraint, 194
set-based semiring valuation algebra, 201
Shenoy-Shafer architecture, 111
collect or inward phase, 114
distribute or outward phase, 114
shortest distance problem, 221, 367
shortest distance tree, 377
simple semiring, see bounded semiring
singleton, 7
solution configuration, 312
solution set, 295
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in optimization problem, 312
in quasi-regular valuation algebra, 370
in symmetric, positive define system,
345
space-for-time trade, 116
sparse matrix, 321
sparse matrix techniques, 220, 266, 321
Spohn potential, see weighted constraint
stability axiom, 70
subset lattice, see powerset
sup-topology, 228
convergence, 228
limit, 228
super-bucket scheme, 120
super-cluster scheme, see super-bucket scheme
support, 207
supremum, 18
Sylvester construction, 41
symmetric, positive definite system, 338
non-zero structure, 354

t-conorm, 218
t-norm, see triangular norm
tabular representation, see relational represen-
tation
time-discrete, linear dynamic system, see lin-
ear dynamic system
time-for-space trade, 117, 120
transitivity axiom, 4, 20, 25
tree, 30
directed, 31
root node, 31
undirected, see tree
tree of diagnoses, 21
tree-decomposition, xxvii, see covering join
tree
treewidth, xxvii, 62, 64
triangular norm, 184, 218
triangulation, 83
tuple, 6, 293
domain, 6
extension and projection, 7
tuple set, see relation
tuple system, 286
turbo code, 311

uninorm, 217
updating methods, 134
consistent update, 174

vacuous extension, 70, 104

valuation algebra, xxiii, §
cancellative, 26
conditional, 176
consistent, 73
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division, 110, 121
idempotent, 122, 167
identity element, 91
instance, xxviii, 6
inverse element, 121
neutral element, 69
null element, 73
ordered, xxxi

partial projection, 25
regular, 121, 164
scaled or normalized, 143
separative, 121, 155
stable, 70, 105
transport, 104

weight predictable, 66

valuation network, 32
variable

binary, 6

Boolean, see propositional variable

propositional, 6

variable elimination operator, 49

variable elimination sequence, 51, 57

induced width, 63

variable-valuation-linked-list, 83
vector, see tuple

Walsh function, 41
Warshall-Floyd-Kleene algorithm, 365, 378
weight function, 48, 66

weight predictor, 66

weighted constraint, 26, 192, 308

zero-pattern, 325, 327, 331, 336, 343
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